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Chuong 1

SO THUC

Chuong nay sé nhéc lai cdc khdi niém vé tap hop, dnh xa va gidi
thich chi tiét tap hgp cic s6 thuc.

1.1. Tap hop

Tap hop 12 moét khdi niém co ban cua todn hoc. Chiing ta da biét
tap hop cdc s6 tu nhién N, tap hop cic s6 nguyén Z, tap hop céc s6
hitu ti Q... Ta ciing c6 thé néi tap hop cic diém ciia mot doan thang,
tap hop cdc dudng thing vuéng géc véi mot dudng thing cho trudc...

Khi néi dén mot tap hop ta nghi déng thdi dén cdc phan tir cla tap
dé6 ; dé chi a 12 phdn tir ciia tap hop A ta viét a € A vadoc la a thugc A ;
dé chi b khong l1a phin tir cua tap hop A ta viét b ¢ A va doc la
b khéng thuéc A.

Dé chimg té rang tap hop X (goi tat la tap X gém cédc phan tir
X, Y, Z, ..., ta Vi€t

Xo=1%9:2; =}

va nhu thé, trong biéu thic trén, & v€ phai ta da liét ké danh sich céc
phan tir cia X. Viéc liét ke d6 c6 thé 1a triet dé€ (liét ke hét tat ca
phén tir ciia X) néu s6 phan tit cha X khong qua lén ; viéc liét ke
ciing c6 thé khong triét dé (khong liét ké ra hét moi phén tir cia X)
néu s6 phén tl clia Xqua 1on, heac, X.co,vp- 6 phan tir, khi dé ta phai
dung d4u "..." miénda khéng gay hicu nham.



Do dé nhitng truong hop khong thé liét ké ra hét tit ca cac pham tir
ctia mot tap hop, ngudi ta dung cach sau : Dé chi tap hop A gém tat
ca cac phdn tit ¢6 thuée tinh o (tinh chat dé xdc dinh mot phan ti
thuoc hay khong thudc tap A) ngudi ta viét :

A :={a| a cé thudc tinh G }.
Tap con

Cho hai tap hop A va B ; néu méi phin tir cia A la phan tir cua B
thi ta n6i rang A 1a moét rdp con cia B va viét 1a A € B ; néu A 1a tap
con cua B va tap B c6 it nhat mot phan tir khong la phén tir cua A thi
ta néi rang A 12 tdp con thuc sw cua B va viét 1a A c B.

Cho A, B la hai tap, néi rang tap A hdng tdp B va viét la A =B
nfu AcBvaBcA.

Tap rong

Theo quan niém théng thudng, mot tip cin c6 phdn tir tao nén tap
dé ; tuy nhién, trong toan hoc, dé tién cho viéc 1ap luan nguoi ta chdp
nhén khai niém tdp réng viét 1a &, 1a tap khong chira phin tir nao.
Ngudi ta quy uéc @ la tap con cia bat ki tdp A nao, & < A. Cin
phan biét @ = {J}.

Cac ki hiéu logic

Dé dién dat thuan loi céc 1ap luan toan hoc ngudi ta hay sir dung
cic ki hiéu logic, & day ching ta ciing néu mot s6 ki hiéu thuong
diung va don gian nhat.

Néu ta khong dé y dén no6i dung cia mot ménh dé niao dé ma chi
chi y dén méi lién quan cla né véi cic ménh dé khac thi ta c6 thé ki
hiéu ménh dé d6 boi mot chir. Ching han, ki hiéu "o = B" dugc hiéu
la "tr ménh dé a suy ra ménh dé B", ki hiéu "o < B" dugc hiéu 1a
"tir ménh dé a suy ra ménh dé B va ngugc lai, tit ménh dé B suy ra

ménh dé a" hay noiKhde di'menh|dé o ¥ pnénh dé B tuong duong
véi nhau".



Bay gio, gia st A 1a mot tap va t 1a mot tinh chdt nao dé cha
nhitng phén tir cia A. Goi C(t) 1a tap t4t ca nhitng phdn tir cia A c6
tinh chat t, nghia 1a

C(t) := {x € A | x c6 tinh chit t}.
Khi dé, néu

* C(t) = A thi moi phén tir ciia A déu c6 tinh chit t, va ta néi rang
"Véi moi x € A, x cé tinh chat t" va ta viét Vx € A : t(x) ; ki hiéu V
goi la ki hiéu phé bién (d6 la chit A viét nguoc, tir chit All (tiéng Anh)).

* C(t) # O thi c6 it nhat mot phan tir x clha A cé tinh chét t ; ta n6i
rang "Ton tai mot phdn tir x € A, x c6 tinh chat t" va viét 3x € A :
t(x), ki hiéu 3 goi la ki hiéu ton tai (d6 1a chir E viét nguoc, tir chit
EXISTENCE (tiéng Anh)).

Giao cua hai tap

Cho A, B 1a hai tap, goi giao cia A va B, viét la A N B va doc 1a
"A giao B", la tap dinh nghia boi :

ANB:={x|x e Avax e B}.
Hop cua hai tap

Goi hop cta tap A va tap B, viét 1a A U B va doc 12 "A hop B" 1a
tap dinh nghia bai :

A UB:={x|x € Ahoic x € B}.
B6 sung
Goi b sung cia B trong A (B c A), vi€t 1a C»B la tap dinh nghia
boi :
CaB:={x|x e Avax ¢ B}
Phép giao, hop Vi B3 SUTE tHoA ¢ac T CHAT §a1 :
AG:BED C= A BN C)



(AuUB)UC=AU(BUO)
MFHDUC=LAUCVWBUC)
(AUB) NC=(ANnC)uBNC)
CA(B] U Bz) = CABI M CAB2
CA(B] M B2) = CAB] () CAB2
Tich Pécac
Cho hai tap A, B khong réng, véi mbi a € A vamoéi b € B, ta 1ap cap
(a, b) goi 12 mot cap sip thi ty (viét phdn tira € A truéc va phan tr b € B

sau) ; tich Décdc ciia A va B, ki hiéu 1a A x B va doc 1a "A tich Décic B",
la tap duoc dinh nghia bdi A x B:= {(a,b):a € A; b € B}.

Tap nghiém

Mot ménh dé thuoc loai "... 1a thu d6 nudc Viét Nam" duogc goi la
mot ménh dé mo. Ménh dé nay khong ding ma ciing khéng sai.
Trong ménh dé trén, néu ta dién vao chd trong céc tur "Ha N6i" thi
dugc mot ménh dé ding ; con néu dién vao chd tréng cac tir "Hai
Phong" thi dugc mét ménh dé sai.

Néi chung, trong toan hoc, cic ménh dé md& cé dang cac phuong

trinh hay bt phuong trinh. Chang han, ménh dé

x+3=9
12 mot ménh dé ma, duoc goi la phuong trinh, va ménh dé

x+3<9
cling 1a mot ménh dé md, dugc goi 1a mot hdr phuong trinh. Trong
mo6i ménh dé trén, chit x 1a mét ki hiéu chi mét s6 chua dinh rd va néu
thay x bdi mot s6 cu thé nao d6 cé thé 1am cho ménh dé diing hoac sai.
Ki hiéu x duge goi 1a mot bién (4n). Tap moi gia tri clia bié€n sao cho
khi thay cédc gid tri d6 vao phueng,irinh heac,bat phuong trinh thi cic
phuong trinh d6, bat phuong trinh do c6 nghia, duge goi 1a mién cua
bién. Tdp nghiém cta-mdt phuong trinh’hay bat phuong trinh la tap
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moi phén tir cia mién cha bién khi thay vao ménh dé ma thi ménh dé
d6 ding. Chang han néu mién cia bién x 1a tap céc s6 nguyén duong
thi tap nghiém cla phuong trinh

x+3=9
la tap {6}, con tap nghiém ctia phuong trinh

x+3=2
la tap réng .

Bay gid, n€u 14y mién cua bién la tap céc s6 nguyén thi tap {6} 1a
tap nghiém cua phuong trinh x + 3 = 9, con tap {—1} 1a tap nghiém
cta phuong trinh x + 3 = 2. Nhu thé tap nghiém ctia mé6t ménh dé mé
phu thudc vao tdp mién bién va cung mét ménh dé mé cé thé cé
nhiéu mién bi€n khéc nhau.

Anh xa

Cho hai tap E va F ; ta goi mot dnh xa f tt E sang F va viét 1a
f: E —> F, 1a mét quy tdc 1am dng méi phdn tit cha E v6i mét phdn tir
xdc dinh ctia F, E dugc goi la tdp géc (hoac tap nguén) va F duge goi
la tdp dnh (hoac tap dich) ; phan tir y € F tng vé6i phén tir x € E duoc
goi 1a dnh cua x qua dnh xa f va viét y = f(x), ciing doc 1a y = f(x), va
dé chi rd quy tic 1am dng x véi y ta viét x > f(x).

Anh xa f dugc goi 1a don dnh néu phuong trinh f(x) = y ¢6 nhiéu
nhdt mot nghiém x € E, véimoi y € F.

Anh xa f dugc goi 1a roan dnh néu phuong trinh f(x) = y c6 it nhdt
mot nghiém x € Evéimoi y € F.

Anh xa f dugc goi 1 song dnh néu phuong trinh f(x) = y c6 mét
nghiém duy nhdt x € E véi moi y € F. Mot song 4nh 12 mét anh xa
vira 12 don anh vira l1a toan anh.

Hai tap A va B dugc geila ruong duong-voi nhau, viét la "A B"
néu tén tai mot songédnh f: A — B.



Chotap I := {1, 2, ..., n}, bat ki mot tap X nao tuong dumg vm I
ciing dugc goi 1a mot tap hitu han (c6 s6 phan tir 1a hiru h:%n va b‘ﬁng
n), khi dé ta viét card (X) = n. Goi N la tap céc s6 tu nhién, bat ki
moét tap X nao tuong duong vé6i N ciing goi 1a mot tap dém d:{_acz ta
viét card (N) = card (X) ; (c6 thé hiéu la s6 cdc phin tir cua X bang
s6 cac phan tir cua N).

1.2. Tap cac so thuc
Chiing ta di biét tap cdc s6 tu nhién N :
N:={0,1,2,..,n,..}

D& mé& rong 16p nghiém phuong trinh x + n =0, n € N, ta dua
thém tap cic s6 nguyén Z :
Z-= 0,2 1,2, sy Wy s}
Dé m& rong 16p nghiém phuong trinh mx + n=0; m, n € Z duge
dua thém tap ciac s6 hiru ti Q :
Qi={xix= = :n#z0;m,n € Z;m,n chicé udec chungla+1)
n

va di nhién ta c6 bao ham thic kép

NcZcQ

Tuy nhién ngudi ta c¢6 thé ching minh duoc ring Z ~N; Q ~N;
nghia la ca Z, 14n Q déu 12 nhing tap dém duoc.

Bay gid dé ching té ring tap cic s6 hitu ti cling con qué hep, ta
xét nghiém duong cla phuong trinh X% = 2,vitacé x =2 ;56 V2
khong phai 1a ¢6 mot s6 hitu ti. Ta ching minh diéu nay bang phan
ching. That vay, gia sur V2 12 mot s6 hiru ti ; khi dé /2 c6 dang :

x/f=—r2;m,neN;
n

v6i m va n chi c6 ude'sé chung 1a 1 v +HR



Vi ca hai v€ cua phuong trinh trén déu duong nén suy ra phuong
trinh tuong duong m? = 2n°. Do d6 m” chia hét cho 2 ; vi thé m chia
hét cho 2, va ta c6 thé viét m =2p;dodé 4p2 = 2n2, nghia la n’= 2p2.
Ciing 1ap luan nhu trén n ciing chia hét cho 2 va nhu thé m va n cing
c6 udc s6 chung 1a 2 va didu d6 mau thulin véi gid thiet, vay V2
khong thé 1a mot s6 hitu ti, ta néi ring J2 12 mét s6 vé ti. Hon nita,
c6 thé chitng minh dugc rang né€u n la mét s6 nguyén duong, khong
12 s6 chinh phwong, nghia 1a n khong 1a binh phuong cla mét s&
nguyén k nio thi +/n ciing 12 mot s6 v6 ti. Chang han V3,5.47, ...
1a nhitng s6 v6 ti. Tap céc s6 hitu ti va cdc s6 vo ti dugc goi la tap cac
s0 thuc va ki hiéu 1a R.

Dé dé phan biét s6 vo ti va s6 hitu ti ching ta dua thém khai niém
vé s6 thap phan.

1.2.1. S’ thdp phdén

Xét cac s6 hiru ti %, % ; ta c6 thé viét c4c s6 dé dudi dang s6
thap phan
L] =0,333...
3
N =0,25
4

va ta ndi rang s6 hitu ti 2 dugc bi€u dién dudi dang moét s6 thap
: P | s e & ;
phan hitu han va s6 hitu t 5 dugc bi€u dién duéi dang s6 thap phan
- | S . S pas Lag
vé han tudn hoan. NOi rang rl la s6 thap phan hitu han vi khi biéu

=0,25 ta ¢dhek€Ethic ngay ¢'56'3"; trong khi 3 la mot sé

1
dién —
4



g . 1 P
thap phan vé han tudn hoan vi khi biéu dién §=O,333... ta c6 thé

viét thém bao nhiéu s6 3 nita vin chua biéu dién ding hin dugc s6
l, nhung néu muén kéo dai con s6 3 d€n bao nhiéu ciing viét duge.
Ciing nhu thé, c6 thé viét

%= 0,1428571...

O day, sau con s6 1 (s6 sau ddu phay thi 7) ta viét ddu "..." vi néu
mudn viét thém bao nhiéu s6 sau ddu phdy ciing dugc, ching han cé
thé viét :

%: 0,14285714285714...

C 4 -4 b 1 7z
va nhu thé€ trong biéu dién dang thdap phédn cuia = cic s6 142857

dugc 14p lai theo thit tu d6 bao nhiéu 14n tuy y... va néu ta mudn dimg
lai & s6 mdy cling dugc mién 1a di biéu dién ddy du cic s6 142857 vi
biét ddy du 6 con s6 nay tirc 1a biét quy tdc tudn hodn cla s6 thap

phan v6 han tuin hoan 0,1428571...= % )

Ngudi ta c6 thé chitng minh ring bdt ki mét s6 hitu ti nao ciing cb
thé biéu dién dudi dang s6 thap phan hitu han hay vé han tudn hoan.
Véi s6 vo6 ti thi khong nhu thé, ngudi ta ciing ching minh dugc ring
bét ki mét s6 vo ti nao ciing biéu dién dudi dang s6 thap phan vé han
khéng tudn hoan. Chang han khi ta viét :

2 =1.41..

thi ta khong thé'tit biu dién thap phan niay ma cé thé viét thém céc s6 sau
dadu phay mét cach tuy tigi-vi khoag ¢6,guy dotudn hodn ; néu viét :

P -1, 4AIR

10



‘hi 'a chi c6 thé biét dugc ring d6 1a bidu dién xdp xi \2 véi 5 con
SO sau ddu phay va tir nam con s6 d6 khong thé suy dién dé viét ti€p
nhiing con s6 thap phan khic vi v2 la s6 vé ti, c6 biéu dién thap
puan vo6 han khong tuin hoan.

Ngoai ra nhu dinh nghia & trén, tap cic s6 thuc R gém cic s6 hiru
ti va s6 vo ti, do vay ta c6 bao ham thic

NcZcQcR.

Ta ciing da biét iang cdc tap Z, Q tuong duong v6i N va ca 3 tap
do6 : tap céc s6 ty nhién, tap cdc s6 nguyén va tap céc s6 hiru ti 12
nhing tap vo han, dém dugc ; tap s6 thuc R khong phai 1a tap dém
dugc, va ta néi rang card (R) la continum.

1.2.2. Truong so thuc

Bay gi0 ching ta dinh nghia tap cdc s6 thuc R nhu mét tap hop
cdc phan tu, trong d6 xdc dinh dugc mot s6 phép toan va quan hé cé
cédc tinh chat duoc mo ta trong mot s tién dé ma chiing ta thira nhan.
Céc tién de 4y, trir tién dé can trén ding, phan 4nh nhitng tinh chat
quen thudc cua s thuc ma ban doc da biét tir truong trung hoc.

*

Tién dé vé cdu truc trl[o"ng( )

Trong R x4y dung dugc hai luat hop thanh trong la phép coéng (+)
va phép nhan (.), thoa man cdc tinh chat sau :

1) Phép cong va phép nhan cé tinh giao hoén :

a+b=b+a V(a,b)eR2
a.b=b.a

2) Phép cong va phép nhan c6 tinh két hop :
a+b)+c=a+(b+c)
: ( V(a,b,c)eR3

(a.b).c=a.(b.c)

(*) Vé c4u triic trudng VA quan hé thir tu, bah doc ¢6 thé xem thém & chuong 2 va
chiwong 1 quyén Toan hoc cao cdp Tdp mot.
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3) Phép nhan c6 tinh phan bo do6i véi phép cong :

a.(b+c)=a.b+a.c - 3
V(a,b,c) e R
(a+b).c=a.c+b.c

4) Phép cong c6 phan tu trung hoa, ki hi¢ula 0 :
a+0=a VYaeR

Phép nhan c6 phén tu trung hoa, ki hiéula 1 :
a.l=a VaeR

5) Moi phan tir a € R déu c6 phan tir d6i, ki hiéula—a:
a+(—a)=0 VYa e R

Moi phin tira € R — {0} déu c6 phan tir nghich dao, ki hiéu la al:
a.a =1
Tién dé vé quan hé thit tu toan ph(fn(*)

Trong R xiy dung dugc quan hé thi tu toan phén <, tuong thich
vGi cdu tric trudng, nghia la

Xx>ytuongduong véix +a>y +a ~ VaeR

.. |lax>ay néfua>0
X 2y tuong duong véi i
ax<ay néua<0

Tién dé cdn trén ding (vé tinh ddy cla R)

Tap hop Q cac s6 hitu ti ciing thod man tién dé vé c4u tric trudng
va tién d€ vé quan hé thi tu toan phdn, tic 1a Q 12 mét trudng duge
sap thit tu. Ta ciing biét rang giita hai s6 hitu ti a, b, tén tai mot s6

-~ 2 2 2 a + b e . - - 2 , ~ ~ ®
hiru ti thit ba, chang han , do do6 giira hai s6 hiru ti bat ki ton tai

(*) Vé cdu tric trudng va quan hé thit tw, ban doe eé thé xem thém & chuong 2 va
chuong 1 quyén Todn hoc cao-cap Tap mot.
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VO s6 s6 hitu ti khac. Tuy nhién Q 1a mot trudng sdp thi tu khong
day, nhu ta sé thay & dudi. Do vay tap R céac s6 thyc con thoa min
tién dé veé tinh sap thi tu ddy cla né, dé 1a tién dé can trén ding.

Trudce hét ta dua vao mot s6 dinh nghia.
Dinh nghia 1. S6 thuc x dugc goi la cdn trén cia tap hgp A c R
néu Va € A, a < x. Khi d6 ta néi tap hop A bi chdn trén. x duge goi

1a ¢dn duoi clha A néu Va € A, a > x. Khi dé ta néi tap hop A bi chdn

duoi. Tap hop A dugc goi 1a bi chdn néu né vira bi chan trén, vira bi
chan duéi.

Dinh nghia 2. Can trén bé nhat cua tap hop A, néu cé, dugc goi 1a
cdn trén diing cia A, ki hiéu sup A. Can duéi 16n nhit cia A, néu c6,
duoc goi la cdn dudi diing ctiia A. Ki hiéu inf A.

sup A va inf A cé thé thudc A, ciing c6 thé khong thuoc A. Néu
sup A € A, thi sup A la phan tir I6n nhdt cua A. Ki hiéu max A. Néu
inf A € A thi inf A 1a phdn tir bé nhdt cua A. Ki hiéu min A.

Bay giota xét tap hop A = {x € Q : x? < 2}. Tap hop 4y khong
rébng, vi 1 € A, bi chan trén vi Vx € A, x < N2 Nhung tap hop A
khoéng c6 can trén ding thuoc Q, dé thdy ring sup A=~2, ma
J2 ¢Q. Véi ¥ nghia 4y, ta néi ring Q 13 mét trudng sip thi tu
khéng day.

Tién dé cdn trén ding : Moi tap hop A c R khong réng, bi chin
trén déu c6 can trén ding thudc R.

Tir tién dé do, dé dang suy ra rang : Mot tap hgp A < R khéng
réng, bi chan dudi déu c6 can dudi ding thude R.

1.2.3. Tri s6 tuyét doi cua mot s6 thuc

Nguoi ta goi tri s6 tuyét doi cua s6 thuc x la s6 thuc duoc ki hiéu
x|, xdc dinh nhu sau :

- rnéuwrx >0
x =
(x-Ly =X néu'¥< 0
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Tir d6 dé dang suy ra céc tinh chat sau :

(1.2) la.b| = |a].b]|

al la .
1.3 Z|=— v6ib=0.
(1.3) ol Vol
(1.4) la + b|] <|a| + |b|
(1.5) la —b| > ||a] — [b]|

That vay, ching han ta ching minh (1.4). Ta cé
—|a|<a<|a
_b| <b< bl

Cong hai bit ding thic kép 4y ting v€ mot, ta dugc
—(Jaj+ b)) <a+b<|a| + |b|

Tir 46 suy ra (1.4). Dé chitng minh (1.5) ta viét

laj=]a—b+b|<|a-b|+ bl
Do d6

|a] — [b] < |a - b]
Tuong tu

Ib|—Ja|<[b—a|=]a—bl. W

1.2.4. Truc s6 thuc

Dé biéu dién hinh hoc tap hop cic s6 thuc R, ta xét truc Ox, véi O
la diém g6c. Mbi diém M trén truc Ox dugc Ung véi s6 thuc x sao
cho OM =x . Mdi s6 thuc x dugc dng v6i diém M trén truc Ox sao

" cho OM =x . Dé 1a mot song 4nh giita tap hop R va truc Ox Ngudi
ta goi truc Ox 12 dudng thing thuc hay truc s6 thuc.

Anh clia cic §6-=33=2 el 152, 3 trén Ox duogc

cho 6 hinh 1.1.
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Hinh 1.1
Hinh 1.2 minh hoa cidch skt dung dinh li Pythagore dé xdc dinh

anh ca s6 vo ti V2 trén truc Ox.

\/

-1 0 1 A

x

Hinh 1.2. Diém A \mg v6i s6 2

* Ta dua vao céc ki hiéu sau :
R,={xeR:x20},R_.={xe R:x<0},
R =R- {0}, R, =R, —{0}, R> =R_—{0}, N =N - {0}

Vi (a, b) € R%, a<b, ta c6 cic khoang sau :

(a,b)={xe R:a<x<b} ' [a,b]={xeR:a<x<b}
(a,bl]={x e R:a<x<b} [a,b)={x e R:a<x<b)
(—»,a)={x € R:x<a]} (-o,a]l={x e R:x<a}
(a, +0) = {x € R: x> a} [a,+0)={x e R:x>a}

(=00, +0) =R

e Trén truc s6 thuc 14y hai diém x,, x,. Ngudi ta goi khoang cich

giita hai diém 4y 1a s6, ki hiéu d(x, x,) dwoc xdc dinh boi
(1.6) AR XGPS X0
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Nhu vay |x| chinh 1a khoang céch gita x va 0 :
x| = d(x, 0)

Diing cdc tinh chat cua tri s6 tuyét d6i cia s6 thuc, c6 thé suy ra
cdc tinh chat sau day cta khoang céch :
1)d(x, x) >0, ¥(x, x) eR?

d(x,x)=0<=x=x", V(x, x") eR?
2) d(x, x")=d(x', x), V(x, x") eR?
3)d(x, x') <d(x, x") +d(x", x"), ¥(x, x', x") e R?

(1.7)

* Ldy diém a trén truc s6, r 12 mot s6 duong. Ngudi ta goi r — lan
can cta di€m a Ia khoang ki hiéu v(a, r) dugc xé4c dinh bai

(1.8) v(a,r)={x e R:|x—a|<r}
1.2.5. Nguyén li Archiméde

Dinh Ii 1.1. (Archiméde). Véi moi € > 0 cho truéc, véi moi x >0
cho trudc, luén ton tai mot s6 nguyén duong k sao cho ke > x.

Ching minh. Ta s& dung lap luan phan chiing. Gia sir diéu khing
dinh cua dinh 1i khéng diing, nghia 1a Vn e N*, ng < x. Khi dé tap
hopE={ne:ne N*} 1a mét tap hop trong R, khéng réng va bi chan
trén. Theo tién dé c4n trén diing, ton tai b = supE. Vib—g<b,b-¢
khéng la can trén cta E, do dé tén tai n, € N sao chonyge >b-¢

hay (n, + 1)e > b, diéu ndy mau thuin véi dinh nghia can trén ding
cua b. Dinh 1 dugc chitng minh. H

H¢ qud. Vdi moi x € R, t6n tai k € Z sao cho
k<x<k+1
Ban doc hay ti ching-minh hé qui nay,

S6 k trong hé qua Ay duoc goi 12 phdmnguyén cida x, ki hieu E(x).
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Dinh 1i 1.2. Giita hai s6 thuc bdt ki luén ton tai mét s6 hitu ti.

Chitng minh. Gia sit c, d 1a hai s6 thuc véi ¢ < d. Vid — ¢ > 0 nén
theo dinh i 1.1, tén tai q € N" sao cho 1 < (d - c)q hay

(1.9) cq+ 1<dq. .

Mat khic, theo hé qua cta dinh Ii 1.1, tén tai p € Z sao cho

(1.10) pch-+1<p+1

T (1.9), (1.10) suy ra

p-1<cq<p<cq+1l<dq
Tir cq < p < dq, ta dugc
c'<£<d, P €eQ N
q q

H¢ qud. Giita hai s6 thuc bdt ki ¢6 v6 s6 s6 hitu ti.

1.2.6. Tdp s6 thuc md réng

Ta thém vao tap R hai phdn tir, ki hiéu 1a —oo, +oo, dit
R =R U {—0, + 0} va md& rong cic luat hop thanh trong +, . va quan
hé thit tu < vao R nhu sau :
Vx € R, x + (+0) = (+0) + X = 40, X + (-©) = (-®©) + X =

= —00, (+0) + (+00) = +00, (~©) + (—w0) = —00

Vx € R:, X.(+0) = (+0).Xx = 40, X.(—0) = (-©).X = —0
= { Vx € Rt, X.(#0) = (+00).X = -0, X.(—®) = (-©0).X = + ©

(+00).(+00) = (—0).(=0) = +00, (+0).(—0) = (—0).(+®) = -
Vx € R, -0 < X < +00

R duoc goi 1a tdp s6'thuc md réng hay duong thdng thuc md rong.

Pinh li 1.3. Moi 1dp hop A kho;:ezténg cia 5( déu ¢6 cdn trén diing
(sup A ¢6 thé bdng +0) \mdum (lngv\fA ad rhe bdng —»).

2 -THCC-T2 17



1.3. Day so6 thuc
1.3.1. Cac dinh nghia

Dinh nghia 1. Mét ddy s6 thic (n6i ngan gon 1a ddy s6) 1a mot
dnh xatr N" vao R :

N ' 3nbHx,eR
Ngudi ta thuong ding ki hiéu (x,}, n=1, 2, ..., dé chi mét day s6.
Thi du.

(a) {xq}; x ———1 x;=1;x ——l
a) {x,} ; : =1 ;3 =—, ...
n " n ! . 2 n

(©) {xp}; Xp =" ; x;=-1; x5 =1, ..., x, =(=D", ...

(d) {x,}; x, =n?; x1=1, x=4, .., x, =n2,

1" 9 AR
() {xn} 5 x, =(‘+;) DX =T G Xy=sy s iy =(”;)

Ta hay néu mot vai nhan xét mé& ddu vé céc thi du trén.

* Trong thi du (a) gid tri cia diy {x,} lu6n duong va giam dén
khi n tang ddn va c6 khuynh huéng giam vé s6 khéng (?)

* Trong thi du (b) gia tri cia ddy {x,} luén khong déi.

* Trong thi du (c) gia tri cla {x,} chi 14y hai gia tri -1 hoac +1
tuy theo n 1€ hay chin.

* Trong thi du (d) gia tri cia {x,} lu6n duong va tang d4n theo n.

* Trong thi du (e) gid.tri ciian 1ang dén theo n : X,y >x,. That
vay, dung cong thiic khai trién nhi thiic,cd-

18



= laq L 00D 1 nig-Dm-3 1,
n 12 j2 1.2.3 n°
M n(n—l)...(n—k+l)'L+m+n(n—l)...(n—n+1)‘_l_
1.2...k nk 1.2..n n"
tic la :
xn=l+l+i(l—l) l(l__l.)(l_z.)_hﬂ.
2! n/ 3! n n
+i[1—lj(1—3) ...(1_-k'l)+
k! n n n
+...+l(1 -1](1 —Z) (1——"1)
n! n n ~n
trongdé:n!:=1.2.3 ..

(n — 1)n va doc la n giai thua.
Tir hé thic trén, thay n bdi (n + 1) ta cé

n+l
1
Xn+l = (l + ) =

n+l

_l+l+l(l- I ) l(l— 1 )(l— 2 )+...+
2! +1 3!

n+1l n+l

( n+l) n+l] ( “k___l)*---+

n+1

-
( n+l)( n+1) ( n;:)+(n11)!(l"nil)x
(l—m) ( n+1)
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So sénh X, va X, trong hai khai trién trén ta thdy réng khai trién

clia x,,; nhiéu hon khai trién cia x, mot s6 hang, dong thoi tir s6

' 1 1
hang thit ba tré di thi vi — > nén l-—<1-
n n+l n n+1

nén cic so hang
cia x, bé thua s6 hang tuong ung cua x,y, do vay x| >Xp, Vn. B

Qua nhiing thi du trén ta nhan thdy mot day s6 {x,} c6 thé c6 hai
kha nang : hoac 1a cic gid tri c6 "khuynh hudng" tap trung gan moét s6
o nao dé (thi du (a) thi oo =0 ; thidu (b) : o = 1...) hoac 1a khong c6 mot
s6 o nao dé cic gia tri {x,} tap trung quanh né (thi du (c) va (d)).

Dinh nghia 2. Ddy s6 {x,} dugc goi l1a hdi tu néu tén tai a € R
20 . - * N .
sao cho véi moi € > 0, tim dugc n, eN sao cho véi moi n>n, ta

co

X, —a| <&

Ta ciing ndi-rang day {x,} hoi tu dén a hay a 1a gi6i han cta day
{xp} vaviét x;, - a khin — o, hay lim x, =a.
n—o
Vi |xn —a|<s tuong duong v6i a—e<x, <a+g, nén ta con cb
thé phat biéu nhu sau : Day {x,} hoi tu dén a néu moi & — 1an cén

cua a déu chita moi phén tir cia ddy trir mo6t s6 hitu han phén tir ddu
tién (hinh 1.3)

52 ( Xn Xn+1 \ Xa X3 X4
¢ — A _
a
a—¢ ate
Hinh<{\3

Néu day {x,} khénghoéi tu; ta narirang né phdn ki.
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Thi du.

Tré lai thi du (a) & muc trén, ta thdy lim x, =0, vi chi cin chon

n—w
1 "
n, >—, tacoé Vn = n,
€
1 1 1
|xn —O|= —=0=—<—«<e¢
n n n,

Trong thi du (b), ta thdy hién nhién lim x, =1

n—o

Trong thi du (c), day {x,} phan ki.

~ Trong thi du (d), day {x,} ciing phéan ki, x, 16n 1én v6 cung khi n

ting vo6 han. Ta viét x,, — +o0 khin — oo.

Trong thi du (e), diy {x,} ciing ting theo n, nhung hién nay
ching ta chua di diéu kién dé két luén. Chung ta sé nghién ciru chi
ti€t day nay sau. ¥at .

1.3.2. Cdc tinh chdt cua ddy sé héi tu.
Dinhli 14. (1) Néu ddy s6 {x,} hoi tu thi giéi han cia né la duy nhat.
(2) Néu day so {x,} hoi tu thi né giéi néi, tiec la tén tai mot

khodng (b, ¢) chita moi phan tit x,,.

Chitng minh. (1) Gia st lim x, =a, lim x,=b, & 1a mot s6
n— n—w

duong bat ki. Khi d6 tén tai n; eN" va n, eN* sao cho

nzn = |xn—a|<E
2
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it n, =max(n, ny). V6i n2n,, ca hai bat ding thic trén duoc
thoa man. Do d6
€ €
la—bl<la—x,|+|x, -bl<=+==¢

I n| | n I 2 2
Biit ding thic d6 diing véi moi £ > 0,do d6 |a—b| =0, ticlaa=b.
(2) Gia st lim x, =a. Khi d6 t6n tai n, eN* sao cho n2>n,

n—>0

= |x, —a|<1, nghialaa- 1< x, <a+ 1.Goib, c ldn luot la s6 bé
nh4t va 16n nhét cta tap hiru han {a - 1, Xy, ..., Xp 1, @ + 1}. Hién

nhién ta cé b<x, <c, Vn. Vay day {x,} gi6i ndi.

Dinh 1i 1.5. Cho hai day sé héi tu {x,}, {yp}, lim x,=x,

n—o
lim y, =y. Khi dé
n—w
(1) lim(x, +yg)=Xx+Yy
n—o
(2) lim (Cx,)=Cx, lim(C+x,)=C+x, vdi C la hdng s6
n—ao n—ao

3) lim (x,y,) =xy

n—»

(4) lim [ilz
n—wo yn

(5) lim ("-ﬂ):
n—oo yn

Chimg minh. (1) Vi X, &> X,y, =Y, nén véi € > 0 cho truéc tim

voi y,#20, y=0

voi y, #0, y=0.

X <=

dugc njeN*, neN* sao chon > n = |xn—x|<3, nn,
2

= |yn —y|<§. bat n, =max(n, ny). Khidétacdé Vn= n,
(Xl + Vet YU X 8l il — M| <€
Vay x, +y, = X+Y¥
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(2) Cach chitng minh that don gian (dé nghi coi la bai tap).
(3) Céic ddy {x,}, {y,} hoi tu nén chiing gi6i noi theo dinh li

1.4 (2), nghia la t6n tai s6 M > 0 sao cho |xn| <M, |S M, Vn. Véi

Z ~ * Y ok 7
€ > 0 cho trudc, tim dugc n, e N sao cho véi n>n, taco

|xq —x| < -y|<

oM’ l 2M

Vay véi n2>n,,
|xn)'n _x)'| =|(xn ~X)yn +X(¥q —)’)I = Ixn —XHYn|+|x”yn —)'| e

<—M+ML=8
2M 2M

Do d6 x,y, — Xy
@) Vi y, >y=#0, nén |y,|—>|y|>0. Vay tim dugc n eN’ sao

chon>n; = |yn|>%ly| Vay véi n>n,

L__l o =¥ _ 2lyn -]
yallyl |y

Yn Y

Cing vi y, >y nén véi € > 0, tim dugc ny e N* sao cho n2n;

2
p— |y“ _y|<%— Dﬁt n, =max(n1,n2), tadumvé’l nZno
2
L_.l_s%.s_y_zg
ya ¥l y* 2
1
Vay ———
Yn Y
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(5) 1a hé qua cua (3) va (4). B
Dinh li 1.6. (1) Cho hai ddy sé {x,} va ly,). Néu x, 2yq, Vn,

lim x, =g, limy,=bthiaz2h
n-—»o n—

(2) Cho ba ddy s6 {x,}, {yn} va {z,}. Néu x, <y, <z,, Vn,

lim x, = lim z, =aq, thi limy, =a.
n—o n—»oo n—

Chitng minh. (1) Ta ching minh bang phan ching. Gia sira < b.
Khi d6 tén tai s6 r saochoa<r<b. Vi x, —>a, a<rnén tén tai

* x> .
n; €N saocho n2n; = x, <r. Tuong tu, tén tai n, e N* sao cho
n>n, = y, >r. bat n, =max(ny, ny). Tacé véin = n,
Xp <T<Yp,
diéu ndy mau thuin véi gia thiét x, >y,,.
. R *

(2) Vi x, = a nén véi € > 0 cho truée, tim dugc n; e N sao cho

n2n;= |x,-a|<e, nghia la a — € < x;, < a + €. Tuong tu, vi
" %*
z, —>a, néntimdugc n eN saochon>n; = a-e<z, <a+e.
bit ny = max(ny, ny). Tacé vé6i n=n,
a—-e< XSy, <z, <a+eg

suy ra |y, —a| <g, nghialay, >a. W

1.3.3. Ddy don diéu

Dinh nghia. Day {x,} duoc goi la tdng néu x, <x,,;, Vn, 1a
gidm né€u x, 2 x4, Vn. Day tang hay ddy giam dugc goi 1a day don
diéu. Day {x,} aWGCEOIYA hi Chan frén néu ton tdi s6 thuc ¢ sao cho

Xp ¢, Vn, bi chgnidudt n€uton tai $6 thif€ d'sao cho x, >d, Vn.
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Thi du.

(a) Day {x,} véi x, =—1— la day giam, bi chan dudi béi s6 0, bi
» n

chan trén bai s6 1.

(b) Day {x,} v6i x, =(-1)" khéng don diéu, bi chan dudi bdi -1,
bi chan trén badi 1.

(c) Day {x,} v6i x, =n® la ddy tang, bi chin dui bdi 0, nhun
Y 1Xp n g g

khéng bi chan trén, né khéng bi chan.

n
(d) Day {xn} Vol x, = (1 + 1) la day tang nhu ta da ching minh

& trén. N6 bi chan dudi boi 2. Ta s& chiing minh ring né bi chan trén.
That vay, & trén ta da tinh duoc

SRR 6\ YO P
+%(1—%)(1-%) (1- kr:l) +...+$(1-l) ...(1- "_1).

n n
Dat

1 1 1
Yp=2+—+—+...+—,
2! 3! n!’

dé thdy ring x, <y,. Lai vi
1 1 1
—=—<— ey — < ——,
3123 22 227 7nt pn-l

ta duoc

i +i+ h— 1 la m6t cdp s6 nhén c6 s6 hang ddu 1a 1 , cong boi
2 92 on- 2’

%, téng clia n6 bé hon 1, dodd y, <3, vy x, <3l
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Dinh 1i 1.7. (1) Néu dav so' {xp} tang va bi chan trén thi né hoi tu.
(2) Néu day so {x,} gidm va bi chdn dudi thi né hoi s
Chimg minh. (1) Vi diy {x,} bi chan trén, theo tién dé can trén
e . * e . . :
ding, tén tai | = sup{x,,neN }. Véi moi € > 0 cho trudc I - ¢
a - 2 > . *
khong 12 can trén diing cia tap 4y, do dé tén tai n, €N sao cho
Xp, > - ¢
Véi moi n>n,, taco
l-e<xp <xp<|

Do dé
|xn —1| <€, Vn=n,

Vay x, = |
(2) Suy tir (1) bang céch xét day {—-x,}. ®
Thi du ap dung dinh li.

i " n"
Day {x,} véi x, =(l+—) la mét day tang va bi chan trén nhu ta da
n

thdy & trén, do d6 né hoi tu. Goi e la giéi han cha day 4y, ta duge

1 n
lim (1 + —) =e.
n—o n

Sau day la mot s6 gia tri cia day {x,} :

1’ 1)
X1=(I+T) =2, X2=(l+—2') :2,25,

1 3 1 100
X3 = 1+§ =2,3703, s X100 =(1 +’HO-) =2,7048 ssag wae

trong khi gia tri cua’s6 e vi€tvoi |15 ehir'é6e6inghia sau ddu phdy 1a :
e =2,71828 18284 59054 .

26



, Nl
Nhu thé day {(l + —) } hoi tu vé s6 e rat cham. Sau nay chiing ta sé
: n
diing biéu dién khic cta s6 e dé tinh gia tri x4p xi cla s6 e nhanh hon.

& chuong 3, chiing ta s& chitng minh e 12 moét s6 vo ti (dinh 1i 3.3).

Dinh li 1.8 (Cantor). Cho hai ddy sé {a,}, {b,} sao cho

VneN,a, <bp,[a,,, bys1c(ay, byl
(112} lim (b, —a,)=0
n—oo

Khi dé tén tai mét s6 thuc duy nhdt c €[a,, b,] vdi moi n.

Chitng minh. Chon mét s6 nguyén duong n c6 dinh bat ki. Ta c6
aj<ap; <..<ap £..<b,.

Didy {ay} tang va bi chén trén nén héi tu theo dinh Ii 1.7.

Gia su c=kl'ir::°ak. Vi ap <b,, Vk, nén c<b,. Vic = supfay}

nén a, <c. Vay a, <c<b,, Vn, ticla celay, b,], Vn.
Diém c 1a duy nh4t, vi n€u d ciing 12 diém chung clia moi doan
[a,, b,] thitacé

lc-dl<b, —a,, Vn

Nhung lim (b, —a,)=0, néntirdé suyrac=d. B

n—o

Dinh nghia. Day cic doan {[a,, b,]} thod man diéu kién (1.12)

duoc goi la day cdc doan bao nhau.
1.3.4. Day s6 gidi néi

Xét day (x,} v6i xn=(1" Do 13 motday s6 gisi ndi, né khong
héi tu. Day {x,} voin =2k I day iz T, |, ..} duoc goi la mot
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day con cua day {x,}, day con d6 hoi tu va cé giGi han bang 1. Ciing
nhu vay, day con {x,} v6i n =2k + 1 1aday {-1, -1, ..., -1, ...}, né
c6 gidi han bang 1.

Thi du don gian nay din ta dén mot dinh Ii quan trong. Truéc hét
ta c6 dinh nghia sau.

Dinh nghia. Cho day s6 {x,}. Tu dé trich ra day Xp,

Xny, Xny» - Xppo oo
VGi cédc chi s6 la nhitng s6 nguyén duong thod man diéu kién
N <np <..<ny <..

(& day vai tro thir tu trong day la k). Day {xp, } dugc goi la day con

dugc trich ra tir day {x,}.

Trong thi du mé& dau, ta di trich ra hai day con {Xp, } v6i n =2k
va ng =2k + 1.

Dinh li 1.9 (Bolzano — Weierstrass). Tit moi ddy sé gidi néi ta déu
6 thé trich ra mét ddy con héi tu.

Chitng minh. Ta dung phuong phép chia deéi. Day {x,} gidi noi

. C . ) a, +b
nén ton tai hai s6 a,, b, sao cho a, <x, <b,, Vn. Diém —2——2

chia doan [ay, by] thanh hai doan [ao, %o ;b° } [a° ;b° , bo],
mot trong hai doan d6 phéi chia vé s6 phén tir ciia {x,}, goi doan d6

la [a,,bl]. Ta cé [al’b]]C[ao,bQ] va bl —a =bo—ao

. Lai chia

doan [a;,b;] lam hai b&i diém 2 + 0y mot trong hai doan

b

a1+b1 a1+b1 5 ) e f\L > - .
aj, > | 155} by | phailchita v 56 diém cha day {xp}. Goi

28



doan dé la [a,, by] va ta cif ti€p tuc nhu vay. Ta sé du"c_yc mot day cac
doan thang bao nhau :
[a,, bo]D[a}, bj]D[a;,by] ... [ag, b]>...

lim (b, —a )= lim 22— _g
k—0 k—o0 2k
Theo dinh Ii Cantor, ton tai mét s6 thuc duy nhét c €[ay, by ], Vk.
Vi méi doan [ay, by ] déu chita v s6 phén tir ctia ddy {x,}, ta c6 thé

14y trong méi doan [a;, by ] mot diém Xp cﬁa day {x,} sao cho céc

phan tir Xn, E{ Xpy s e Xp, ]} Day { } la mét day con cua
day {x,}. Ta s€ chitng minh rang lim x, , =C
k—o0

That vay, hai s6 x,, va c déu cing thuoc doan [ay, by ], do d6

‘Xnk —C‘ < bk —ay = boz-;ao
Vay l(lim ’Xnk —c'=0. L
—®

1.3.5. Tiéu chudn hoi tu Cauchy

Dinh nghia. Day s6 {x,} duoc goi la day Cauchy (hay ddy co
hdn) néu véi moi € > 0 cho truée, tim duoc n, €N sao cho khi
m>n, VA n2n, tacé X, —Xy| <E.

B6 dé. Day Cauchy la mot day gidi néi.

Chitng minh. Gia st {x,} 1a mot diy Cauchy. Khi dé tén tai
noeN* sao cho khi m > n,, nVZn0 tacé |xpy —xp|<1.

Dic biét, ta cé |xn - xno|< I, Vn >n,

Nhlmg lxn _Xn°|>|xnl—lxno ’

dojdé lxn|<}xno|+1
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batM = max{|x1|,|x2|, ...,‘xno —ll,lxn°|+l}. Ta c6
xal<M, Vn. B

Dinh li 1.10 (Tiéu chudn Cauchy).

Diéu kién cdn va di dé day sé thuc (x,) hoi tu la né la mor day
Cauchy.

Chimg minh. Gia sut ddy {x,} hoi tu, lim x, =/. Khi dé véi moi
n—o

< . * € e e
g€ >0, t6n tai n,eN sao cho n>n, = |xn—1|<5. Khi dé véi
mz2n,, NNy

|xm-xn|s|xm_1|+|/_x,,|<§+i=g.

Viay (x,} l1a day Cauchy.

Pio lai, gia st {x,} la ddy Cauchy. Theo b6 dé, n6 l1a mot day
gi6i noi. Theo dinh 1i 1.9, c6 thé trich ra mét day con hdi tu {xnk )

Gia st lim x, =/ Ta s& chiing minh rang lim x, =/. That vay,
k—o n—mo

ta co

lxn —Il slxn —xnkl+|xnk —II
% s ¥ % *
Vi xp — 1 nén v6i moi € > 0, tim duoc vi eN saocho ng 2v; =

g .
|xnk —l|<5. Vi {x,} la day Cauchy nén t6n tai v, eN" sao cho n>vy,

v € _ .
ng 2vy, = lxn —xnk‘<§. bat v, = max(vy, v5). Tacévéi n2v,
€ €
|xg —l|<=+==¢.
P

Vay lim x, =/(/#

n—o
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Chii thich. Qua chiing minh trén ta thiy ring moi ddy hoi tu déu
la day Cauchy. Nhung dao lai moi day Cauchy trong trudng hop téng
quat chua chac da 1a diy hoi tu. Phan dao cia dinh Ii 1.10 khing dinh
ring moi day sé thuc 1a day Cauchy déu héi tu trong R. N6 ciing
biéu hién tinh ddy cia tap hop R.

Ngudi ta ciing cé thé dinh nghia tap hop R 1a tap hop thod min tién
dé vé c4u triic trudng, tién dé vé quan hé thi tu toan phdn va tién dé vé
tinh ddy cua Cauchy. Moi day s6 thuc 1a day Cauchy déu hoéi tu trén R.

1.3.6. V6 cuing bé va vé cung lon
Day {x,} dugc goi 1a mot vo cing bé (viét tit 1a VCB) néu

. 4 \ ~ 2,0 (3 b *
lim x, =0, tic la néu véi moi € > 0, tim dugc n, eN sao cho
n—w

n2n, = |x,|<e.

Néu lim x, =/ thi {x, -/} 1a mé6t VCB.

n—0
Diy {x,} dugc goi la mot vo cing 16n (viét tat 12 VCL) néu véi
. . *
moi s6 A > 0, tim dugc n, eN saocho n>n, = |xn| > A.
- P . . ~ * . P
Néu véi moi s6 A > 0, tim dugc n, e N sao cho khi n>n, ta cé
Xp >0, |x,|> A, ta viét

lim x, =+
n—o

- P . - N * . 2
Néu v6i moi s6 A > 0, tim dugc n, N sao cho khi n>n, ta cé

Xp <0, [x,|> A, ta viét

lim x,, =—o0
n—wo
1.3.7. Chit y cuéi cuing vé ddy so thic

Trong cac vi du truéc;day {xq), dirge xde dinh bdi cong thirc

Xn = fid)
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b6 1a cich xac dinh hién (hay tudng minh) moét diy s6. Theo cich
xdc dinh 4y, ta c6 thé tinh ngay x,, khi biét n.

Bay gid xét day s6 {x,} dugc xdc dinh nhu sau :

Xo =2
2
Xn—1 =2
Xn=Xp_| ——=L_Z vneN
Xn-1

trong truong hop nay ta khong biét dugc x,,, néu khong biét Ko s ==

Néu mu6n tinh x3, ta phai xuét phat tir x, tinh Xy, tr x; tinh x5,
r6i tir x, tinh x3. Ngudi ta goi day la cach xdc dinh dn hay xdc dinh
theo quy nap mot day s6. Hay xét chi tiét hon day dé. Vi

_ X%_l +2

hoac
2xn-—]

n

Suy ra ddy {x,} gidm d4n va x, >0, Vn, do dé {xp} hoi tu va héi
tu dén nghiém duong cia phuong trinh bac hai x? -2 = 0, tic 1a héi
tu dén v2 (luu y ring V2 =1,414213562 va X3 =1,41421).

Ching ta khéng ban chi tiét vé wu, nhugc diém ciia cic cach xic
d\inh day, ciing khong ban vé su hoi tu cia day 4n ; chiing ta chi luu y
rang tuy vé hinh thic cich cho day duéi dang quy nap khong tién
tinh todn, nhung né rat thuc t€ ; vi nhing day 4n nay sinh tir viéc tim
day h’oi tu vé moét 56 nae-dé (thudng I3 Khopg biét truéc) ; chéng han
day an nay sinh tir thi tuc phan 'doi (xem 3.7 chuong 3) va tha tuc
Newton (xem 5.2.7 chuong 5).
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TOM TAT CHUONG 1
* Tdp hop

Tap hop cdc s6 tu nhién dugc ki hiéu 1a N, tap hop cdc s6 nguyén
la Z, tap hop cic s6 hitu ti 1a Q.

C6 thé m6 ta mot tap hgp theo hai cich : hoac liét ke tat ci cic
phén tir cia tap hop d6, hodc néu tinh chét dic trung cia tap hop dé.

Cic ki hiéu thuong dung :
= kéo theo hoic suy ra
< tuong duong
V véi moi
3 t6n tai
:, | sao cho
€ thudc
¢ (€ khéng thuoc
& tap rébng
Tap con, bao ham :
AcBeoxeA>xeB
Bing nhau: A=B < A triung véi B ;
A=Bo AcBvaBcA.
Hop:x e AUB & x € A hoic x € B.
Giao:xe AnBo xe Avax eB.
B6 sung clia Btrong A : C,B
xe CpBoxeAvaxgB
Tich Décac

KxB=1¥) b)la’c A'b € B}
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e Anh xa

Mot anh xa f tir E sang F, viét 1a f : E — F 12 mot quy tac lam ing
mbi phan tir x € E v6i mot va chi mot phan try € F.

f 1a don 4nh néu phuong trinh f(x) = y c6 nhiéu nhat mot nghiém
x € E,Vy eF.

f 12 toan 4nh néu phuong trinh f(x) = y c6 it nhat mé6t nghiém x € E,
Vy e F.

f 1a song 4nh néu phuong trinh f(x) = y c6 moét nghiém duy nhat
xe E;VyeF.

Hai tap A va B dugc goi la tuong duong véi nhau néu tén tai mét
song anh f : A — B. Mot tap X twong duong vdi tap céc s6 tu nhién N
dugc goi 1a moét tap dém duoc, viét 1a card (X) = card (N).

* Tdp cdc s6 thuc

S6 hitu ti duge biéu dién duéi dang mot s6 thap phan hiru han hay
v6 han tuan hoan.

S6 vo ti duge biéu dién dudi dang mot s6 thap phan vo han khéng
tudn hoan. Tap s6 thuc R 1a tap gébm cic s6 hitu ti va s6 vo ti. Giira
tap céc s6 tu nhién N, cic s6 nguyén Z, ciac s6 hitu ti Q va cic s6
thuc R cé bao ham thic :

NcZcQcR

Tap cic s6 thuc R 12 mot trudng sap thi tu ddy, nghia 1a thoa min
céc tién dé sau :

Tién dé vé cdu tric trudong
Tién dé vé quan hé thy tu toan phin
Tién dé can trén ding (biéu hién tinh ddy cia R).

Moi tap hop A < R khong réng, bi chan trén déu c6 can trén ding
thuoc R.

Tap s6 thuc mo/réng duge) ki hién R'B tap R va duoc bé sung
thém hai ki hiéu —co v 400,
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* Ddy s6 thuc
Day s6 thuc 1a mot 4nh xa, 4nh xa N sang R :
n - x,eR.

Mot ddy s6 thuc {x,} dugc goi 1a hoi tu dén a, hay {xp} cb gidi

han la a va viét 1a lim x, =a néu véi bat ki € > 0 cho truée, tim
n—oo

duge N > 0 sao cho n>N= |x, —a|<e.

Khi d6, ta cling néi rang day {x,} hoi tu. Néu mot day {x,}
khong hdi tu thi ta néi ring day {x,} phan ki.

Céc tinh chit cua day hoéi tu :

Xp —>a, ticla lim x, =a, thi a 12 duy nhat.
n—o

Xp —> a <> méi 1an can cha a chia moi x,,, trir moét s6 hitu han céc Xp-

{xp} h6i tu thi c6 moét khoang hitu han (b, c) chita moi X, va néi
ring x,, giéi noi.
Néu x, > x ; y, >y thi

lim (x, +y,)=x+y

n—o -

lim (Cx,) =Cx, C la hing s6

n—o0

lim (C+x,)=C+x, Clahing s6
n—

lim (x,y,)=xy, lim (L] =] voiy,#0,y=0
n—o n—wo\ Y, y

lim (X—"j=i véiy =0y =0
y

n—eg yn

Néu x, 2 y,, Vb vax, —>a,y —blthia> b.
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Néux,<y,<z, Vnvax, —>a,z, >athiy, > a.

Céc dinh li co ban vé day s6 :

Day s6 {x,} duoc goi la tang (giam) néu x,, < X, (X, = X,41)> V0.
Day s6 {x,} dugc goi 1a bi chan trén (dudi) néu tén tai s6 c (d) sao
cho x, <c (x,2>d), Vn.

. Néu ddy s6 {x,} tang (giam) va bi chan trén (dudi) thi né héi tu.

* Cho hai day s6 {a,}, {b,} sao cho

Vn e N,a, <b,, [ap,1, bps]<lap, byl, lim (b, —a,)=0.
n—oo

Khi d6 tén tai duy nhit ¢ € [a,, b,], Vn.

* T moi diy s6 gidi noi ta déu c6 thé trich ra mot day con hoi tu.

* Diéu kién cdn va di dé day s6 thuc {x,} hoi tu trong R la 151
1a mot day Cauchy, titc 12 v6i moi € > 0, tim dugc n, € N* sao cho
m2n,n2n, = |xm —xn|<s.

BAI TAP
1. Dung ki hiéu tap hop, biéu dién céc tap sau :
1. Céc s6 nguyén duong bé thua 12
2. Céc s6 nguyén duong 1a boi s6 clia 4 va bé thua 43

3. Céc phén s6 c6 tir s6 12 3 va miu s6 1a mét s6 nguyén duong bé
thua 9.

2.ChoF:={1,4,7,10} vaG: = {1, 4, 7}. Hoi cic ménh dé sau
day, ménh dé nao ding :

1.GcF;
2. Tap {1, 7} 1a tapeoii thug sirleiid’ B/
3.Tap {1, 4, 7} [atap conthuc sercduatl

36



3. Liét ké moi tap con clia chc tap :

1. {a,b,c}; 2. {1,2,3,4).
4.ChoA:={a,b,c},B:={1,2,3};C:={b,c,a};D:=(3,2,1}.
Hoi :

1.LA=C?2.A=B?3. Atuong duongB?4.B=D?

S. Xét xem céc tap cho dudi day, tap nao v6 han, tap nao hiru han :
1. Tap moi s6 nguyén duong 16n hon 100. ’

2. Tap moi s6 nguyén duong bé thua 1 000 000 000.

3. Tap moi diém nidm trén doan thing n6i lién hai diém phén biét
A, B.

6.ChoA:={q,r,t,u},B:={p,q,s,u} va
C:={t,u,v,w}.

1. Tim A N (BU C) va (A N B) U (AN C). Ching cé bing nhau
khéng ?

2.Tim Au (BnC)va(AuB)n (A uUC). Ching c6 bing nhau
khéng ?

7. Cho A, B 12 hai tap hitu han, ching minh ring

card(A U B) = card(A) + card(B) — card(A N B).
8.ChoA:={0,1,2};B={1, 3}.

. TimAxBvaBx A

2. Tinh card(A x B) ; card(B x A) ; card(A x A) ; card(B x B).

9 Xétanhxaf:R>R: x> ;fcélédcménh?toénénh“?

1+x
Tim f(R).

10. Dung 1ap luén’phan chimg, chitng mivh ring V3 1as6 voti.
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11. Dung phuong phdp quy nap toan hoc chitng minh :
n(n+1)
2
_n(n+1)(2n+1)
- 6

12. Xét xem da dung tién dé nao trong cic tién dé vé s6 thuc dé
chitng minh cdc hé thic dudi day :

1.1 +2+...4+n=

2. 12+22+...+n2

1.5+43=3+5; 2.9+40=9;

3.-3+0=-3; 4.[-3+@D])+7=-3+4+7);
50+0=0; 6.-N.()=-1;
7.(-3)+[-(-3)]=0; 8. 4.(%):1.

13. Ding dinh nghia "16n hon, bé thua" va cic tién dé thi ty,
ching minh (gia thiéta, b, c € R) :

1. Néua>bvac>0thiac>bc
2. Néua>bthia+c>b+c
3.Neua>0thi-a<0

4.Néua=0thi a®>0
5.Néua>bthi a® >b? (véia>0, b>0).
14. Giai céc phuong trinh va bat phuong trinh :

1. Ix+3l=7 ; 2. |2x—6|=14;
3. Ix-4]<7: 4. |5x—1|s4;
5. l4x-2l>4 ; 6. |5+9x|>4.

15. Cho A c R, Bc R ; dinh nghia :

A+B:={xeR|3acA dbeB x=a+b)

AB:={xeR | Jdae A,3be B, x=ab)
nghia]éA+Blélz§pcécsc‘5thuccédanga+bvc’riaesz‘ibeB:

AB Ia tap cic s6 thue ed dang ab v6i-a| éFAWA b € B.
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1. Gia st A, B bi chan trén, chitng minh rang
sup(A + B) = supA + supB
2. Gia sir A, B bi chan trén, A c R,, B.c R, chitng minh rang :
sup(AB) = (supA)(supB)

16. Xét su hoi tu cia ddy x, :=(-1)" u-td

—
17. Ching t6 rang céc didy sau day héi tu va tim giéi han cia
ching,n>1:

_n+1

l'xn:_ > 2. Xp:= n i
n n+1
1 n
3. X, = ; 4. x,:= ;
. n2+1 ! n2+1

18. Tim gidi han clia cdc ddy sau (n€u hoi tu) :
1. xnzzn—\/nz—n : 2. X, :=+/n(n+2a)—-n ;
3. xn:=n+\/31—n3 4 4, xn:=gsinng :

sin2 n —cos3 n
3. Ky tE——————,
n

19. Xét day x, :=Xq_1 +

véi X, = 1.

n-1
1. Ching minh rang {x,} khong cé gidi han hitu han.
2. Ching minh ring lim x, =+o.

n—>+o

20. Xét ddy xp,: :ab—“ véi a,:=2a, | +3b,_y, by i=a, ;1 +2b, | ;
n

v6iay > 0, B> 0.

1. Ching minh rang-az>0, b, > 0.

2. Tinh xp4; theoxg
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3. Tinh X, —X, Vva ching to ring diy {x,} don diéu, suy ra
{x,} c6 gidi han doc lap véi a,, by,
21. Xét su hoi tu va tim gidi han (néu c6) cua day
p O - +1 véixy = 1.
Xn-1

22. Cho hai s6 a va b thoa 0 < a < b, xét 2 day

1
Xn ' =+Xn-1¥n-1> ¥Yn - ‘_‘E(xn—l +Yn-1)

Véi Xx,=avay,=b.

Chitng minh ring hai day trén hoi tu va c6 chung gidi han.
23. Xét su hoi tu cia day x, :=+1+X,_1, Vi X, =\/§.
24.bat x, =1, x,3+x,1)+1=0 véin=>1.

Chiing t6 rang {x,} hoi tu va tim gidi han cia {x,}.

DAP SO VA GOI 'Y
12. 1. Giao hoén ; 2. D6ng nhat ; 3. Dong nhdt ; 4. Két hop ;
5. Déng nhat ; 6. Dong nhat ; 7. Nghich dao ; 8. Nghich dao.

15. 1. Ching minh ring sup A + sup B 12 mét c4n trén cia A + B,
réi dung dinh nghia can trén ding dé két luan ring sup A + supBla
can trén ding cha A + B.

2. Ching t6 rang sup A . sup B 1a mét can trén cua AB, réi ding
dinh nghia can trén ding suy ra diéu cdn chimg minh.

16. Phan ki.
17. 1. {x,} giafr v b S0 T ehanaust; Toi T 27 x,,} ting va bis6 1

chén trén, héi tu ; 35X Jigiam, 0 <4 <-%, Vn, hoi tu ; 4. Hoi tu.
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18. 1. lim x,=—; 2. lim xn:%;

S N

n—oo n—>x
3. lim x, =0 ; 4. Phan ki ; 5. lim x, =0.
n—o n—

19. 1. Néu /= lim x,, thi / thoa phuong trinh 1=I+-}-, nghia la

n—oo

1
7= 0, phuong trinh nay vé nghiém.

2. Xo 21, x; 21 ; {x,} ting va khong bi chan trén : lim x,, =+
n—

20.1.a,>0,b,>0,suyraa; >0,b,>0;

_(B-x)B+xy)

Xn+2

X Byal —Ep , dau cua x,,; —Xx, la ddu cua

x/?;—xn , ciing la ddu cua \/g—xn_l , ciing 1a ddu cha /3 -x,. Néu
\/g—xo>0, {x,} tang va bi V3 chan trén, lim xn=\/§. Néu

n—oo

x/g—xo<0,{xn}giémvé lim xn=\/§.Né'u ﬁ—xo=o, xn=\/3_;

n—o

lim x,, =4/3.

n—aoo

21.Néu lim x, =/ thi/=2vix,>1, Vn;

N—®
2K Xp_1—2
Xl == 415 Xpyy —2=-0d
Xn-1 +2 Xn—1 +2
1 —X%_l HX1 ¥2
Xn+l T ¥n=1 =
Xn-1 +=2
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Di4u cua x,,; —X,_; la dau tam thiic bac hai —x,zl_l +Xp-1+2. Suyn

néu x,_; >2 thi Xy, <Xp_; vanéu x,_; <2 thi X .1 >Xp_g-
» x; b
22. {x,} tang va {y,} giam : —=—=,/—>1;
a

b-a

yj—a=b-y; = >0 : Xxg <Xy <Yy <Y, ; didén

a<X|<X9< ... <Xp <Y <Y¥Ypo1< ...<yp<b.

L+
L:= limx, ; /:= limy,:L=+vLI v 1=T+:>L=I.

n—a n—»e

23. Dung quy nap chitng minh {x,} gidm va bi chan duéi :
X] =\/]+\/§<x°, X2 =Jl+x1 <\/1+x0 s Xp LNy 5 =
Kool S Rpgs Byeq =+f1F X, >+2, Vn, x> 1.

Suyra /:= lim x, thi/thod I=+1+[ suyra /=

n—»oo

1+J§
2

vix, >l
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) Chuong 2
HAM SO MOT BIEN SO THUC

Chuong nay gi6i thiéu ham s6 moét bién s6 thuc, cic ham s6 so cdp co
ban, dic biét gi6i thiéu mot ham s6 dang da thic goi 1a da thic noi suy.

2.1. Pinh nghia ham s6 mot bién sé thuc _
ChoX,Y,Xc R, YcR,dnhxaf: X — Y dugc goi 1a mot ham
s6 mot bién s6 thuc, tap X dugc goi 1a mién xdc dinh thudong ki
hiéu 12 D¢ ciia ham s6 f va tap f(X) thuong duwoc goi 1a mién gia tri, ki
hiéu 12 R¢ ctia ham s6 f ; x € D¢ dugc goi 1a bién doc ldp hay doi s6,
f(x) € Ry duge goi 12 bién phu thudc hay ham s6 ; dé chitng t6 ham
s6 f 1am @ng méi phdn tir x € Dy v6i mét phan tir xdc dinh f(x) € Ry
ngudi ta thudong viét
x b f(x) hoic y = f(x)
Thi du.
(a) x > x la ham s6 d6ng nhat, thudng ki hiéu 12 id(x).
(b) x > 2x + 3 la ham s6 bac nhit.
(c) x > —2x? +5x +1 12 ham s6 bac hai.
(d) x +> E(x) 1a ham s6 ph4n nguyén cia x, nghia 12 E(x) 1a s6
nguyén 16n nhat khong 16n hon x ; ching han :
E(-3,2) EA4%5E0)= O HER2) ¥ 2= B(2.6)=2; ...
(e) x > ¢, ¢ 12 hangs6, goi 1a hand 363tng.



2.2. Do thi cia ham sé mét bién so thuc

Truée day ching ta da gia thiét c6 mot song anh gilra tap céc s6
thuc R va dudng thing L va tir d6 da xay dung truc s6 va khi ta viét
(x) ta dong thai hi€u d6 1a mot s6 thuc x € R va s6 thuc x dé c6 anh
(toa d6) 1a diém (x) trén truc sé. Bay gid ching ta sé xay dung mot
song anh gilta tap tich Décic R x R va mot mat phiang P bang cich
V& mot truc s6 nam ngang huéng tir trii sang phai, c6 goc 1a O, goi la
truc s6 Ox, truc s6 Oy vuong géc véi Ox, hudng tir dui lén trén ; cic
don vi chon trén Ox va Oy khong nhat thiét phai giong nhau, nhung
thudng ngudi ta hay chon céc don vi d6 giéng nhau (hinh 2.1). Truc
Ox dugc goi 1a truc hoanh, Oy la truc tung. Mbi diém nim trén truc
hoanh bén phai géc O tng v6i mot s6 thuc duong, méi diém nim trén
truc hoanh bén trdi gc O {ing v6i mét s6 thuc 4m. Trén truc tung Oy,
m6i di€m nam trén géc O ng véi mot s6 thuc duong, mdi di€m nim
dudi g6c O iing v6i mot s§ thuc 4m ; géc O tng véi s6 khong trén
moi truc.

Hinh 2.1

Xét mét cap s6 thuc c6 tha tu (a,b) € R x R, quy udc phan tir ddu
tién trong cap d6 (a) 1a phan tir clia truc hoanh, va phin tir thit haj (b)
1a phan tir cua truc tung, nhu vay cé nghia la.:

1. Toa d6 ddu tiéa'clia capso thus.couhiz ¥ (x, y) (tdc 1a toa d6 x)
1a khoang cach c6 'déu tir mét diéri] 86h tfuc tung, khoang c%\ch‘ cé
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d4u dé6 14y ddu duong néu diém & bén phai truc tung va lay dau am
néu diém dé & bén trdi truc tung.

2. Toa d6 thit hai cua cap s6 thuc cé thi tu (x, y) (tic la toa do y)
la khoang c4ch cé d4u tir mot diém dén truc hoanh, khoang cach dé
14y ddu duong néu diém & trén truc hoanh, ddu 4m néu diém & dudi
truc hoanh.

Nhu vay, mét diém M bt ki trong mat phang duogc ting véi mot cap
s6 thuc c6 tht tu (x, y) ; ngugc lai, méi cap s6 c6 thi tu (x,y) € R xR
duoc ing véi mot diém M cla mat phang, do vay c6 thé déng nhat
mot diém M ciia mat phang véi mot cap s6 thuc cé thit tu (x, y) ; X
duoc goi 1a hoanh do cua diém M va y la tung dé cia diém M. Ki
hiéu M(x, y) duoc doc 1a diém M c6 hoanh d¢ 1a x va tung do 1ay.

Mait phang x4c dinh béi truc hoanh Ox va truc tung Oy dugc goi
1a mdt phdng toa dé, hé toa d6 xaydung theo kiéu trén goi 1a hé toa
dé vuéng géc Pécdc, chinh hé toa do vuong goc Décdc nay da xic
dinh song 4nh giita cap s6 c6 thi tu (x, y) € R x R véi mot diém cia
mit phing toa do.

D6 thi cua ham s6 x — f(x) hay la y = f(x) dugc dinh nghia la
tdp cdc diém trong mat phing toa do cé toa do (x, f(x)).

Tuy theo tinh chat cu thé cia ham s6 f(x), d6 thi cha f(x) c6 thé 1a
mot tap diém roi rac hiru han hoac v6 han ciing c6 thé 1a tap nhiing
manh cung dit doan, va ciing ¢ thé 12 mét cung lién.

* Chii y. Trong thuc t&€ nhiéu khi ngudi ta phai giai bai toan ngugc :
ngudi ta khong biét chinh xdc ham s6 f(x) ma chi bi€t mét tdp roi rac
hitu han ctia dé thi cua né va mot vai nét rat khai quat vé ham sé6 f(x) ;
ngudi ta muén dung lai ham s6 f(x) va di nhién khong thé nao dung
duoc ding nguyén xi ham s6 f(x) (vi ban than ham s6 f(x) lai chua
biét) nhung ngudi ta hi vong rang dung dugc mot ham s6 c6 céc tinh
chat nhu ham s6 f(X) VA d7 nihien a6 thi clia ham s6 duoc dung it ra
thi ciing gn trung ¥&i dé thicua f(x) tai tap'¢ic diém roi rac da cho
trudc & trén.



2.3. Ham s6 chan, ham sé 1é, ham sé tuan hoan, ham sé
don diéu
Gia sir X 1a mét tap hop s6 thuc (X < R), X nhan géc O 1am tam
déi xitng. Ham s6 f : X — R duoc goi 1a chdn néu
f(x) = f(—x), Vx € X,
1a /€ néu
f(x) = -f(-x), Vx € X.
Ham s6 y =x" 12 chin néu n chin, 12 1& n€u n 1é. D6 thi cia ham

s6 chdn nhan truc y 1am truc d&i xing. D6 thi ciia ham s6 1é nhan g6c
O lam tam d6i ximg.

Néu X < R ham s6 f : X — R duoc goi 13 tudn hoan néu tén tai
héng s6 duong p sao cho

f(x + p) = f(x) Vx e X

s6 p nho nhit sao cho ta c6 ding thic dy duoc goi 1a chu ki cuaa f. Cic
ham s6 y = sinx, y = cosx 14 tudn hoan véi chu ki 27 ; cdc ham s6
y = tgx, y = cotgx la tudn hoan véi chu ki .

NéuJcIcR,hams6f:1—» R dugc goi 12 tdng trén J néu
Xp, X2 €J, X <xp = f(x1) <f(x,),

tdng nghiém ngdt trén J néu
X[, X2 €J, Xp<x9 = f(x)) <f(x,),

gidm trén J néu
X[, X2 €J, X1 <xp = f(x;)21f(x,)

gidm nghiém ngar trén J néu
X]» Xedexy, < % AP RIF (X5)

Ham s6 tang hay 'giam trén dugc 29i12don diéu tren 1.
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2.4. Ham s6 hop

ChoXcR,YCR,ZcR;chohams6 g: X - Y va ham s6
f:Y > Z; xét ham s6 h : X — Z dinh nghia bai

h(x) : =f[g(x)] ; x € X

h dugc goi 1a.ham s6 hop ciia ham s6 f va ham s6 g, ngudi ta thudng
ki hiéu ham s6 hop h :

h(x) = f{g(x)] hay h(x) : = (fog)(x), x € X
Thi du
(a) X=Y =Z =R, xét cic 4nh xa
f:xn——)x2+2, g:xP 3x+1
Khi d6 flg(x)]=[g(x)]® +2=(3x + 1) +2
glf(x)] = 3f(x) + 1 = 3(x2 +2)+1
(b) X=Y =Z =R, xét cic 4nh xa
f: x— 2% ;g:XI-—-)x2
Khi dé flg(x)] = 28X =2’
glfx)] = [f)F =(2*)* =2%*

2.5. Ham sé nguoc va doé thi ham sé nguoc

Chohaitap X c R, Yc R;chosongadnhf: X > Y, x — y=1f(x),
song 4nh f chinh 12 mot ham s6 c6 mién xic dinh D¢ = X va mién gid
tri 1a tap anh cia X, tic la f(X) :

f(X)={yeY |y=fx),xeX].

Khi dé6 vi f 1a song.dnh.nén f la toan dnh, nghia 1a f(X) = Y va f
ciing 1a don 4nh, nghia la v&i xy7 ¥ Xy, WiiXple X thi f(x;)=f(xy),
f(x;), f(xy)e Y. Khi:do moi phin ti)y E3Y1'déu 1a 4nh cha ding mot
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phén tir x € X nén c6 thé dat ing mot phan tiry € Y v6i mot phén tir
x € X ; phép 1am tng d6 di xdc dinh mot ham s6 dnh xa Y sang X,
ham s6 nay dugc goi 1a ham sé ngugc cha song 4nh f va duge ki hiéu

la f':Y—> X, nghiala:
Tl ye— x=f'1(y)
trong d6 y 1a bi€n doc 1ap va x 1a ham s6 phu thudc.
Tir dinh nghia ham s6 nguoc, ta ¢6 :
y=f(x) < x=f'(y)
Do vay trong cing mot hé toa do, dé thi hai ham s6'y = f(x) va
Xx= f_l(y) trang nhau nhung, thong thudng va dac biét khi vé dé thi

ngudi ta c6 théi quen ding chit x dé chi bién doc 1ap, chir y dé chi
ham s6 phu thuéc, véi quy udc dé6 ham s6 nguoc cua f(x) dugc viét 1a

£ Xy =f‘](x)
Do vay, néu biéu dién ham s6 nguoc cia ham s6 y = f(x) duéi
dang y = f—l(x) thi néu (x, y) 12 mot diém cta d6 thi ham s y = f(x)

thi (y, x) 1a mot diém cia d6 thi ham s6 ngugc y = f~1(x). Hai diém

(x, y) va (y, x) d6i ximg nhau qua dudng phan giac thi nhat, tir d6 di
dén két luan :

D6 thi cia ham s6 nguoc y = f—l(x) dé6i xing v4i dé thi cia ham
s6 y = f(x) qua duong phan gidc thi nhat.
Thi du.

(a) Xéthams6h: R > R, x - x2

Véiy € R ; y <0, phuong trinh (4n 12 x) x2 = y v6 nghiém, vay h
khéng toan anh.

Véiy € R, y.>.0phuong.trinh-x% =y._cé-hai nghiém phan biét
X =4/y, vay h khong don anh.

Nhu thé ham h khéngcéham nguoe.
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(b) Xét ham s6 g : R, - R, x - x2

trongd6 R, latap: R, :={xeR | x>0}.

Vi v6i moi y € R phuong trinh x2 = y hoic vé nghiém (véiy <0)
hoic cé nghiém duy nhét x = \/; (v6i y > 0), do d6 ham s6 g 1a don
4nh nhung khong toan 4nh, do d6 g ciing khong c6 ham s6 nguoc.

(c) Xét ham s6 f:R, > R,, x x>

.Trohg trudng hop nay phuong trinh x2 =y luén c6 nghiém duy
nhat x =\/; , do d6 f 1a song 4nh va do d6é c6 ham s6 nguoc

() =4y "

Né&u vé d6 thi ciia hai ham s6 f(x)
va f'l(x) trong cing mot hé toa d6
vuong géc Décdc (hinh 2.2) thi ta v& A
~d6 thi hai ham s6 : y =x% va v
y =Jx ;x e R,.

2.6. Cac ham so so cdp co ban Hinh 2.2

Cic ham s6 sau day duoc goi 12 cic ham s6 so cdp co bdn : ham s6
luy thira x > x*, a € R ; ham s6 mil x+>aX, a>0,a#1;ham s@
l6garit : x> log,x,a>0,a#1; cic ham s6 luong gidc : x - sinx,
X - COSX, X > 1gX ; X I cotgX va cdc ham lugng gic nguoc.

T4t ci nhitng ham s6 néu trén (tri cdc ham s6 lugng gidc ngugc)
12 nhitng ham s6 da quen thudc ddi véi hoc sinh phé théng trung hoc
nén & day chi nhéc lai nhimng tinh chdt cha yéu cua chiing ; riéng cac
ham s6 luong gi4c ngugc s€ dugc trinh bay chi ti€t hon.

(1) Ham s6 lug thira x> x® ; y=x%,véi o € R.

Mién x4c dinh.cia ham s6 lu§ thira phu thudc a.

Véi a € N : miérxdcdinh 1 cajtruc/séR;

V6i o nguyeén am: mién xdc dinh|lageagtruc s6 trir diém g6c O.
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Véiacédanga=1/p;pe€ Zthi:

v6i p chidn, p € N*: mién xdc dinh 1A R, ;

v6i p1é, p € N* : mién xdc dinh1aR ;

v6i p € Z mién xic dinh ciing phu thuéc p chin hay lé.

Vé6i o 12 s6 vo ti thi quy uée chi xét y =x* tai moi x >0 néua >0
va tai moi x >0 néu a < 0.

D6 thi ciia ham s6 y=x% luén di qua diém (1, 1) va di qua géc

(0, 0) néu a > 0 ; khéong di qua goc néu a < 0 (hinh 2.3).
"

o 1

xy

Hinh 2.3

(2) Hims6 mi x> a* ; y=a* ;a>0,a=1.

S6 a dugc goi la co s6 cia ham s6 mi. Him s6 mii a* xac dinh
v6i moi x la luén luén duong.

* Ham s6 mii y =a* tang (nghia 1a véi x; >x, = a*! >a*2) khi
a>| '

* Ham 56 y = a*~giimr(nghiz-trvéix; s%5 =2’ <a™?) khia< L.
* Diém (0, 1) ludn ndm trén dé thijcia ham a* 1a° =1.
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* Dac biét a =a.
Hinh 2.4 cho d6 thi cia ham y =a*. :
(3) Ham s6 lo6garit x> log, x ; y=log,x ;a>0,a= l.

Hinh 2.4
S6 a dugc goi 1a co s6 cla l6garit, dac biét néu a = 10 thi log;yx
thudng duge viét ngén gon 12 1gx va doc la l6garit thap phan cia x.
Ham s6 log,x chi xac dinh véi x > 0.
e Him s6 log,x tang khi a> 1 va khi d6:
y=logax ; a<1

v6i0<x <1 thilog,x <0; vt
véi x > 1 thi log,x > 0.

e Ham s6 log,x giam khi y=logax ; a>1

O<a<1vakhidé:

véi 0 < x <1 thilog,x 20;

Xy

v6i x 2 1 thi log, x < 0. Y 1
* Diém (1, 0) lu6n ndm trén d6
thi clia log,x, nghia la log,1 =0.

* Pic biét log, a = 1.

Hinh 2.5 cho d6 thi cua ham log,x, Hinh 2.5
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* Vi ham sO mii x — axlémétsongénhtileén Ri ={x e RIx>0},
nén ham s6 nguoc ciia a’ 1a ham s6 y +— log,y, nghialay = a' o
x = log,y.

Néu dung chit x dé chi déi s6, chit y chi ham s6 thi trén cung mét

hé toa do dé thi hai ham s6 a* va log,x d6i xitng nhau qua dudng
phan giac thi nhat.

* Ham s6 log,x con ¢6 mot s6 tinh chét sau :
log, (AB) = log,A +log,B; A>0,B>0
log, (%) =log,A —log,B; A>0,B>0
log,A” = alog,A, A > 0.

V6ib>0:b= al°b

Voib>0;b=1;logA= 28bA . 45
log, a

(4) Cac ham s6 luong giac :
X P SInX ; X > COSX ; X > tgX ; X — cotgx.

Céc ham s6 nay duoc goi 12 ham s6 lugng gidc vi chiing dugc xic
dinh trén R théng qua dudng tron luong giic, xem hinh 2.6.

Trén hinh 2.6 ¢6 :

@::cosx;&)::sinx; Ay t
A_'I-‘:=tgx;B—C:=cotgx B C,
- ‘ /

'Céch:‘imsc‘)xv—>sinx;y=sinx Q T

VA X > COSX ; Y = cosX ¢6 mién X4c

dinh 1a toan truc s6 R va c6 mién gi4 2

tri 1a khoang déng [T, 1]. 0 P IA X

Hinh 2.6
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* Ham s6 x — tgx ; y = tgx xdc dinh tai moi x # (2k+1)% kel
va c6 mién gia tri 1a R.

* Ham s6 x — cotgx ; y = cotgx x4c dinh tai moi x #kn,k € Z
va c6 mién gia tri 1a R.

* Hinh 2.7 cho dé thi c4c ham s6 luong giic :

A y 1} y
[ SO 1
- - _ - o-mp n,
O np, = X o) T X
....... -1 -1
a) b)
11 y Y4
-n_Jup i m . T2 /2 rc R
' @) X O r X
c) d)
Hinh 2.7
(a) D6 thi y = sinx ; ' (b) D6 thi y = cosx ;
(c) D6 thiy = tgx (d) D6 thi y = cotgx.
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(5) Cac ham s6 luogng gidc nguoc :
1. Him s6 x — arcsinx

Xét ham s6 f : Hﬂ —[=1,1];x — sinx ; f 1a mot song dnh, do
d6 c¢6 ham s6 nguoc f ‘1, ki hiéu ham s6 nguoc f Ly y + arcsiny ;

x = arcsiny ; doc 1a x bing ac—siny (x 12 "cung c6 sin bang y"), nghia la :
=sinx; = <x< =~ & x = arcsin
y - ’ 2 —— _— 2 e y
Véi quy ude dung chir x dé chi d6i s6 va chit y d€ chi ham s6 thi ham

s6 nguge cua ham s6 y = sinx véi x € [——-g, %] la ham s6 y = arcsinx.

* Ham s6 y = arcsinx c6 mién xédc dinh 12 khoang déng [-1, 1] va
mién gi4 tri 1a khoang déng [-g ﬂ va 1a mét ham s6 tang. D6 thi
c6 dang nhu hinh 2.8(a).

2. Ham s6 y = arccosx

Xét song anh f : [0; nt] - [-1, 1] ; x — cosx ; ham f c6 ham s6

nguge f © :y — arccosy, x = arccosy, doc 1a x bing ac—cosy (x la
cung co cos la y), nghia la

y =cosx, 0 < x < 1 < x = arccosy

Ham s6 ngugc ciia ham s6 y = cosx véi x € [0 ; n] 12 ham s6
y = arccosx.

* Ham 56 y = arccosx c6 mién xic dinh 1a khoang déng [-1, 1] va
mién gid tri 1a khoang déng [0, 7] va 12 mé6t ham s6 giam. D& thi cua
né c6 dang nhu hinh 2.8 (b). ’

w5 8 7‘ PR
* Visinx = cos(i—x) nén c6 thé suy ra

arcsinx + argcasx=

.
2
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Y‘r AY
L3 —
2
A O 1 «x
n + —>
""""" "2 -1 O 1 x
a) b)
AY AY
bid
2 n
-------------- -.:T-E-"---""'-""""" -1-L O 11 >
5 X
c) d)

Hinh 2.8
3. Ham s6 y = arctgx

Ham s6 y = tgx ; v6i x € (—g—,%) 12 mot song 4nh ; ham s6

nguoc cla né 1a x = arctgy ; doc la x bing ac—tangy (x la cung ¢6
tang 12 y), nghia la :

y=1tgx;X € (—% %) & X = arctgy.

Ham s6 nguoc cia ham sO.y = tgx VOV X[E (—g, %) la y = arctgx
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 Ham s6 y = arctgx c6 mién xdc dinh 12 toan truc s6 R va mién
gid tri 12 khoang mé (—gg) va 12 ham s6 tang. D6 thi cia né cé -
dang hinh 2.8(c).

4. Ham s6 y = arccotgx

Ham s6 y = cotgx véi x € (0, m) c6 ham s6 ngugc la x = arccotgy
doc 12 x bing ac—cotangy (x la cung c6 cotang la y) ; nghia la :

y = cotgx ; 0 < x < m &> x = arccotgy

Ham s6 ngudc cia ham s6 y = cotgx véi x € (0, n) 1a ham s6
y = arccotgx.

* Ham s6 y = arccotgx c6 mién xac dinh 12 toan truc s6 R va mién
gia tri 1a khoang mé (0, mt) va 1a ham s6 giam. D6 thi cia né c6 dang
hinh 2.8 (d).

(a) D6 thi y = arcsinx ; (b) D6 thi y = arccosx ; (c) D6 thi
y = arctgx ; (d) D6 thi y = arccotgx. *

* C6 thé chitng minh dugc (coi 12 bai tap)

arctgx + arccotgx = %
* Hon nira ta con c6 cac hé thiic
: 1 =
(1) Vx #0 : arctgx + arctg—=5 sgn x
X
(i) Va,b € R, dat : a = arctga ; 3 = arctgb
Khi dé :
- a+b .
gl—ab’ néu ab < |
arctga + arctgb = | %sgna, néu ab = |
arct Y 8 + €u ab
L gl-—ab sgiid,- néuab > 1
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Chitng minh.

(i) V6i x >0, tacé g— arctgx € (O, g)

va t (E-arct x)————l——-l—
52 & _tg(arctgx):_x

4 1
suy ra — —arctgx = arctg —
y ) g g -

Cung lap luan tuong tu véi x < 0, suy ra (i).
(ii) Theo gia thiét, ta c6 :

a,pBe (—%,g) vanfua+B=# -12£ thi
tga+tgB a+b

tg(c+ ) = 1-tgatgB 1-ab

Tacé :
(a=0

T T R T
——2-<a+[3<—2—©<hay(a>0va[3<-2—-—a)

hay (o < 0 va B>—-72£—a)
(a=0

<:>4hay(a>0v5b<l)®ab<1
a

hay (a <Ovz‘1b>%)
3 " T ) .
*Néuab<lthia+pBe (—E,-z—) va do vay

o +P= arctg(tg(ot-+ 5)) A arotg ‘ajral;

57



eNéuab>1vaa>O0thia+p e (;n) va do vay

a+b
o + B = arctg + .

| -ab

*Néuab>lvaa<Othia+P e (—n,—g) va do vay

a+b
1-ab
* Néu ab = | thi chinh la truong hop (i).
Vay, téng hop lai ta c6 (ii).H

o + 3 = arctg .

2.7. Cac ham s6 so cap

Cho hai ham s6 f va g, goi tdng clia f va g, vi€t 1a f + g ; hiéu, viét

f — g ; tich, viét 1a fg va thuong viét 1a é la cac ham s6 dugce dinh

nghia nhu sau :

téng :(f+ g) (x) : =f(x) + g(x) (cOng hai ham)
hiéu c(f-g) (x) : =f(x) — g(x) (trir hai ham)

tich : (fg)(x) @ = f(x)g(x) (nhan hai ham)
f f(x) . :

h 1= = —= :

thuong (g](x) 2 (chia hai ham)

Néu goi Dy, D, la mién xdc dinh cia f va g tuong dng thi mién

xéc dinh cna tdng, hiéu va tich cia ching la DD
xdc dinh cua L) la Df » D, trong dé
g g
ng 1={x € Dg | g(x) #0}.
Thi du. Cho f(X) = 2x-+4x +.1,
g(x)=4/x-2
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Khi d6 f + g, fg xdc dinh véi moi x > 2, riéng f xac dinh véi moi
g
x> 2.

Ngudi ta goi ham s6 so ¢dp 1a nhitng ham s6 duoc tao thanh béi
mot s6 hitu han cic phép toan s6 hoc (céng, trir, nhan, chia), cic
phép 1dy ham s6 hop d6i v6i cac ham s6 so cdp co ban va cic hang.

Thi dy. Cac ham s6 :

y=sin8x+cos(2x+£) +3;y=2'x+x2+4;

4
x+\/1—x2 + COSX
x—\/l—x2

y=§/x_3 -1gBx+7)+1;y=

déu 12 nhitng ham s6 so cép.

Trong cic ham s6 so c4p, ngudi ta dac biét chi y dén hai loai ham
s6 : cic da thitc va cic phdn thirc hitu ti hay cic ham s6 hitu tf vi khi
tinh gia tri cia cdc ham s6 nay ngudi ta chi cin thuc hién cic phép
to4n s6 hoc dé6i véi bién.

Goi da thirc bac n, n € N, viét 1a P (x), 1a biéu thic :
Pn(x):=ao+a1x+...+anxn;ak eR, k= ﬂ ;a, #0.
Thi du. «/5+lgl7+sin—31£+x/5x +4x2 +5x3 1a mot da thic bac 3
déi véi x.
Goi phadn thite hitu t7 12 ham s6 c6 dang ti s6 cia hai da thic :

P,(x) _ aj+ax+..+a x"
Qn(X) by +bjx+..t byx™

,m,neN

trong d6 cic he¢ s6 a, i=0,n ; bj,Jj= 0,m Ta nhirng s6 thuc.
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2.8. Da thic noi suy

Bay gio ta trd lai chid y da néu trong phin chd y muc 2.2 : ta muén
phuc hoi mét ham s6 f(x) tai moi gid tri x € [a, b] nao d6 ma chi biét
mot s6 hitu han gém (n + 1) gid tri cha ham s6 d6 tai cic diém rdi rac
Xg» X1» --» Xy € [a, b]. Cdc gid tri nay thudng dugc cung cdp qua thuc
nghiém hay tinh dudi dang bang sau :

X | Xo X Xy X; X

y l Yo Yi y2 Yi ¥n

Khi dé ta dat van dé tim mot da thirc bdc n :

(2.1) P(x):=a +a;x+ o anxn, a,#0
V4i a,, ay, ..., a; € R, sao cho P (x) trung véi f(x) tai cic miit x;,
i= 0,n, nghia la

(2.2) P (x;)) =f(x;)) = y;

ba thic P (x) tim duogc d6 goi la da thirc néi suy. Ta chon da thitc
ndi suy ham s6 f(x) vi, nhu da néi da thic 12 loai ham s6 don giin
nhét, dé tinh nhat.

Dinh li 2.1. Néu ton tai da thitcc ngi suy P,(x) ciia ham s6 f(x) thi
da thitc dé la duy nhat.

Chiing minh.

That vay, gia sir c6 hai da thic P (x), Qn(x) cung 1a da thic néi
suy ciia mot ham f(x). Liic d6 theo dinh nghia, c6

Vay hiéu Pj(x* — Qp(x) ciing 1a mét da thic c6 bac khéng vuot quéd n
va triét tiéu tai n + 1 gia tri khic nhau x;, i = 0.n i P(x;) — Q. (x)) -
— n\Ai
Yi—yi=0,i=0n)-Dowvay dalhic bidu B (x) - Qn(x) phai déng
nhat bang khong, nghia 1a P, (x) = Q, (x)=
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C6 thé c6 nhiéu dang da thicc noi suy nhung do tinh duy nhat,
nh4t thiét chiing c6 thé quy vé nhau duogc. Duéi day ching ta s€ xay
dung da thiic noi suy theo kiéu Lagrange, goi 1a da thic ngi suy

Lagrange va ki hiéu 1a L (x). Ta dat

(X = X )(X = X1 )eee(X = X (X = Xj41)--(X — Xp)
2.3 , = ’
( ) l_(X) (Xi =) xo)(xi —xl)...(xi - xi—l )(Xi —XH_] )...(Xi = Xn)

i=0,n

Hién nhién /;(x) 1a da thic bac n va

o Ikhij=i
(24) ll(xj) = 811 nghla la ll(xj) = {

Okhij=i
li(x) dugc goi 1a da thitc Lagrange co sd.
Bay gio ta 1ap da thic
n
(2.5) Lox) 1= 2 yili(x)
i=0
Hién nhién L (x) 12 da thitc bac nthod :  L(x;) =;

Do vay L, (x) 1a da thiic ndi suy bac n cua ham s6 f(x). Bay gio
néu mot s6 da thitc ndi suy thong dung.
e N¢i suy bdc nhdt (hay 1a noi suy tuyén tinh)

Trudng hop nay n = 1 va cé bang :

Da thitc n6i suy L;(x)ca dang
(2.6) Bty =y I (X) B ¥i/1(X)
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trong d6

X—X
lo(x)= '
Xo — X1
2.7) . x
~l|(x)= 2
X]1 —Xo

e Noi suy hdc hai
Trudng hop nay ¢ 3 nit (n = 3) va cé bang :

X l Xo Xy X2

y l Yo Y1 y2
Pa thic noi suy Ly(x) c6 dang :

(2.8) Ly(x) = yolo(X) + Y111(x) + yalp(x).
trong d6
( _(x=x1)(x—X3)
IO(X) - (xo — X1 )(xo - XZ)

_ (x =X XX —X3)
(2.9) jll(x)— S
(X =X )X —Xp)
l =
259= G =x0)055 —x1)

Di nhién, khi di cé da thic ndi suy, ngudi ta con dat vin dé danh
gia sai s6 giita f(x) va L (x) tai nhitng diém khéng phai 1a diém nit.
Tuy nhién, day 1a mét bai todn t€ nhi chiing ta chua du phuong tién

dé trinh bay chi tiét & day.

TOM TAT CHUONG 2

® Dinh nghia ham s6 mét bién sé (thuc)

Anh xa f : X > Véi X, Y E-R Jdiéc g0l 12 ham s6 mot bi€n s6

(thuc), X la mién xae dinh, thuong{ki higu 12 Dy, Y 1a mién gja tri,
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thuong ki hiéu 1a R . x € Dy duge goi 1a bién s6 doc l1ap hay déi s6,
f(x) € R¢la bién s6 phu thudc hay ham s6, dé ching to rang f(x) ing
véi x, thuong viét

x — f(x) hoac y = f(x)

D6 thi clia ham s6 y = f(x) 1a tap hgp cic diém trong mat phing
toa do cé toa do (x, f(x)).

Chohaims6g: X > Y,x —g(x),vahaims6f: Y > Z,y — f(y),
v6i X, Y,Z c R ; khi d6 ham s6 h : X - Z dugc dinh nghia boi

x — h(x); h(x) : = flg(x)]
dugc goi la ham hop ciia ham s6 f va ham s6 g.

Cho song 4nh f : X — Y, X, Y < R. Song 4nh nay 1am ing méi
x € X v6i diing mét phin tiry € Y va ngugc lai mbi phdn tiry € Y
dugc ung véi ding mot phdn tir x € X, phép ing y véi x duoc goi Ia

ham s6 nguoc clia ham s6 f va duoc ki hieu A f |, nghialaf ' : Y > X,
y — x= f_l(y), vado dé :

=1
y=fx)ox=f (y).
Véi quy udc ding chir x dé chi bién s6 doc lap, chit y dé chi ham
s6 thi ham s6 ngugc cliia ham s6 f(x) dugc viét 1a
£, X — y=f_](x)
Khi dé6, néu bléu dién trong cing mot hé toa d6 thi dé thi ciia ham

s6 ngugc y = f (x) d6i xiing véi d6 thi ham s6 y = f(x) qua dudng
phan giac thit nhat.

* Cdc ham s6'so cdp co bdn

Céc ham s6 so cdp co ban 1a cidc ham s6 :

y=xa, a € R,
y=ax, a> Orrizd )
y = log,x, a> 0, a #|1.
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’ A A X
Ham s6 y = log,x 1a ham nguoc cua ham s6y=a’".

y = sinx,
y = arcsinx.
P n
Ham s6 y = arcsinx 1a ham ngugc ciia ham s6 y = sinx véi ) <x 55.
y = COsX,
y = arccosx.

Ham s6 y = arccosx 12 ham ngugc cia hAm s6 y =cosx v6i 0 < x <m.
y =1gx,
y = arctgx.

: " .. =X T
Ham s6 y = arctgx 1a ham nguoc cia ham s6 y = tgx véi —5 <X<3.

y = cotgx,
y = arccotgx.
Ham s6 y = arccotgx 12 ham nguoc ciia ham s6 y = cotgx véi 0 < x < 7.
* Ham 56 so cdp
Ham s6 so cdp 1a nhitng ham s6 dugc tao thanh bdi mét s6 hitu

han céc phép todn s6 hoc (cong, trir, nhan, chia), cic phép 14y ham
hop dé6i véi ciac ham s6 so cdp co ban.

Tfong cdc ham s6 so cdp ngudi ta dic biét chii y dén da thic va
phan thic hiru ti.

Mot da thic bac n ki hiéu 13 P (x) 12 ham s6 so cdp c6 dang :
P (x)=a,+ajx+..+ax" ;aeR;i= E,aﬁo.

M6t phén thir¢ huu tidla mot ham so cip.c§ dang Fn(0) trong dé6

Qm(x)

P, (x) va Q,(x) 12 harda thite c6 bacildn ot 12 n va m.
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® Da thitc néi suy Lagrange

Noi suy tuyén tinh :

LA da thic bac nhét, ki hiéu 1a L;(x), c6 d6 thi di qua 2 diém (x,, ¥,)
va (x1,y) cho truéc va dugc tinh theo cong thirc

X —Xq X—X
Li(x) =y, +Yq. L
Xo—Xl Xl—Xo

Noi suy bac hai :

La da thitc bac hai, L,(x) c6 d6 thi di qua 3 diém (X, ¥,), (X1, ¥1)
va (X5, ¥3), dugc tinh theo cong thitc

" (X=X XX —X3) (X—Xo)MX—Xp) (X=X )X —X1)
O Tho — X1 —X2) ~ L (K —Xo)X| —X2) ° (Xg ~Xo)(Xg ~X1)

Ly(x) =

BAI TAP
1. Tim mién x4c dinh ctiia cdc ham s6 :

1-)’=(X-2)\H—}§ ; 2.y= \/sin(\/;); 3.y= Jeosx? ;

T Vx 2x
y= in— | ; .y = . 6.y= i 1
4.y lg(smx) i 5.y pr— y = aresin——

7.y = arccos(2sinx) ; 8.y =lg[cos(Igx)]; 9.y= Ylgtegx .

2. Tim mién gi4 tri cia c4c ham s6 :
l.y=«l2+x-—x2 5 2.y =lg(l — 2cosx) ;

2% X
3.y=arccos+i—= 5 4y = arcsin(l —) :
1+ X2 210
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3. Cho f(x) : = lgx” ; tim f(=1), f(~0,001), f(100).
I+x khi—-0<x<0
4. Cho f(x): =

2%~ khix>0
Tim f(-2), f(-1), f(0), f(1), f(2).

— 1
5. Cho f(x) : = %:% , tim f(0), f(—x), f(x + 1), f(x) + 1, f(;) va

f(x)

6. Tim ham s6 f(x) c6 dang f(x) = ax + b, biét rang f(0) = -2 va
f(3) = 5 (n6i suy tuyén tinh).

7. Tim ham s6 f(x) c6 dang f(x) = ax2 + bx + c biét rang f(-2) =0,
f(0) = 1, f(1) = 5 (ndi suy bac hai).

8. Ham s6 y = sgnx (doc la ddu cua x) dugc dinh nghia nhu sau :
-1néux<0
sgnx : =<0néux=0
Inéux>0
VE d6 thi ctia ham s6 d6 va chirng minh ring Ixl = x sgnx.
9. Gia st ham s6 f(u) xdc dinh khi 0 < u < 1 ; tim mién x4c dinh
cua f(sinx), f(Inx).

1 _ .
10. Cho f(x) : = i(ax +a x) ; a> 0, chitng minh ring

f(x +y) + f(x — y) = 2f(x). f(y)
11. Gia st f(x) + f(y) = f(z). X4c dinh z néu
1. f(x) = ax ; 2. f(x) = arctgx, (Ixl < 1) ;

1
3600 = ; 4.f(x)=lg:+x.
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12. Tim f(f(x)), g(g(x)), f(g(x)), g(f(x)) néu

L f(x) = x*, g(x) = 2" 2. f(x) = sgnx, g(x) = %;
Okhix<O0 0 khix<0
3.f(X)Z= . 3 ():: )
xkhi x >0 -x“ khix>0
13. Tim f(x) néu
2 1 2 1
1.fx+1)=x"-3x+2; 2. fl x+—|=x“+— (IxI 22);
% x2
3. f(l)=x+\/1+x2 x>0); 4. f(-L)=x2
X x+1
14. Tim ham s6 ngugc cua cdc ham s6 :
LLy=2x+3;
2.y=x2 a) -0 <x<0, b)0<x < +w;
-X
3.y—m(x¢—1),
4.y= 1-x2 a)-1<x<0, b)0<x<1;

5.y = shx, véi shx : = %(cx —e7%), —0 < X < +0o.

15. Ham s6 f(x) x4c dinh trong mot khodng d6i ximg (-/, /) dugc
goi 12 chdn néu f(x) = f(—x), 1¢ n€u f(x) = —f(-x). Xét tinh chin 1é
cic ham s6 :

1.f(x):=3x—x3; 2.f(x):=%—x)2+3(l+x)2;
=Xy aX . N St
3.f(x):=a +a_(a>0); 4.f(x).—ln1+x ;

5.f(x) : =In(x + \fl+x2).
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16. Chimg minh ring bat ki mét ham s& nao xac dinh trong mét
khoang déi xing (I, I) ciing c6 thé vi€t dugc du6i dang téng mot
ham s6 chin va mét ham s6 1é.

17. Xét tinh tuin hoan va tim chu ki cdc ham s6 :
1. f(x) : = AcosAx + BsinAx ;

1 .
2. f(x) : = sinx + %sin2x + 3 sin3x ;

3.f(x): = 2tg%—3tg§ 7

4.f(x): = sinzx :
5.f(x) : = sinx2 :
6.f(x):= ,/tgx ;

7. f(x) : = sinx + sin(x \/E).
18. Viét cic ham s6 sau day du6i dang ham s6 hop :

tg—

1.y=(3x2—7x+1)3; 2.y=2g"; 3.y=lntg%;

4.y= \/x+\/; ; 5.y = arcsin 1—1‘;

19. Dung phuong phép vé timg diém, vé d6 thi cic ham s6 :

1.y=sin(x+£); 2.y =cos3x ; 3.y=cos£;

4 3

—3%. 1

4. y=3": 5.y=log2;.

DAP SO VA GOI Y
1. 1.-1<x<1,

2. 4K°n% X< @K+ D’ k=0, 1,2, 1),
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1

m—' va —

<X<

1 2k 2k +1

.x>0,x#2n(n=1,2,..),

.—%<x<l

- 0

7.1x=krl <

1

10(2'(_%)" <x< 10(2“2

.kn+%£xsk1t+-g-(k=0,i1,...)
0<y<2—~,

<m, 4. -= <y<

N A

2

17
X“+—x+1

6

9. 2km<x<m+2kn(k=0,zl1,..),1<x
_ X+y
T 1-xy’

7.f=

AN Wi

11. l.z=x+Yy, 2.2
_X+y

Xy
Z_1+xy

X+y’

12.

1

hid
6

) (k=0,1,..)

2. —w<y<lg3,

=
2

<e¢

2. f(f(x)) = sgnx, g(g(x)) =x_(x#0),

f(g(x)) = gi(x)) = sgnx

w#O)

Ixl < \/-g va ,/gmk—l) <Ixl < ,/g(4k+1),

k=0,1,2,..),

(k=0, =1, ...),

1. (60 = x*, g(g0) = 22, f(g(0)) = 2%, g(f(x)) = 2~

3. f(f(x)) = f&), g(FX)) = g, 8 (x)) = f(g(x)) =0
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13. 1.x°-5x+6, 2.x2-2  (x122),

— X 2
3. — X (x>0), 4.( )

1-Vx2 +1 e
14.5.y =In(x + V1+x%)

15. 1. 1é, 2. chdn, 3. chdn, 4. 1¢, 5. 1¢.
16. Viét f(x) duéi dang

Fx) = 500 + £(-x) + 2R = ()

2n

17. 1. T=T, 2. T=2n,3.T=6n,4.T=mn,5. khong tudn hoan,

6. T ==, 7. khong tuin hoan.



Chuong 3
G101 HAN VA SU LIEN TUC
CUA HAM SO MOT BIEN SO

Chuong nay gi6i thiéu khai niém gidi han cia ham s6 moét bién s6,
céc gii han co ban, s6 e, cong thic tinh x4p xi s6 vo ti e véi do
chinh xdc tuy y ; cich khir cic dang v6 dinh. Tir khai niém gidi han
chuyén sang khai niém lién tuc ctia hAm s6 mot bi€n s6 va céc tinh
chét co ban clia ham s6 lién tuc va ing dung dé x4y dung tha tuc
phan déi, tim nghiém phuong trinh f(x) = 0.

3.1. Dinh nghia
Cho ham s6 f(x) xdc dinh trong khoang (a, b) ; néi ring f(x) c6
gi6i han 12 L (hitu han) khi x din dén x,, x, € [a, b] va viét la

lim f(x) =L néu véi bdt ki day {x,} trong (a, b)\ {Xo} max, - x,
XX,

thi lim f(x,)=L.

n—0

Theo thuat ngit cla giéi han cia day s6 thi dinh nghia trén c6 thé
dién dat thanh "ham s6 f(x) cé gi6i han la L né€u véi bat ki day s6
{x,} hoi tu dén x, thi ddy s6 {f(x,)} cling hoi tu dén L".

DPinh nghia gidi han clia ham s6 f(x) khi x. — X, nhu trén c6 thuan
loi 12 chuyén khdi niém gidi-hanyeiia ham s6.f(x) vé khdi niém gi6i
han cta diy s6 (di.quen thuéc & muc tridc) nhung ciing c¢6 chd
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khong tién loi 12 mudn ching t6 f(x) - L (x — x,) thi phai chimg té
f(x,) = L v6i moi diy {x,} = X,. Vi thé€ ngudi ta dung dinh nghia
tuong duong (& day chiing ta khong ching minh di€u nay) véi dinh
nghia trén. '

Pinh nghia.

Cho ham s6.f(x) x4c dinh trong khoang (a, b), néi rang f(x) cé gi6i
han 1a L (hitu han), khi xdén téi x, (x, € [a, b]) néu véi bat kie >0
cho truée tim duge & > 0 sao cho khi 0 < |x — x| < 3 thi [f(x) —L| <e.

Thi du.

(a) Cho f(x) = C, C la hing s6 ; ta sé ching minh ring
lim f(x)=C.

XX,

That vay, cho trudc € > 0, vi f(x) = C, Vx, do vay v6i bat ki3 >0:
Ix = x| <& lubn cé |f(x) - C|=|C-C|=0<Ee.

(b) Cho f(x) = x ; s&€ ching minh ring lim f(x) = x,.

XX,

That vay, cho truéc € > 0, chi cdn chon 8 = € thi luén ¢6 |x — x| < &
thi [f(x) — x| = |x = x| < €.

(¢) Cho f(x) = sinx ; s€ chimng
minh rang lim f(x) = 0. Trudc hét dé

x—0
y rdng ching ta xét qui trinh x - 0

M

nén c6 thé gia thiét Ixl< %; tuy
nhién khi d6 (xem hinh 3.1) : (0] PA
d6 dai AM = Ix| ; PM = Isinx. Hinh 3.1

PM < AM (vi tam gidc PAM vuéng géc tai P).
Do vay Isinx| < IxI.

Nhu th€, cho truge €5 0 chf lefin chon-8\= ¢ luén c6 Ix — 0l < &
thi Isinx — Ol < €.
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(d) Ban doc c6 thé chitng minh ring lim cosx = 1.
x—0

2
(e) Cho f(x) = x . ching minh ring lim f(x)=0. Dé y rang
x| x—0
diém x = 0 khéng thuéc mién xac dinh cta f(x) ; nhung véi x # 0 thi
f(x) = Ixl ; do vay ding két qua thi du (b) c6 thé suy ra lim f(x)=0.
x—0

Trén day ching ta dinh nghia lim f(x) khi x — x,, bay gio ta xét
truong hop x — +00 va x — —0.

Dinh nghia. Né6i ring ham s6 f(x) c6é gi6i han 1a L khi x dan té6i
duong v6 ciing va viét 1a :

lim f(x)=L

X—>+0

né€u véi bat ki € > 0 ; tim dugc N > 0 du 16n sao cho khi x > N thi
If(x) - Ll < €.
Néi ring ham s6 f(x) c6 gidi han 1a L khi x d4n t6i am v6 cling va
viét 1a
lim f(x)=L

X——0

néu véi bat ki € > 0, tim duge N < 0 cé tri tuyét d6i du 16n sao cho
khi x <N thi If(x) - Ll < e.

Thi du.

(a) Chitng minh rdng lim 1 = 0. That vay, véi bat ki € > 0 ; chi
x—+0 X

<E.

cdn chon N > -:; ta luén c6 x > N thi I-)IZ—O

(b) Ban doc dé kiém tra lai ring lin}w (l + %) =1.

x>y

Khi f(x) =& 0 (x —>-a);:a-€6 thé hitu,han,co thé 1a vé cung thi f(x)
duoc goi 1a mot vé ciing bé trong qud trinh x — a j va khi x > ama
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f(x) c6 tri tuyét doi tré nén 16n hon bat ki s6 duong nao cho trudc thi
ta néi rang f(x) 1a mot vo cung 16n trong qua trinh x — a ; khi dé ta
cling viét

lim f(x) =+

X—a

néu f(x) trd thanh duong v6 cling va

lim f(x) = -0
x—a

néu f(x) tré thanh am vé clng.

Thi du.

(a) L : +0 ;vi VA>0:Vd 1 thi Ixl < d = l >A
a) lim — = - Vo= —, e i
x—0 x2 JA x?

(b) Ciing nhu vay lim—%:—oo.
X—> X

3.2. Cac tinh chat cua giéi han

Tir nay tro di, khi viét f(x) > L(x — a) né€u khéng néi gi thém thi
ta hiéu rang L 12 hitu han, con a cé thé hiru han hoac vé ciing.

Bay gid ta phat biéu mot s6 tinh chat don gian cha giGi han cia
ham s6.

Dinh li 3.1.

Cho lim fi(x)=L;; lim f,(x) =L,
X—a X—a

Khi dé6 :

(a) lim Cfj(x) =CL,, v6i C 12 hing s6

X—a

(b) lim (f(x) + f,(x)) =L; + L,

X—a

(c) lim (f; (x)f; () = £ 1,

X—a
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fi(x) L NPT
d l I 1 Z 2 2
(d) e —LZ v6i diéu kién L, # 0.

Céch chitng minh dinh 1i nay ciing giéng cich chitng minh dinh 1i
1.2 chuong 1 chi khac & ché thay vi néi tim dugc N > 0, ta néi tim
duge & > 0 (khi a 1a hitu han) dé nghi ban doc tu kiém tra lai. Ching
ta s€ néu mot s6 nhan xét thad vi hon.

e Nhdn xét.
(1) Tir c4c thi du da néu va tr dinh 1i 3.1 ta c6 thé suy ra : néu
P,(x) 1a mot da thitc bac n d6i véi x, nghia la :
Pyx):=a,+a;x+...+ ax"
thi lim P, (x) = P,(x,)-

XX,

(2) Hon nira, ciing tir thi du trén va tir dinh 1i 3.1 suy ra : néu R(x)
12 mot phan thic hitu ti, nghia la

ag +ax+...+apx"  Pi(x)

R(x):= : =
by +byx+..+byx™  Qm(X)
< ; Pa(xe) o o
thi lim R(x) = mién la Q,(x,) # 0.
X=X, Qm o)

(3) Dinh Ii 3.1 chua khing dinh dugc trong céc trudng hop khi L,
12 +00 va L, 1a —oo, khi d6 : vé mat hinh thic ta c6 dang « — oo, d6 12
mot dang v6 dinh ; nghia 1a chua thé khang dinh dugc trong trudng
hgp d6 lim (f(x) + g(x)) c6 hay khéng.
x—>a
Trong trudng hop (c), khi L; = 0 () va L, =  (0) thi vé mat hinh
thitc ta c6 dang 0. o, va ciing 1a m6t dang v6 dinh thit hai.

Cu6i cung, trong trudng hop (d) ; khi L; = 0() va L, = 0(c0) thi
o0

vé mat hinh thic ta ¢6 dang vo dinh' thir ba 1a % hodac o
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Khi gap cdc dang v6 dinh d6, mudn biét cu thé phai tim cach dé khi
dang v6 dinh. C6 nhi€u cdch khic nhau dé khir dang vé dinh. Sau day
gidi thiéu mot s6 cach khir dang v6 dinh théng qua cic thi du cu thé.

Thi du.

x" -1

(a) Xét lim

lim Trong thi du nay, khi x — 1 ; ta gap ngay
dang v6 dinh % (xem nhén xét (2) ngay trén day). Tuy nhién ding
hang thic :

Pol=x-DA+x+x>+..+xF ),
p nguyén va p > 1 ; tir d6, dé thdy ring

x" -1 (x=D+x+...+x")

XMl x=D(+x+...+x™h

Do d6, dung nhan xét (2) ta c6 ngay

G o 1 -1 .
(b) Xét lim Lk Sl ; 0 day ta ciing gap dang v6 dinh 9 ; tuy
x—0 X 0

nhién, thuc hién phép d6i bién 1+ x =y thi khi Xx—>0,y—>1;dodé:

hmﬂ=lim =1

x—0 X y—l y2 -1

P+ x-PM+x
X

=% (theo thi du (a)).

(c) Tinh lim

x—=0

Iax Ahwxs, Far e - N+x)

X X

; 0 day ta viét
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Tir d6, dung dinh 1i 3.1 va thi du (b) ta dugc

\/31+x—\/51+x 1

2

15°

w| —

lim

x—0

(d) Tim lim Vx+x

X —>+00 X +1

ul

; dang vo dinh & day la % ; dé khir dang

vé dinh nay ta c6 thé chia tir va mu cho Jx va duoc

Jx+1

\/x +'f' ' v T

‘Do dé, lim = lim
X—»+o0 X—»+0
x
(e) Tim lim (\/x+«/— —x/—) dang v6 dinh & day 1a 0 — o ; va
X—>+®©

khir dang v6 dinh nay bing cdch nhan v6i lugng lién hop va duoc :

JEaaln g = _
J— \f+ x+\/— ‘\/X+\/—+\/—

Tir day, diing cdch 1am cia bai (d) c6 :

lim (\/x+ —\/_)—-—.

X—>+o©

3 2
Tim lim -
O H,(l N

ta c6 thé thc hién phépddi bign x = y°, khido :

) : dé khir dang v6 dinh c© — o nay
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3.2 32 31+4y)-2l+y+yd)
I-Vx 1= 1=y 1-y? d-ypa+yd+y+yd)

_ (1-y)1+2y) _ 1+2y
S A-y+yd+y+y?) A+yd+y+yd)
Nhu thé
lim( 3 - 3 )zlim L :l.
x>\ 1-vx 1-3Jx) y=ld+y)l+y+y?) 2

Qua nhiing thi du trén goi cho ta thdy ring dung dinh 1i 3.1 c6 thé khit
duoc cac dang vo6 dinh thudc loai phan thic hitu ti (xem nhéan xét (2) muc
nay). D€ khir cic dang vé dinh khic ching ta con cdn mot s6 ménh dé
chi tiét hon va mot vai gi6i han thuéc loai dang v6 dinh dién hinh.

Trudc hét ta phat biéu ménh dé tuong tu ménh dé & phdn gidi han
cua day s6.

Dinh I£3.2.

Gid sit ba ham s6 f(x), g(x) va h(x) thda bdt ddng thirc
f(x) <g(x) <h(x) vdi x € (a, b)

Khi dé, néu lim f(x)= lim h(x)=[: thi lim g(x)=L

X—X, x—X, x—x,

Ban doc c6 thé ding cich ching minh dinh 1i 1.3 chuong 1 dé
chitng minh dinh 1i nay. Tir dinh 1i nay va tir cdc thi du (c) va (d) cé
thé suy ra gi6i han rdt quen thudc (di hoc & 16p trung hoc) thude

dang v6 dinh % :

G.1) lim X _

x—(0 X

Sau day gidi thiéu mot sé thi du dp deng-giGi han trén.
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. t 1 : 1
(a) hm—gl=lim(s"”‘ ' )=lim SR jom—t =1i=i.

x—0 X  x—0\ X cosx x>0 X  x—0COSX
2
sinx
. l—-cosx 1 . 5 1 1
(b) 11m—2—=—.llm ==—.1==
x—0 2 x50 x 2 2
2
. sinmx . sinmx mx nx m L. N .
(c) lim — =hm( —_— )=—;vmm,nla2sé
x—0 SiInNX x—0\ mX nX sinnx n

nguyén khac khong.

cos X — cos 3x (cosx — 1)+ (1 — cos 3x)

d) lim = lim

o x—0 XZ x—0 x2
= lim SO8X 71 i 12083 o

x—0 x2 x—0 (3x)2
= —-l— +2 =4 (xem thi du (b))
T2 2 -
. 1—cosxcos2x . (l1-cosx)cos2x +1—cos2x
(e) lim = lim
x—0 l—cosx x—0 1-cosx

(dung hing thic 1 —ab = (1 —a)b + (1 - b))

l—cos2x)

= lim (cos 2x +
1-cosx

x—0

_ 2 )
= lim cos2x + lim 1 —cosix 4. X
x>0 x-0  (2x)? 1-cosx

4
—l+5.2—5.

Bay gio ciing nhytrong mue gidi'han eia-ddy s6 ching ta néu mot
ménh dé néi vé sy ton tai gidi-han cia mét ham s6 don diéu.
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Dinhli 3.3.

Cho f la mét ham sé xdc dinh, tang (gidm) trén R ; khi dé, néu f bi
chan trén nghia la ton tai M sao cho f(x) <M vdi moi x € R (bi chdn
dudi nghia la tén tai N sao cho f(x) 2 N véi moi x € R) thi tén tai

limf(x)=L

X—>+00
(x——w)

Ching ta khong ching minh dinh 1i ndy ma chi luu y ring néu
ham f tang ma khong bi chan trén (giam ma khong bi chan duéi) thi
khoéng t6n tai giéi han cua f khi x & 400 (x &—00).

Bay gio ta néu thi du 4p dung dinh li nay, chitng minh ring
1) 1)

(3.2) lim (l+—) = lim (1+—) =e
X X

X—>+0 X—>—00

Chitng minh. That vay, trudc kia trong phdn néi vé diy don diéu
tang ta da chirng minh duoc :

3.3) lim (1 + l) =g

n—® n

X
Bay gid ta chitng minh lim (1 + -l—) =e.
X—»00 X
Dé y riing bit ki mot s6 duong x nao ciing c6 s6 tu nhién n (n # 0)
1

1
<—<—,trdd
n+l n

n X n+l
(l+——1 ) s(1+l) 5(14.1)
n+1 X n

Chuyén qua gi6i han bat ding thic kép trén, diing két qua (3.3) va
dinh li 3.2 suy ra

saochon < x <n + 1 nghia 12

l X
him (1+-) =
X—>40 X
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Hon nita, bing cich déi bién x : = —y ta ciing c6 thé chimg minh ring

l X
lim (1+—) =ec. N
X

X—>—00

Bay gio, ta dat :

L 1)" . 1 1 1
Xn.—(l‘l';) Véyn._l+l+§i+§+m+—rﬁ

thi vi (xem thi du (e), 1.3.1 chuong 1)

1 1 1 1 2
yn> 1+1+ 5(1—;)4—;(1—;)(1—;)-%-%

300252

nén ta cé bét ding thickép: x,<y,<e

Nhu d3 bi€t x, - e ; do d6 y, — e. Hon nita vé6i bt ki n, m
nguyén duong, c6 :

Yn4m ~ ¥n =

1 1 1 1
iy 1)!{1+ n+2 (@m+m+3y T (n+2)(n+3)...(n+m)}

do vay :

1 1 1 1
Vorn, = a4 T 1)!{1+ —5+ - ++m—_—l—}
Biéu thitrc trong d4u { } la téng clia mot cép s6 nhan cé cong boi
(+2)"-1
(m+D@m+2)""

, do vay biéu thirc d6 bing do dé

1
" n+2

P I_n+2 1 n+2
Yool YRGS 1519 1V RN )2
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' 1
n+27 <l ;oBn < gy, € ==
m+ D> 0 n'n

Mait khac, vi

Tir bat déng thitc kép trén va tir dinh nghia y,, c6 thé viét

34 —1+|+I+ +—l—+—e—
(-4) ot It 2 7 n! n!n
vGi 0 12 mot s6 duong gom giira O va 1.
Ding biéu thirc trén ta c6 thé tinh s6 e véi do chinh xdc tuy y ;
ching han, dirng & s6 hang n = 7 thi :

0 1
F!—n——ﬁ<0,00003
Néu 14y 5 s6 1é sau ddu phdy thi :
I I 1 I .
55:0,50000 3 =0,16667 ; a0 =0,04167 ; 31 = 0,00833 ;
1 1 2
il =0,00139; 7 = 0,00020 ; do d6

e =~ 2,71826 vai sai s6 bé thua 0,00003.
Ngoai ra tir bi€u dién (3.4) ciing c6 thé khiang dinh ring s6 e la
mot s6 vo ti ; that vay, néu e la mot s6 hiru ti nghia lae = —':‘1 véi m,

n nguyén va chi c6 uéc chung 1a £1, thi véi s6 e nay, ding biéu dién
(3.4)cod:

m 1 1 1 0
?—l*‘ﬁ +i+...+m+m ,()<9<l.

Do d6, néu nhan ca hai vé cua dang thic trén véi n! thi sé dugc
mot dang thitc trong d6 v€ trdi 12 mot s6 nguyén trong khi v€ phai la

moét s6 nguyén cong voi-moét phan s6 dang — . chinh mau thuin nay
N
chitng t6 ring s6 € 1a mot 's6 vo ti.
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Truée khi néu mot vai thi du ching ta dé y ring néu ditu = x thi

ta c6 mot dang khic chasé e :

|
(3.5) lim(l+u)v =e

u-—-0

. !
Ca hai dang (l +%) va (1+u)Y déu cé dang v6 dinh thudc loai
1 va chinh céc céng thirc (3.2) va (3.5) cho mot goi y dé khir dang
v6 dinh 17
Sau day néu mét vai thi du :

1 = ‘
(a) :m(i’i)'“ =(%) . day khong phai 12 dang vo dinh.
1-Vx by
(b) xﬂn:w(;:’)‘()"" :E,Tm(%%)nﬁ = 1, & dy ciing khong

phai dang v6 dinh.

I-x

(©) lim (“' )‘_‘ﬁ

X —>+ 2x + 1
bé thua 1 luy thira v6 clng.

= 0 vi 6 day la gidi han cia mot dai lugng

-

2 X X"

-1 . 2

(d) lim (xz j = lim (]— . ) =
x—+0\ X< +1 X —>+0 X +1

. 2-.) 2 1
s =lim 1~ =—
x| x4l e
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sinx

L 1\ x
(e) lim(1+sinx)* = lim {(l + sinx)Si“"} =e

x—0 x—0
cos X—00s 2X
1 { _o82% | Poos2x 3
. cosX |x2 .. ( omx—omZx)oosx—wst 3
= lim || |1 +—— =e2
o ,!E,no(COSZX) x—0 008 2X
... cosx—cos2x . [ 1 (cosx—1)+(l-cos2x)
vi im ———— = lim | 3
x—0 xz Ccos 2x x-—)O\COS 2x X
= lim

) cosx -1 1-o00s2x
. lim + 4|=
x—0COS2X x—0 x2 (2)()2

o Chii y.

Cing v6i nhan xét (3) phin dinh 1i 3.1 ta két luan rang cdc dang
%,2 va 17 ; qua céc thi du da néu cot dé
gidi thiéu cic cich khir dang vé dinh néi trén.

v6 dinh da gap 1a o — oo,

* S6 e va légarit tu nhién.

Ham s6 16garit véi co s6 e duge goi 1a 16garit tu nhién hay 16garit
népe (tén nha toin hoc ngudi Scotland 1a Neper) va ki hiéu 1a In hay
L ; nghia la

(3.6) Inx = log.x, x>0
nghia 1a néu y = Inx thi cé nghiala x = e’, tir d6 ta ciing suy ra
(3.7) X elnx ;X>0

Tir Inx c6 thé chuyén dé ding sang lgx (va nguoc lai) theo cong
thic quen thuéc
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nx = B va1gx = 27X . vgi Ige = 0,434294...

Ige In10
10 = B0 _ 1 _530558s..
Ige lIge

nghiala: Inx =2,3025851gx va lgx = 0,434294Inx.

Tit co s6 e, ta xdy dung ham s6 mii y = ", 12 ham s6 rat hay gap

trong cdc bai giang vé sau ; tir ham s6 e” lai xay dung céc ham s6
hypeb6n dinh nghia nhu sau :

Ham s6 chx doc 1a ham s6 cos hypebon :

. X =X
(3.8) chx:= 2%
2
Ham s6 shx doc 1a ham s6 sin hypebén :
: eX —e X
3.9 shx : = =5 —

Ban doc c6 thé kiém tra lai c4c cong thic sau :
ch?x — sh’x = 1
sh2x = 2shx.chx ; ch2x = ch?x + sh’x
sh(x + y) = shx.chy + chx.shy
ch(x + y) = chxchy + shxshy

V.V...

Ngoai ra, dé y ring chx 1a ham s6 chin va shx la ham s6 1¢ nén
ciing dé dang suy ra cong thic cia sh(x —y) va ch(x - y), v.v... Nhu
vy cdc ham s& hypebon ciing cé nhitng cong thic tuong tu d6i véi
céc ham s6 vong (tirc 12 cdc ham s6 lugng giic).

3.3. Gi6i han mot phia

Bay gid ta xét lim £(x) Khix —»x (hitu/bany khi x luon thod x < x,

hoac khi x > X, ; khi'd6 néu t6n tai lim fi¢x)rthi ta néi ring dé 1a cic
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gidi han mot phia : gidi han trdi (x = X, x < Xx,,) va gioi han phii

(X = X4, X > X,) cua f(x). Khi dé ta ki hiéu :

lim  f(x) = f(x, — 0) ; (gi6i han trii)
Xx—>x,-0

(3.10) lim f(x) = f(x, +0) ; (gi6i han phai)’

x—=x,+0
Di nhién ngay tai x = x, c¢6 thé ham f(x) khong xdc dinh va néi
chung f(x, — 0) # f(x, + 0).
Thi du.

Cho f(x) := '% Ham s6 nay khong xdc dinh tai x = 0 va véi x <0

thi f(x) = —1 va x > 0 thi f(x) = +1. Do vay :
lim f(x) =-1va lim f(x) =1.

x—-0 x—>+0
Qua thi du nay ta thdy rang néu lim f(x) = L, tic la x — x, ca hai
X=X,

phia: cd x < x4 lin x > x, thi nhét thiét lim f(x) = lim f(x)=L.
X—=x,—0 X—=xy,+0

Hon nifa, ciing c6 thé chimg minh duoc ring diéu kién dt ¢6 va di dé

lim f(x) =L laf(x,-0)= f(x,+0)=L.

XX,

Bay gi dé két thic phin gidi han chiing ta xét ki thém vé hai loai
gi6i han dac biét : d6 l1a v6 cling bé va vo cung l6n (xem muc 1.3.8
chuong 1).

3.4. Vo cung bé va vé cung I6n
Ham s6 f(x) duge goi la mot vo ciing bé, viét tit 1a VCB khi x — x,
néu: lim f(x) = 0.
X=X,
(*) Mot s6 sdch diing x x5 =0.x — Xo FONARO3 x5, x D x3.
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Ham s6 g(x) duoc goi 1a mot vo ciing 16n, viét tit la VCL khi x — X,
néu lim |g(x), = 4,
X— %
Di nhién & day x,, c6 thé Ia hitu han hoac vé ciing.

Ban doc c6 thé dé dang kiém tra lai ring néu f(x) 1a mot VCB khi

e boa . .
X = X, thi =) la mét VCL khi x — x, ; nguoc lai néu g(x) 1a mot

. « 1 e ' g e
VCL khi x = x,, thi g—(x—i 1a m6t VCB khi x — x,. Hon nira, cac dinh
li vé téng, tich, thuong cic VCB ciing nhu téng, tich, thuong cic
VCL ciing dugc suy dién truc ti€p tir dinh 1i téng, tich, thuong cic
dai luong c6 giéi han.

Vén dé ching ta muén xét ki hon 1a xét t6c dé hoi tu vé s6 khong
cta cic VCB trong cung mét qua trinh x — x, va di nhién téc dé tién
ra vo cung cua cic VCL ciing tuong tu.

Cho f(x), f5(x) 1a hai VCB khi x — x,, ta néi rang : f;(x) c6 bac
cao hon f,(x) néu

. fl (X)
lim ——=0
XX, fz(X)
va viét la
(3.11) fl(x) = o(fz(x)), X = Xq

Khi d6 ta ciing ndi rang f5(x) c6 bac thdp hon f|(x) trong qué
trinh x = X,.

f1(x) ciing bac vai f(x) néu

S f](X)
lim =C =0
XX, f2(x)
va viét la
(3.12) (X)) =0(f>(x ) x12 %,
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bac biét néu lim hx)
XX, fr(x)

=1 thi néi ring f(x) tuong duong v6i
f5(x) khi x — x, va viét 1a
(3.13) f1(x) ~ f5(x), x = x,
Bay gio né€u ta 14y trudng hgp dic biét
frx) : = x%*;a>0
thi biéu thic f(x) = o(x*) c6 nghia 12 f(x) 12 mét VCB cé bac cao

hon a so véi VCB x khi x — 0 va biéu thirc f(x) = O(x*) c6 nghia A
f(x) 1a mét VCB c6 bac a so véi VCB x khi x — 0, va cuéi ciing biéu
thirc f(x) ~ x* cé nghia Ia f(x) tvong duong véi VCB x® khi x — 0.
Ban doc c6 thé kiém tra lai khdi niém tuvong duong & day 1a quan he
tuong duong da hoc trong gido trinh dai s6, vi vy thudng hay ding
tinh chat bac cdu cha quan hé dé6, nghia I3, ching han :

Néu f(x) ~ fo(x) ; fy(x) ~ f3(x) thi fj(x) ~ f3(x).

Thi du :

sinx’~ X ; X ~ tgx, vay sinx ~ tgx.

Dé thém thuan loi khi khir cic dang vé6 dinh ngudi ta thlrbng~dl‘lng
tinh chait sau.

Dinh1i34.
Néu fix), g(x), —f-(x), E(x) la nhitng VCB khi x — x,, néu f{x) ~ ?(x).
g(x) ~ g(x) thi
lim @ = lim —ESQ
XX, 8(X)  x—»x, g(X)

Ban doc c6 th€ tu kiém (ra lai két qua nay bing céch dung dinh
nghia khéi niém VCB twong duwong, & day ‘chiing ta chi néu mét s6 thi
du dp dung.
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Thidu :

Tim lim (L - —1——)
x—0\ SInx tgx

.1 1 - .
Tacd —-— = : .cosx va khi x — O thi 1 — cosx ~ lx2;
sinx  tgx sinx 2

sinx ~ X ; (xem thi du (b), dinh 1i 3.2 chuong nay), do d6 :
2
—X
lim [L—-l—j = lim2— =0.
x—0\ sInx  tgx x—0 X
Pé ket thiic muc gi6i han, ching ta luu ¥ ring n€u lim f(x) =L
! XX,

thi c6 thé viét
(3.14) f(x) =L + a(x)
trong d6 a(x) 1a mét VCB khi x — x,,.
That vy, n€u lim f(x) = L thi véi € > 0 bat ki tim dugc & > 0

XX,
sao cho khi |x — x| < & thi |f(x) — L| < € ; va bét ddng thic cu6i cing
dé chitng t6 ring f(x) — L 1a mot VCB khi x — x,,.
Diéu nguoc lai ciing ding, nghia 1a néu c6 thé viét duoc (3.14) thi
f(x) > L khi x = x,.

3.5. Su lién tuc cia ham s6é mot bién so

Khéi niém lién tuc cla ham s6 1a mot khéi niém rdt co s, déng
mot vai trd trung tdm trong viéc nghién citu ham s6 ca vé li thuyét
14n ing dung. Trong muc nay chiing ta s& gidi thiéu tinh lién tuc cua
ham s6 va cic tinh chdt cia moét ham s6 lién tuc ciing nhu giGi thiéu
mot vai ing dung.

Dinh nghia.

Cho f(x) 1a mot ham s6 xdc dinh trong khoédng (a, b) ; néi ring
f(x) lién tuc tai diémx; e (a;b)ynéu

(3.15) lim f(x) = f(xg).

X Xq
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Ban doc luu y ring diém x, nhat thiét phai thuoc mién xic dinh
cua f(x).

Ham s6 f(x) khong lién tuc tai diém x, duoc goi la gidn doan tai
diém dy. Vay x, la diém gidn doan cta f(x). néu hoac x,, khong thuéc
mién xdc dinh cba f(x), hoac x, thuéc mién xic dinh cua f(x) nhung

lim f(x)# f(x,) hay khong ton tai  lim f(x).
X—>X, X—>X,

Thi du : /

(a) Tir cic thi du vé gigi han cla ham s6 ta suy ra cic ham sé :
f(x) = x lién tuc tai moi x hiru han.

f(x) = sinx lién tuc tai x = O ; hon nira véi x, bat ki, cé6 :

X — Xg X + Xg

7 cos >

*

sinx — sinx, = 2sin

, ; . X=X o e o .
Isinx — sinx | < 2sin 2, dodé lim sinx = sinx,
2 X=X,

Vay ham s6 f(x) = sinx lién tuc tai moi x € R,
f(x) = C lién tuc v6i moi x € R (C la hing s6),
f(x) = cosx lién tuc tai moi x € R,
f(x) = tgx lién tuc tai moi x thudc mién xac dinh, v.v...

(b) Xét ham s6 f(x) = Ixl (xem hinh 3.2). Vi lim (x) = Onén ham

x—0
sO nay lién tuc tai x = 0.
AY Ay
1=
: 1
Of%n: @ x
O X _1. S
Hinh'3.2 Hinh 8.3
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(¢) Ham s6 f(x) =

gidn doan tai diém x = a vi tai x = a ham
-a

s6 khong xic dinh.

I 1
1 0<x<—=
=2
(d) Ham s6 f(x) = 1
-1 —<xx1
2
| 0 v6i nhimg truong hop khic

(xem hinh 3.3) gidn doan tai cic diém x = 0, x = % va x = | vi chang

. 1 i
han, tai x = 5 tacod:

lirln f(x) =1 va lirln f(x) = 1.

x—->—2--0 x—>§+0

1

Hai gi6i han trdi va phai cua f(x) tai diém x = 5 khdc nhau nén

khéng ton tai gi6i han lim f(x).
x>

2

No6i ring ham s6 f(x) lién tuc trong khoang (x, b) n€u f(x) lién tuc
tai moi x € (a, b).

Dung céac dinh 1i vé giGi han cia téng, tich, thuong va dinh nghia
lién tuc cia ham s6 c6 thé suy ra :

Dinh i 3.5.
Cho f(x), g(x) 12 hai ham s6 lién tuc trong khoang (a, b), khi d6 :
(a) f(x) + g(x) lién tuc trong (a, b);
(b) f(x) g(x) lién tuc trong (a,b);
Pac biét Cf(x) (Cla hing s6) lién tuc trong (a, b) ;
f(x)

(©) =5 lien tudtrong (a; b) trir ra nhimg diém x 1am g(x) = 0.
g(x
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Tu dinh 1i trén suy ra:

Cic da thitc 1a nhitng ham s& lién tuc ; phdn thitc hitu ti 1a ham s§
lién tuc trx cdc khong diém ca da thic miu s6 ; cic ham s6 liong
gidc lién tuc trong mién xdc dinh cia né.

Truéc khi xét cic tinh chat khac cia ham s6 lién tuc, lwu ¥ ring
m6t ham sé f(x) lién tuc tai diém x, thi
(3.16) lim f(x) = f( lim x)

XX, XX,

Tir (3.16) suy ra la muén tim giéi han cua f(x) khi x - x, néu di

bi€t f(x) lién tuc tai x, thi chi viéc th€ mét cich miy méc x béi x,
vao biéu thic cia f(x).

Bay gi® ta phét biéu dinh 1i vé su lién tuc cia ham s6 hogp.
Dinh 1i 3.6.

Gid si ham s6 g(x) xdc dinh trong khodng Y : = (c, d) va f(x) xdc
dinh trong khodng X : = (a, b) va khi x bién thién trong X thi f(x) khéng

ldy gid tri ngoadi khodng Y. Néu fix) lién tuc tai x, € X va g(x) lién tuc
tai diém tuong ing y, = f(x,) thi ham s6 hop g(f(x)) lién tuc tai Xy
Chimg minh.

Cho trude € > 0 tuy ¥, vi g(y) lién tuc tai y = y, nén tim dugc 6 >0
(itng véi € da cho) sao cho khi

ly = Yol < o thi |g(y) — g(yo)| <e

Mat khéc vi f(x) lién tuc tai x = x, nén véi c & trén, tim duge 5 >0
sao cho khi |x — x,| <8 ¢6
[fo0) = £(xo)| = |f(x) -~ yo| < &
Tur d6 suy ra
[ (f0) - 8(3)]| = |8(£(0)) ~ g (F(x))| < &
Bat dang thic cubi—cing nay, chimg, 1, ring| khi x —> X, thi
g(f(x)) > g(f(x,)). do vay, theo dink nghiasg(f(x)) lien tuc tai x,. l

92



* Nhdn xét.

(1) Tir dinh Ii (3.5) va (3.6) c6 thé ching minh dugc cdc ham s6
s0 cap lién tuc trong mién x4c dinh cla chiing.

(2) C6 thé dung tinh lién tuc cia ham s6 dé€ tim moét s gidi han ;
cu thé ching ta sé& chiing minh céc cong thic :

. log,(1+a) ) 9
i Jim P s ()

. a% -1 ) 0
(3.18) c}1_r)n0 i Ina; (0

. A+ -1 (0
3.19 lm —— = ; —|.
(3.19) e B 0

1

log, (1 + )&

1

1
Vi ham s6 16garit lién tuc va vi (1 + a)® — e khi a — 0 (cong
thitc (3.5)) nén suy ra (3.17) ; dac biét khi a = e thi (3.17) c6 dang :
. In(1+a)
lim ————

a—0
(3.17a) In(l1+a)~akhia—>0
Mu6n chitng minh (3.18) ta dat a* — 1 = 3, khi d6 theo tinh lién
tuc ctia ham s6 mi, khi oo — 0 thi B — 0 ; hon nita a = log, (1 + B),
do d6 dung két qua (3.17) 6 :
. a% -1 . 1
JTOT B [;1“0 loga([i +B) - log,e

=1 hay

= Ina.

Nhu the (3.18) da duoc ching minh. Dic biét, néu ldy =% :
(n=1,2,3,.)thi:
(3.17b) linialda — 1)+ laa

n—x
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Cudi cung ; dé ching minh (3.19) ta dat (1 + a)* — | = B: vi ham
s6 lay thira lién tuc nén khi a — 0 thi B — 0 : lay logarit hé thic
(1+0)* =1+ taduge : pin(l + o) = In(1 + PB)

Nhu thé

I+ -1 P B In(1 + o)

o o mi+ptT «

Theo (3.17a) In(1+B) ~ B ; In(1 + a) ~ a, do d6 suy ra (3.19).
(3) Trong nhiéu trudng hop ta phai tim giéi han cua biéu thic

)y il o B
[u(x)]vx khi x — x,, khi d6 gia sur :

limu(x)=a va limv(x)=>b
x—0 X—=Xq

vGi 0 < a, b 1a hai s6 hiru han.
Mu6n thé ta viét u’ dudidang: u'= g

Dung tinh lién tuc cia ham s6 16garit ; c¢6 thé viét

lim v=>b; lim lnu = Ina

X=X, XX,
Do dé lim vilnu = blna
X=X,

Va vi tinh lién tuc cua ham s6 mi, ta c6 :

(3.20) lim uV = eblna = 4b
XX,

3.6. Diém gian doan cta ham sé
Gia sir ham s6 f xdc dinh trén doan |a, b], X, € [0, b] 1a mot diém
gidn doan cua f. Ta nétrang x, la mot, dig¢m-giin doan bdé duge néu
16X~ 0) = Fixd B0) ;
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X, 1a mot diém gidn doan loai mot, néu f(x,-0) e R, f(x,+0) e R
nhung

- 0) = f(x, + 0),
hiéu [f(x ot0) — f(x,— 0)] duoc goi la buéc nhdy cua f tai Bg i X

diém giin doan loai hai néu n6 khong thuoc hai loai trén.

Thi du.

5 18

LR

(a) Xét ham s6 f(x) = néu x #
anfux=0

R& rang 6 day lim f(x) =1 va f(0) = a,

x>0 Ay
do d6 né€u a # 1 thi f(x) khong lién tuc tai

x=0;vanéua=1thi ham s6 f(x) lien 1]
tuc tai x = O ; trudng hop nay, ta néi ring
c6 thé 1ap lai su lién tuc cha ham s6 f(x)
‘bing cdch xdc dinh gid tri a thich hop
(h.3.4). Theo y 4y ngudi ta goi x = 0 dugc Hinh 3 .4
goi 1a diém gidn doan bo duoc.

0 X

(b) Xét ham s6 cho & thi du (d) muc trén. Ta c¢é f(% - O) =1,

. 1 L :
f(% 3 ()) = -1, nghia la khi x - 5 thi hai giéi han trdi va phai hiru

han va khac nhau. Vay x = = la diém gidn doan loai 1. Budc nhay

N

1 1
ci’xahémsé’ftz_iix:l la f[ +O) f(——()]=_2_

2 2 2
ch
(c) fi(x)=<{ex x=0
0 x=0

Ta ¢6 f(0 - 0) = 0 (0 +0) = w0 ' Vay =613 diém gidn doan loai 2.
Vi (0 — 0) = f(0), hamfshiéntic traiftaix= 0
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) £ 1 xhiruti
X o
0 xvo ti

gidn doan tai moi x € R. Moi diém déu 12 diém gian doan loai 2 vi

khong tén tai lim f(x) véi moi x, € R.
X=X,

3.7. Céc tinh chit ctiia ham so lién tuc

Sau day ching ta s& x4y dung mot s6 tinh chit co ban cia ham
lién tuc.

Dinh li 3.7 (vé gia tri trung gian)

Cho f(x) la mot ham s6 xdc dinh, lién tuc trong mot khodng I : = (a, f) ;
choa, b €l sao cho a < b va f(a) f(b) < 0.

Khi dé tén tai mét ¢ € (a, b) sao cho f(c) = 0.
Minh hoa hinh hoc (h.3.5).

Dinh Ii trén c6 mot y nghia hinh /

hoc rét don gian va thii vi. Ta da biét, a
d6 thi cia m6t ham s6 lién tuc la " fe O b X
dudng lién (khéng dit), dinh 1i 3.7 néi /

riang néu d6 thi nam & hai phia déi véi
truc hoanh thi sé cét truc hoanh.

Chitng minh dinh li. Hinh 3.5

Gia thiét f(a) f(b) < O suy ra f(a) trdi d4u véi f(b) va dé dinh ¥ ; ta
gia thiét f(a) < 0 (n€u f(a) > O thi chi c4n thay f bdi —f va vin ding

1ap luan d6) va s€ di tim diém c sao cho f(c) = 0, 12 gi6i han chung
cua 2 day.

That vay, ddu tién dat c, = a va d, = b, khi dé theo gia thiét f(c,) <0

va f(d,) > 0 ; dat uy== C°;d°

thi dat c; : = u,, d,\w=dyanéu f(uy) > 04kl dit c;:=c, vad, == uy;

e Uy ="0thi e u, ; néu f(uy) <0
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lai xét ¢, dy] @ lai co6 fefid)) < 0, do vay tiép tuc dit
S +tdp o oia g o o g1 .
U= 3 va qua trinh tiép dién va néi chung, véi ciach dat nhu

<

trén (ing véi mit v gid tri ham s6 tai dé 1a am (duong) thi dat la
c,(dy)) ; ci nhu thé ta luon cé f(c,) < 0 va f(d,) > 0 ; tiép tuc dat

u, = E(Cn +d;). Néu f(u,) = O thi hién nhién ¢ = u,, va chinh c la
nghiém cua phuong trinh f(x) = 0. Néu

f(u,) <Othidatc,, | =u,vad, =d,;

f(u,) >0 thidatc,,, =c, vad,,, =u,.

Bay gio ta gia su qud trinh trén khong két thic (néu khong thi di tim
dugc nghiém c r6i !). Khi d6, ta c6 2 day s6 {c,,} va {d,}, di nhién hai
day dé hoi tu (xem dinh i 1.4 chuong 1) va c6 chung giéi han la c. Vi
f(c,) < 0 nén theo gia thiét lién tuc cua f(x), lim f(c,) = f(lim c,)) = f(c) < 0,
tuong tu lim f(d,)) = f(lim d,) = f(c) 20, do d6 f(c) = 0. W

* Thi tuc chon cdc diém u, & trén dugc goi 1a thii tyc phan déi.

Ngudi ta thudng dung thi tuc nay dé giai phuong trinh f(x) = 0 khi
biét khoang chira nghiém.

Thi du.
Tim m6t nghiém trong khoang [1, 2] ctha phuong trinh bac ba :

3

. X —=x—-1=0.
Ta nhan thay f(1) =-1<0, f(2)=5>0,
1+
1+2 3 (3 _ i 25
u, = ) = '2_~ f(uo) = f(EJ >0; up = - > = Z’
5 3
[TL?] Wy (11
(P [ . =\ _
f(Ul)zf(Z)<0,U2-————2———___§.’ f[§)>0,
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2 “16° |16

121 11y 43 (43}
4 =516 "8 )32 MY

Nhu vay, chiang han, ta dimg thi tuc phan déi & uy thi c6 thé

)
Plug) = e 24 T f(ﬂ) <0;

khdng dinh ring nghiém X, clia phuong trinh bac ba x3 —x -1=0

. 5 21 43
nam trong khoang 1632 |

Dinh 1i trén c6 mot hé qua hién nhién la
Hé qud 3.1.

Cho f(x) la mét ham s6 xdc dinh, lién tuc trong khodng [a, b]. Khi
dé f(x) ldy it nhdt mot ldn moi gid tri ndm giita f(a) va f(b).

That vay, d€ dinh §, gia sir f(a) < f(b) va gia sir t 1a mot s6 gém
gilta f(a) va f(b) ; nghia 1a f(a) < t < f(b), khi d6 tén tai diém gid tn
¢ :a<c<bsaocho f(c) =t. That vay, dat g(x) = f(x) — t ; khi do g(a) <0
va g(b) > 0, do d6, theo dinh Ii (di nhién g(x) ciing lién tuc trong [a, b])
trén, ton tai ¢ thod man g(c) = 0, tic 12 f(c) — t = 0, titc 12 f(c)=t

Chinh vi n6i dung clia hé qua nay ma dinh Ii trén mang tén dinh li
V€ céc gid tri trung gian cia ham lién tuc.

Thi du
Xét ham s6 f(x) = sinx ; nhu di biét, ham s6 sinx lién tuc, ching han

trong khoang [O, g];hon nifa sin0 = 0 va sin; =1;dovay,véi0<r<l,

phuong trinh sinx = r tén tai it nhat mot nghiém trong khoang [0, ;]

Dinh 1i 3.7 da 61 v€ suwt6n tai cic gia.fri trung gian cia mét ham
lién tuc trong khoang (2, by mot cau-hai rat tu nhién la ngay tai cic
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mit a va b thi f(x) cé dang diéu nhu thé nao ? Ching han xét ham s6
|
f(x) = < X € (0, 1], khi dé tap cic gid tri cla f(x) tuong ing la

[1, +), nhu th€ can trén (xem 1.3.6 chuong 1) cta f(x) 1a +o ; bay
gio lai xét ham s6 g(x) = x, x € [0, 1) va tap céc gid tri cua g(x) lai la
khoang [0, 1) va can trén cha g(x) la 1 nhung khong bao gid dat duge 1 ;
- néu ta xét thém ham s6 h(x) = x, x € [0, 1] thi tap céc gia tri ca h(x)
la [0, 1], cln trén dat duoc cha h(x) 1a 1.
' Ta ciing luu ¥ ring ca 3 ham f(x), g(x) va h(x) lién tuc trong (0, 1),
nhu thé€ diéu khic nhau giita ba ham s6 dé 1a gi ? Dinh 1i Weierstrass
vé cén trén ciia mot ham lién tuc tra 10i cau hoi dé.
Pinh li 3.8 (Weierstrass).

Cho f(x) la m¢ét ham sé xdc dinh, lién tuc trén mot khodng déng
~ gidi ngi [a, b], khi dé tap J : = {f(x) |x € [a, b]} la gidi ndi, hon nita,
ton tai hai diém c, d € [a, b] sao cho f(d) = sup f(x) va f(c) = inf f(x),
voi x € [a, b]. )

Pinh 1i nay thudng dugc phat biéu dudi dang ngin gon la "mot
ham s6 lién tuc f(x) trén mot khodng déng gici noi thi dat duoc cdn
trén ding va cdn dudi ding cua né" va khi d6 thay vi viét sup f(x) va
inf f(x) ta viét max f(x) va min f(x).

Chitng minh.

Trudc hét, ta ching minh rang J : = {f(x) | x € [a, b]} gi6i n6i. That
vay, gi'é sir J khong giéi noi va c6 moét cén trén la +oo (khi c6 can dudi 1a
—oo thi chi c4n thay f boi —f va dung 1ap luan nhu cii), khi d6 véi bat ki
56 nguyén duong N ; tim dugc xy € [a, b] sao cho f(xy) = N ; xét day
{xn}, Xy € [a, b] d6, day {xn} bi chédn, do d6 theo dinh 1i Bolzano —
Weierstrass, tim duoc mot diy con {xNk} hoi tu téi mot diém e [a, b] ;

mat khac, theo gia thiét f(x) lién tuc trong [a, b], do d6
f(lil:n XN, ) = li{nf(xNk )
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Vi f(x,\.k )2 Ny va day {N,}, di nhién theo dinh nghia, dan 6

+o0 va diéu nay, mau thudn véi gia thiét f(x) xdc dinh trong [a, b).
Vay, c6 thé bi€u dién J = (m, M) véi m : = inf f(x) ; M : = sup f(x).
Bay gir d€ hoan tét viéc chiing minh dinh 1i ta ching minh ring tén
tai c, d € |a, b] sao cho f(c) = m va f(d) = M. l?i nhién chi cdn chimg
minh sy ton tai ciia mot trong hai gia tri d6, chang han ta ching minh
ton tai d. That vay vi M = supf(x), x € [a, b] ; nén theo dinh nghia,
véi bat ki € > 0, Iuén tim dugc u € [a, b] sao cho 0 <M - f(u) <¢
va bdy gid, véi n nguyén duong, luén ton tai u, € [a, b] sao cho
0<M—f(uy < %; nhu thé day {u,}, u, € [a, b] 1a mot day gidi noi,
do dé lai ciing theo dinh 1i 1.9 (Bolzano — Weierstrass) (xem 1.3.4
chuong 1), c6 thé trich mét diy con {unk } h6i tu va vi tinh lién tuc

Xét bat dang thitc kép

Chuyén qua gi6i han bat ding thic kép nay, suy ra M = lim f(unk)

khing > o ; vayd = lim Up, ,dodo, ton tai d € [a, b] sao cho f(d) = M,
va dinh 1i duoc ching minh. B

Dé y rang bay gio ta c6 thé viét J = [m, M] vé6i m = minf(x) ;
M = maxf(x), x € [a, b] va tap J duoc goi la tap anh cua tap [a, b] va
dinh Ii trén con c6 mot dang phat biéu khéc : "anh cia moét khoang
dong gidi ndi qua mot dnh xa lién tuc cing la mot khoang déng giéi
noi". Va nhu vay, mét cau héi rat tu_nhién dat ra. la véi mot khoang
thi sao ? Cau tré 161 hat-nhihiénnbian /| Anb cia mot khoang (a, b)
(a 6 thé 1a —oo va bied thé 1a +) qua mdianh xa 1a mot ham sé lién
tuc cung 1a mot khoang-nae do.
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That vay, gid s f(x)) < f(x’)) 1a 2 anh cua f(x) véi x|, x*| € (a,b);
khi dé, néu dat ¢y : =f(xy) vad; : = f(x")) thi theo hé qua trén, ham
lién tuc f(x) lay tat ca cdc gid tri tir ¢, dén d, va tir d6 suy ra diéu két
ludn cua ménh dé trén néu ta thira nhan mot diéu gan nhu hién nhién
la di€u kién at c6 va du dé mot tap con J < R la mot khoang 1a véi
batkiu,v; u<vvau,v e ] thi khoing déng [u, v] c J.

Trén kia, trong cidc muc néi vé gidi han cua ddy va gi6i han ctia ham
s6 ching ta da khai thic cic day va cac ham s6 don diéu va da thiét lap
dugc cdc ménh dé vé su ton tai giéi han cua céc diy s6 va day ham s6
don diéu, bay gid ciing tuong tu, ching ta thu khai thic tinh don diéu
ctia mo6t ham s6 lién tuc dé khai thac cdc ménh dé chi tiét hon.

Trudc hét, nhic lai khdi niém vé dnh xa :

" Pon anh, toan anh va song anh

Cho hai tap A, B; chomét danh xaf: A - Bvadnhxag:B— A.
Anh xa g dugc goi 1a dnh xa nguge cia dnh xa f néu g(f(a)) = a véi
moi a € A va f(g(b)) =b v6i moi b € B.

M6t 4nh xa g thoa tinh chdt d6 khi va khi f la mé6t song anh, nghia
1a f(x) 12 mot don dnh (nghia la néu f(a;) = f(ay) thi a; = a;) va f
ciing 1a mot toan 4nh (nghia la véi bat ki b € B ; phuong trinh f(x) = b
¢6 it nhat mot nghiém 1a phén tir cha A). Néu b € B thi g(b) la phan
tir duy nhét cia A, 1a nghiém cia phuong trinh f(x) = b ; diéu do6
ching to ring néu tén tai dnh xa g thoa dnh xa ngugc cua dnh xa f thi

inh xa g dé 12 duy nhat va thudng duoc ki hieu 1a .
Bay gid ta néu dac diém cua mot don 4nh lién tuc.
Dinhli 3.9.

Cho f la mét ham s6 xdc dinh, lién tuc trong khodng (a, b), gid sit
fla don anh. Khi dé-

Néun < v ;u, v E(a hysao chofta) <) vhi vai bdat kiw € (u, v)

¢6 : flu) < fiw) < 00N
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Chirng minh.

Chiing ta s€ dung 1ap luan phan chimg dé chitng minh ménh dé nay.
That vay, n€u f(u) < f(v) < f(w) thi tir gia thiét lién tuc cta f va tir dinh |j
V€ céc gid tri trung gian cia mot ham s6 lién tuc, suy ra f(v) la gid tn
trung gian cta f(u) va f(w), do d6 s& la anh clia mot v' € [u, w], nghia li
f(v)) = f(v) véi v' < w < v, do vay V' # v va diéu ndy mau thuln véi gii
thiét don 4nh cta f. Ciing 14p luan tuong tu néu f(w) < f(u) < f(v).
Nhu the ca hai trudng hop hoic f(u) < f(v) < f(w) hoac f(w) < f(u) < f(v)
déu khong thé x4y ra, do d6 chi c6 thé x4y ra f(u) < f(w) < f(v). B

Meénh dé trén con cé thé phat biéu "anh cta khoang (u, v) qua
ham sé6'lién tuc, don dnh f la khodng (f(u), f(v)) hay khoang (f(v), f(u))
tuy theo f tang ngat hay gidm ngat" va tir d6 goi cho chiing ta y thic
vé tinh ting ngat ctia ham s6 f, cu thé 1a

Hé qud 3.2.
Cho f, mgt ham so'lién tuc, don dnh, xdc dinh trén khodng (a, b);
choa', b’ € (a,b)véia < b’. Khi dé :

* Néufla’) < fib’) thi f la tang ngdt trén [a’, b’], nghia la f(u) < f{v)
néua <u<v<hb'

* Néu fla’) > fib’) thi f la gidm ngdt trén [a’, b'], nghia la f{u) > f{v)
néua’'<u<v<p'

That vay, ta hiy chimg minh diéu khing dinh th nhat : vi f(a') < f(b)
nén néu a' < v < b, theo dirh Ii trén cé : f(a') < f(v) < f(b') ; dic biét
f(a’) < f(v) va diéu nay ciing vin diing khiv=1b'; bay gi¥ vi f(a') < f(v),
néu a' < u < v, ciing theo dinh If trén : f(a') < f(u) < f(v), dac biét f(u) < f(v),
va di€u nay van ding khi u = a'. Muén chitng minh diéu khing dinh
thit hai chi c4n thay f boi —f. l

Tir hai ménh dé/trén bay gio'co the tim-diroc sir lien heé giifa tinh
don diéu ngat va tinh-den dnh cia mdt-ham lién tu¢.
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Dinh 1i 3.10.

D’ié‘u kién dt ¢é va du dé mot ham sé xdc dinh, lién tuc trén mot
khodng (a, b) la mot don dnh la ham sé f(x) don diéu ngat trén
khodng dé.

Chitng minh.

Néu f don diéu ngét thi f 1a don anh : cho u # v khi d6, hoac u < v hoac
v < u ; do vay hodc f(u) < f(v) hoac f(v) < f(u), nghia la f(u) = f(v) va f 1a
don 4anh. Néu f 12 don dnh thi f don diéu ngat : cho a' < b,
a', b' € (a, b) khi d6 hoic f(a') < f(b') hoac f(a') > f(b'), do vay ta s&
chitng minh.

hoac (i) néu f(a') < f(b') thi f la tang ngat,
hoic (ii) néu f(a') > f(b') thi f 1a giam ngat.

Xét (i) chou< v, u, v € (a,b) ; dat w : = min (a’, u) Yﬁ z : = max(b', v),
khidé a', b, u,v e [w, z].

Theo hé qua vira néu trén, f don dnh nén f tang ngat trén [w, z] ; vi
u#zv,u,v e [w,z]nénf(u) <f(v)vau,vlia2 diém b4t ki (u < v) trén
(a, b) nén f tang ngat trén (a, b) ; muén chitng minh phan (ii) chi can
thay f bai —f va diing 1ap luén cia phan chitng minh (). |

Bay gid ta xét cdc dac trung ctia mot song 4nh lién tuc va bat ddu
bang viéc chitng minh bé dé

B6 dé 3.1.

Cho f la mét ham sé tdng ngdt, xdc dinh, lién tuc trénl : = (a, b)
va cho mét day {u,} ldy gid tri trong I. Khi dé hai ménh dé sau day
tuong duong :

(i) day {u,} hoi tu va c6 gioi han thuéc I ;
(ii) ddy {f(u,)} hoi tu va c6 gidi han thuéc tdp anh f(I).
Chiing minh.

(i) = (ii) : diéu nay chinh'ia tinh chat cua.ham s6 lién tuc (dinh 1i 3.7).
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(ii) = (i). Cho {u,} la mot day liy gid tri trong 1 sao cho day
{f(u,)} héi tu va cé gidi han thuéc tap anh cua f(I) : khi d6 c6 thé
viét lim f(u,) = f(s), v&i s € 1. Chiing ta s& ching minh rang day {u}
hoi tu va lim uy, = s. That vay, cho € > 0 bat ki, néus = a: s #bthicé
thé tim duoc 8 > 0 : & < € sao cho [s — 8, s + 8] < I va khi dé thi
f(s — 8) < f(x) < f(s + &) (theo gia thiét tang ngat cua f(x)) ; hon nira

f(s) = lim f(u,) nén c6 thé tim dugc N sao cho khi n > N thi
f(s = 8) < f(u,) < f(s + d)

Tir d6, ciing vi tinh ting ngat cua ham s6 f(x), suyras -8 <u, <s+3J,
nghia 12 véi n > N thi [s — uy| < 8 < € va-diéu d6 chimg t6 ring lim u, =s.

Bay gio gia thiét s l1a can trén coa khoang I ; nghia la s = b ; khi
d6 c6 thé tim duge § > 0; 8 <esaochos-8 € I;viu, € 1nén
f(u,) < f(s) = lim f(u,) va do dé véi N chon thich hop ; c6 n > N kéo
theo f(s — 8) < f(u,) < f(s),dodé s — 5 < u, < s (vi f tang ngat), nghia
las=1limu,.

Truong hop s = a ciing lap luan tuong tu.

Dinh li 3.11.

Cho f la mot ham s6 xdc dinh, lién tuc trén mot khodng I - = (a, b) :
cho J la dnh f(l) ciia 1. Diéu kién dt ¢6 va du dé f la mét song danh tie

. . - g P e - . . -
I'lén J la [ don diéu ngat. Khi dé f 7 ciing la mét ham sé lién tuc,
1ang ngdt (gidm ngdt) néu f rang ngdr (gidm ngd).

Chitng minh.

Hién nhién f 1a mot toan dnh tir I 1én tap anh £(I), do dé f la song
dnh tur I lén J khi va.chi-khi-fda-don-dénh-nghia-}a theo dinh 1i 3.10
khi va chi khi f don diéw ngar. Nhwgvay 'dégisan it chitng minh dinh

Ii vira néu chi can chifng minh’' phanfédd BuTn6i vé dnh xa nguoc .
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X¢ét mot diy {w,} lay gid tri trong j, gia si ddy {w,} hoi tu va co
gidi han trong J, ta sé chang minh ring day {f—l(wn)l hoi tu va co

giGi han trong I va lim f_l(wn) = f_l(limwn).

That vy, theo b6 dé 3.1 day {u,} dinh nghia béi u,, : = f_l(wn) hoi
tu (vi {f(up)} = {w,} hoi tu). Hon nita vi f lién tuc nén lim f(u,) = f(lim u)

va heé thic ndy c6 nghia 1a f(lim £ (w,)) = limw, va lim f ' (w

n) -
f—l(limwn) vadods ' lien tuc. Bay gio gia s f tang ngat vachou < v,
u,vel nghialau=f(s);v=f(t) véis,t e . Viuzvnéns=t;hoics
<thoic s>t Tirt<s suy ra f(t) < f(s) va nhu thé€ u > v, diéu dé mau

thuin véi gia thi€t u < v, vay chi c¢é thé s < t nghia la f_l(u) < f_](v),
diéu d6 ching to ring £ tang ngat vi u, v, (u # v) 14y bat ki trén J.
Tuong ty, cé thé ching minh £ giam ngat khi f giam ngat. W

Chi y.

Véi dinh li nay ching ta ciing thdy lai cdc két qua quen thudc vé
ham s6 nguoc. Chang han xét ham s6 x" (n € N) trong X : = [0, ) ;
khi d6 tén tai ham s6 lién tuc cua can thirc bac n :

X = '\‘/; voiy e Y:=[0, )

Bay gio ching ta xét dén mot khia canh khac cua ham s6 lién tuc,
d6 1a tinh lién tuc déu, trude hét 1ay thi du sau :

Thi du.
1

Xét ham s6 f(x) = — : x € (0, 1] ; ta chia khoang (0, 1] thanh cdc
X

khoang nho bai hé phan diém :

F3 =3

-3
XUEO;Xlle : ;X2=2.l() ..X999=99910 ;Xl()()()-——l.

_" .
Khi d6 luon cd xr=%x=y =10 ~,ir=JE1000
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Xét hiéu

f(xp) — f(xq) = E—103' = _E

2 2

10° 10> 10°
f(X3) = f(Xz) = 3 _ 5 = = -

10> 10° 103
f(x4) — f(x3) = s St

10° 1 -3

f(x1000) — f(xg99) = 1 ~ 556 = __9@~ ~10

Lai xét ham s6 g(x) = x* ; x € [0, 1], va dung lai hé phan diém
trén ta co :
—6
g(xl) - g(xo) =10
-3.2 -3.2 -6
g(x5) — g(x1) =(2.10 )" = (10 7)"=3.10
-3,2 =3.2 -6
g(x3) — g(x9) =(3.10 )" - (2.10 )" = 5.10
—6 =3
g(xlooo) = g(X999) =1999.10 "~ 2.10
Ta nhén thdy ring & thi du nay ham s6 f(x) c6 d6 16n cua hiéu

- 1
f(x;) — f(x;—) rat khic nhau tr —10 3 dén —5103 , trong khi g(x) thi

g(x:) — g(xi—;) ¢6 6 16n gAn nhau hon, tir 2.10 > dén 10 ° ; hai thi
du nay chi khiac nhau & ché mién xic dinh cua f(x) 1a (0, 1] ; con
mién x4c dinh cia g(x) 1a [0, 1]. Diéu d6 goi cho ta

Dinh nghia.

Ham s6 f(x) Kac_dinh_trong khoang I duoc goi la lién tuc déu
trong (a, b) néu véi‘e > 0 'bat ki, 10dn'tim dwée 5 >0 sao cho véi bét ki
u, v € I thoa |u —|v['<&tht [f(u) — f(V)|.<=.
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Chu y rang, day 1a mot doi hoi khat khe ; vi nhu da biét, ham s6
f(x) lién tuc tai Xxo € (a, b), nghia la v&i € > 0 bat ki, tim dugc & >0
$ao cho |x — xg| < & (di nhién & day & phu thuoc € va con phu thuoc
Xo ntra !) thi [f(x) — f(xg)| < € ; nhu thé tinh lién tuc déu doi hoi
trong vo s6 8¢ (mMoi 3y Ung véi mot xq va c6 vo s6 khong dém duoc

Xq trén (a, b)) ¢6 mot 6 chung nhit, di nhién 8 d6 128 = inf5, .
(04

Dinh 1i sau day cho mét khang dinh vé tinh lién tuc déu.

Dinh li 3.12. (Heine).

Cho mét ham s6 f lién tuc trén mot khodng déng, gidi néi [a, b],
. khi dé f lién tuc déu trén [a, b].

Chitng minh.

Ta s€ dung 14p luan phan ching : gia su f lién tuc nhung khong

déu trén [a, b], khi d6 c6 thé tim dugc € > 0, va véi moi n nguyén
: 1
duong hai diém u, va v, € [a, b] sao cho |u,-v | < - va
|f(u,) — f(v,)| = €. Xét 2 day {u,} va {v,}, d6 la cic diy giéi noéi, do
d6 theo dinh 1i Bolzano — Weierstrass, ton tai cic ddy con {unk} va
) . 1 hav I3 1 1
{Vnk} héi tu, vi ‘unk —vnk|<;— ay la u, —E< Vi, <Un, +I
vi vi limng =, do dé lim U, = limvnk ; mat khic wvi
k .
|f(unk )—f(vy, )| > € v6i moi k, nén chuyén bat ding thic d6 qua gi6i
han, c6 :

\f(um up, Pr=fimve )| =‘limf(unk )—limf(vn)k} >
va diéu d6 mau thuanvéi limu,, =limjyy; M
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TOM TAT CHUONG 3

o Dinh nghta gici han ham sé
Cho ham s6 f(x) xdc dinh trong (a, b), néi ring f(x) c¢6 gidi han la

L (hiru han) khi x din dén x, € [a, b] viét la

lim f(x)=L

X=X,

néu véi bat ki day {x,} trong (a, b)\ {x,} ma x; = x, thi :

lim f(x,)=L

n—x
hodc la, mét phat biéu tuong duong :

Né&u véi bat ki € > 0 cho trude tim duoc 6 > 0 sao cho
[x = x| <d=|f(x)-L|<e

Néi ring ham s6 g(x) c6 gidi han la L khi x din téi dwong (am) vo
cung va viét la
lim f(x)=L

X—>+0
(x—>-—»)

néu vai bat ki € > 0 cho trude, tim duge N > 0 sao cho khi
x >N (|x|>N) thi|f(x)-L|<e
* Cdc tinh chat don gian ciia gidi han ham sé

Cho lim fi(x)=L,; ; lim fy(x) =L,

X—>a X—a
a c6 thé 12 hitu han hay vé cling.

Khi dé lim Cf)(x) = CL,, C la hing s6

X—4a

lim (fl(X) < f:)_(X)) = Ll - LZ

X=a
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lim fI(X)fz(X) = Ll.L2

X—>4d

oo Ly
im =—,voi L, 20.
X—a fz(x) L -

* Tiéu chudn 6 gigi han
Cho f(x), g(x), h(x) thoa bat dang thiic kép :

f(x) < g(x) < h(x), x € (a, b)
Khi d6, néu lim f(x) = lim h(x) =L thi lim g(x)=L
X—>a X—>d X—4d
Cho f(x) 1a mot ham s6 don diéu khong giam (khong tang), nghia
la f(x;) < (2) f(x,) khi x; 2 x5, khi d6, néu f(x) bi chan trén (dudi),

nghia 12 tén tai M (N) sao cho véi moi x € R, f(x) <M (f(x) > N) thi
lim f=L

X—>+00
(Xx—>—-m)

Tu hai tiéu chudn trén cé thé chitng minh hai cong thic giéi han
co ban :

. sinXx
lim =1
x—=0 X
. 1Y
lim |1+—]| =e
X —00 X
X —>—0

C6 thé tinh gin diing s6 e theo cong thitc xap xi :

11 ]
exl+—+—+..+—
1t 2! n!

0
véi sai s6 khong virot qud —'i trong d6 9 1A mot s6 duong gém
a'n

gitta O va I.
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C6 thé biéu dién cong thitc vé s6 e dudi mot dang tuong duong khéc
1

lim (1 + u); =e
u—0

Ham s6 y = log.x dugc goi 1a ham 16garit tu nhién va thuong ki
hiéu l1a Inx hay Lx.
* Gidi han mét phia

Khi x — a (hitu han) va x < (>) a va t6n tai lim f(x) thi ta néi
X—a

rang f(x) c6 gidi han trai (phai) khi x — a va viét

lim f(x) :=f(a - 0), (gi6i han trai)

x—a-0

lim f(x) :=f(a + 0), (gi6i han phai)

x—a+0

limf(x) =L < lim f(x) = lim f(x) =L

x—a x—a-0 x—a+0
* V6 cung bé va vé cung lon
Ham s6 f(x) dugc goi 1a v6 cling bé, viét tit 1a VCB khi x — a néu

f(x) —> 0 khi x — a ; ham s6 g(x) dugc goi 1a mét vé cung 16n, viét
tat 1a VCL khi x — a néu

lim f(x) = +c0 hay lim f(x) = —co.
X—a X—a

Nghich dio cia VCB 1a VCL va nguoc lai.
Cho f;(x) va fp(x) 12 hai VCB khi x — a, khi d6 néu

. fix)
lim
x—a fy(x)

=0, viét 1a f,(x) = o(f5(x))

va néi rang f;(x) 12'VCB 6 bac caojion ¥E€B £5(x)h
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Néu lim hiba
x—a fp(x)

cung bac véi VCB f(x).

= C (# 0), viét 1a f(x) = O(f,(x)) va ndi la f1(x)

bac biét néu C = 1 thi viét f(x) ~ fy(x) khi x - a va néi 1a VCB
f,(x) twong duong vGi VCB fy(x).

Néu khi x — a, ¢6 f(x) ~ f(x), g(x) ~ g(x) thi:
f(x) f(x)

—_— e~ ————

g(x) E(x)
f(x)g(x) ~ f(x)g(x)

* Sw lién tuc cia ham s6 mét bién sé
Cho ham s6 f(x) x4dc dinh trong (a, b), néi rang f(x) lién tuc tai
X, € (a, b) né€u lim f(x) = f(x,).
X=X,
N6i rang f(x) xdc dinh lién tuc trong khoang (a, b) né€u f(x) lién
tuc tai moi diém x € (a, b).

Céc ham s6 so c4p lién tuc trong mién xdc dinh cia ching.

Ti tinh lién tuc ctia cic ham s6 so cdp c6 thé ching minh duge
cic cong thic gidi han sau :

log,(1+a)
m —_— =

log,e

a—0 a

lg(1+a)
dac biét lim el S
a—0 o

lim
a—0 Q
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* Diém gian doan cua ham sé

Ham s6 f(x) duoc goi 1a gidn doan tai x,, néu tai do f(x) khéng
lién tuc, nghia 1a x,, 12 diém gidn doan cua f(x) néu

hoac 1a x, khong thudéc mién xic dinh cua f(x)

hoac 1a x, thuéc mién xac dinh cua f(x) nhung lim f(x) # f(x,)

XX,
hodc khong ton tai  lim f(x).
X—X,
Néu lim f(x) # f(x,) thi néi ring x, l1a diém giin doan loai mat,
X=X,

nhimg diém gidn doan khong phai loai mot déu goi 1a gidn doan loai hai.

® Cdac tinh chat cua ham sé'lién tuc

Dinh Ii vé gi4 tri trung gian cua ham sé :

Cho f(x) xdc dinh lién tuc trong khoang I : = (a, B), choa, b el

vGi a < b, khi d6 néu f(a)f(b) < O thi tén tai mét diém ¢ € (a, b) sao
cho f(c) = 0.

Tinh chat nay thudong duge dung dé giai phuong trinh f(x) = 0 khi
biét khoang chira nghiém.

Hé qua :

Néu f(x) lién tuc trong [a, b] thi f(x) 1dy it nhat mét 1in moi gia tri
nam giira f(a) va f(b).

Hon nita
Dinh li Weierstrass :
Néu f(x) lién tuc trong khodng déng [a, b] thi f(x) dat duoc gid tri

nho nhit va gid tri 16n nhat trong [a, b, nghia 1a tén tai ¢, d € [a, b]
sao cho

m : = f(c) = min f(x) va f(d) = max f(x): =M

xela.b| xela,bj

Khi dé f(x) thod'm < f(x) <M, x g apby:
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* Swlién tuc déu

’ Ham s6 f(x) x4c dinh trong (a, b) duoc goi 12 lién tuc déu trong (a, b)
néu v6i & > 0 bat ki lu6n tim dugc & >.0 sao cho véi bét ki u, v € (a, b)
thod |u — v| < § thi If(u) — f(v)l < €.

Dinh li (Heine).

Ham s6 f(x) lién tuc trong khoang déng, giéi noi [a, b] thi f(x)
lién tuc déu trong [a, b].

BAI TAP

1. Chitng minh ring day {x,}, x, : = nCD" khdng din t6i vo
cing nhung ciing khong bi chan.

1 1 1
2. Tinh lim | —+—+...+
n-o| 1.2 23 n(n+1)

3. Tim céic gi6i han

) (xz—x—2)20 ) ) X+x2+...+x"—n
1. lim 0> 2. lim .
x—2 (x3 -12x + 16) x—1 x-1
100 n n n-1
-2x+1 X' —a')- ~
3 ms 2T 4 fip & T2)7me (x-a)
x—>1 x0 _2x + 1 x—>a (x —a)?

4. Tim céc giéi han

X +Vx +Vx _ o Vx +¥x +¥x

1. lim ————; 2. lim — e
xo+0  Ax+1 X—>+00 2x +1
5. Tim céc gi6i han
1+ ax — Yh+Px eVl +ox 81+ Bx -1
1. lim \ 2 im
x—0 X x=20 X
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6. Tim cé4c giéi han

sinx — sina- " ,/l+tgx—«]l+sinx )
) im 3 ’

1. lim———; 2.
X—a X—a x_’o X
1 —cosxcos2xcos3x . Jcosx — \/3 cosx
3. lim ; 4. Iim 5 .
x—0 1 - cosx x—0 sin® x

3

. Tim cédc gidi han

-2
. 1im—‘/i—-—- 2. lim @Ax3+x2-1-x).

x4 x2 _5x+4 X—>+00

[

8. Tim cdic gidi han
3

X x-1
3x2 —x +1 |1-x o [x%-1)xn
1. lim e 2 2. lim 5
x—+o| 2x“+x +1 x—o| x° +1
3. lim ¥1-2x ; 4. lim Ycos/x
x—0 x—0
5. lim (sinx)"8* ; 6. lim [sinln(x + 1) — sinlnx]
9 X —>+00
X——
2
X _ eBx
T T s = 8. lim n?@x -"¥x) (x>0)
x—0 sinax — sinf3x n—>+w

9. Cho d6 thi cia ham s6 lién tuc y = f(x), cho truéc diém cb
hoanh dé x = a, cho truéc s6 € > 0, hdy tim s6 & > 0 sao cho khi
|x —a| < & cb |f(x) — f(a)| < €.

10. Dung dinh nghia "€ — " d€ ching minh ham s6 f(x) = x2 lién
tuc tai diém x = 5 va dién vao chd tréng bang dudi day :

1 0;1——0;01—1-0;001
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11. Cho ham s6 f(x) : = x + 0,001 E(x), trong dé E(x) 12 phin
nguyén cia x (xem thi du (d) muc 2.1 chuong 2). Chiing minh ring
v6i méi € > 0,001, c6 thé tim dugc & : = 8(, x) > 0 sao cho khi
[x'— x| <& cé If(x") — f(x)| < € va véi 0 < € < 0,001 thi véi b4t ki gia
tri no ciing khéng tim dugc § thoa yéu cu trén. Ham s6 f(x) khong
lién tuc tai nhitng diém nao ?

12. Xét su lién tuc cua cdc ham s6

1. f(x) = x|,
(x2-4)
£(x) = x=2) néu x # 2
A néux=2,

1
3. f(x) = xsin— néu x # 0 va f(0) = 0.
. X

1
4.f(x)= e X° n€ux =0 vaf(0) =0,
5.f(x)=2xnfu0<x<lvaf(x)=2-xnéul<x<2,

6. f(x) = sinnx khi x hiru ti, f(x) = 0 khi x v6 ti.

e nfux<O0

13. Cho f(x) =
a+xnéux=0

Hay chon s6 a sao cho f(x) lién tuc.

14. Cho f va g 12 hai ham s6 lién tuc trén [a, b] va gia st f = g tai
moi diém hitu ti ciia [a, b]. Hoi c6 thé két luan f = g dugc khong ?

15. Dung phuong phdp phan do6i tim nghiém duong cta phuong
trinh 1,8x° — sin10x = 0 véi sai s6 tuyét déi khong vuot qua 107>,

16. Xét xem tréng ba ham s6 T = x, g = x> Va h = cosx’ ham
ndo lién tuc déu trén R,
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DAP SO VA GOI Y
1 1

1
2.1.(déy: =—-
ey n(n+1) n n+1)

3)° o
3.1 5 (dé y x = 2 1a khéng diém cia tir va méu),

n(n+1)
2

2.

2

1
3.2 vietx1% - 2x + 1=x' P _x—x-1)

=x(x° = 1) = (x = 1), ...),
n(n £ 1) an_2 .
2

)

4. 1.1,2. —.
2

5.2 B
m n

(viet W1+ax -Y1+Px = ("‘\/1+ax—1)—((y1+|3x—l) :

a o ‘
2. — +§- (dung hang dang thitic ab - 1 = (a — 1)b + (b - 1)).

1
6. 1. cosa, 2. Z 3. 14.

(dung hang thic 1 - abc = (1 — a)bc — c(b — 1)-(c-1));

l ]
4. _E (viét /cosx — %/cosx = (\/cosx -1) —(\/3 cosx —1))

W |

1
7. 1. = (nhan'#Hr va mauvéi /oo 2); 2.
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1

8.0,1,e 2, e 2,1,0, 1, Inx.

10.5= =
10

12. 1. Lién tuc, 2. lién tuc néu A = 4 va gian doan tai x = 2 néu
A # 4, 3. lién tuc, 4. lién tuc, 5. khong lién tuc, 6. gidn doan tai x # k
k=0,+£1,£2,..)

13.a=1.

14. f = g. (Goi x,, 12 diém v6 ti, x, € [a, b], goi a 12 s6 thap phan
(hitu ti) x4p xi dudi x,, viét dén 10 ", vi f = g tai nhitng diém hiru ti :
f(a) = g(o), do d6 t6n tai ny € Nsaochokhin2>n,cé a € [a, b] :

f(xo) — 8(%o) = f(x,) — f(a) — (g(x,) — g(a)).

Vi|x,—a|< 10 " nén Ve>03 n; € N sao cho
€ €
n 2 n; = [f(x,) — f(a)| < 5 va |g(x,) — g(a)| < 3

Do dé6 f(x,) — 8(Xx)| < &

Vi € tuy ¥, suy ra f(x,) = g(xg)-
15. 0,69999 + 0,00001

16. f lién tuc déu trén [0, ), g khong lién tuc déu trén [0, «), h
ciing khong lién tuc déu trén [0, ).

Trong ca 3 trudng hop c6 thé gia thiét 0 <y < x va xét xem khi
x — y < a c6 kéo theo [f(x) — f(y)| < € hay khong.

Véif, cé: Jx+ J_ \/-+\/‘ );:/—- ety > 0.
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Muén \/;(_—\/; duong va bé thua €, chi cdn x -y < 25\/; hay,
néu ldy y > y, > 0 v6i y, c6 dinh, thi chi cdn x — y < 2€Yo » d0 dé
a =2s\/; , Vi vay c6 su lien tuc déu trén [y,, +o). Hon nifa f lién
tuc nén lién tuc déu trén doan [0, y_].

Véi g, ciing tuong tu, xét x? - y2 =x-y)x+Yy)>2y(x-y)
Diu l1a a bé thi x — y < a khéng dam bao x% - y2 < €, vi ching han

x—y=g, y>l :>'x2fy2>1.
2 a

Vay g khong lién tuc déu trén [0, +o).

Véi h khéng 1ap ludn nhu trén duoc vi h khéng don diéu, nhung
do h ¢é cuc dai va cuc tiéu lién ti€p nhau cé :

cosx2=lv6ix2=2k1t;x=\/2k1t =X, k€N

cosx” = -1 véi x> = (2k + 1)1, x = 2k + Dr =x';, k € N.
Cé thé suy ra :

x'k-—xk <

n
2> 0k—>x»
v2kn )
va |h(x' ) —h(x})| =2
biéu d6 chiing t6 ring h khéng lién tuc déu trén [0, +o).
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Chuong 4
DAO HAM VA VI PHAN CUA HAM SO MOT BIEN SO

Chuong ndy gi6i thiéu ngin gon dao ham va vi phan céc cdp cuia
ham s6 mot bién s6.

4.1. Dao ham

Dinh nghia dao ham

Cho ham s6 f(x) x4c-dinh trong khoang (a, b) néi ring ham s6 f(x)
khd vi tai diém c € (a, b) néu tén tai gidi han

@1 - g P R 5 e
. X—C X—C
£(x)—£(c)

S6 A ; gi6i han cua ti s6 , X # ¢, khi x - ¢ dugc goi la

X—-c¢
dao ham ciia ham s6 f(x) 1dy tai diém x = ¢ ; va ki hiéu f'(c).
Néu ham s6 f(x) khd vi tai moi diém x € (a, b) thi ta néi ring f(x)
khd vi trong khodng (a, b).
Truéc khi néu céc thi du, ta néu moét vai nhan xét vé tinh kha vi
cia ham s6 f(x).
® Nhdn xét.

(1) Néu dat x — ¢ : = Ax thi biéu thic dinh nghia trd thanh

4.2) i flc+Ax)= £(c) \L
Ax—0

£(0)
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va nhu thé dao ham tai x = ¢ ciia ham f(x) chinh 12 gi6i han cua ti s§
gilta s6 gia ciia ham s6 tai diém x = ¢ (tic 12 hiéu f(c + Ax) - f(c))
VGi s6 gia cia dGi s6 tai x = c (titc 12 hieu ¢ + Ax — ¢, Ax c6 thé am
hoac duong, nhung vi x # c nén Ax = 0).

(2) Néu vé d6 thi cia ham s6 v
f(x) trong mot hé toa d6 Pécic
vuéng goc (xem hinh 4.1) thi ti s6
f(c+Ax)—f(c)

Ax
gbc clia day cung CM véi C(c, f(c)) , -
va M(c + Ax, f(c + Ax)), nghia 12 ti o) C (ctAx) x
s6 d6 la tang cia géc a, gém giita

Fle+ax)

chinh 1a hé s6 f(c)

truc Ox va vecto CM. Hinh 4.1

Khi cho Ax — 0 thi diém M trén d6 thj tién dén diém C ; do vay,
cdt tuyén CM ti€n dén ti€p tuyén CT, nhu thé, vé mat hinh hoc, dao
ham tai méi diém chinh 12 he s6 géc cla ti€p tuyén cia dé thi cia
f(x) tai di€m d6 ; va mot ham s6 kha vi tai mot diém x = ¢ c6 nghia
1a tai di€m x = c, d6 thi ciia f(x) c6 mot ti€p tuyén duy nhat khong
vuéng goéc vai truc Ox.

(3) Dung lién hé giita giGi han va v6 cing bé c6 thé biéu dién he
thic dinh nghia kha vi (4.2) du6i dang

4.3) f(c + Ax) - f(c) = f(c)Ax + o(Ax)
trong d6 nhu da biét o(Ax) 1a mét VCB bac cao hon Ax khi Ax — 0.

(4) Tir hé thic (4.3) dé dang suy ra f kha vi tai ¢ € (a, b) thi f lién

tuc tai c. Tuy nhién diéu nguoc lai khéng diing. Bay gir néu mot vai
thi du don gian.

Thi du. -
(a)f(x)=c,xe(a,b)thif'(x):Ov‘llu0n06f(x+Ax)—f(x)=c—c=0
(b) f(x) =x; x € (a; b)-thif '(0)=11vvi
f(x+Ax)—f(x)=x+Ax—x=Ax.
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(c) f(x) = sinx ; x € (a b) thi f’ (x) = cosx
That vay

f(x + Ax) - f(x) = sin(x + Ax) - sinx = 2sin(%x-)cos(x +é25\]

Ax Ax ( Ax J
2
Chuyén qua gidi han dang thic trén va dung céng thic (3.1)
chwong 3 va tinh lién tuc ciia him s6 cosx, suy ra f’(x) = cosx.

(d) f(x) = e*, x € (a, b) thi f'(x) =e".

2sin(§)cos(x+g sin &
5 f(x + Ax) — f(x) 2 2 2 ( Ax)
= = cos x+—i—

Thatvay  f(x + Ax) — f(x) = e**2* —eX =eX(e®* - 1)

f(x+ A0 f(x) _ xe™ -1
Ax Ax
Chuyén qua gi6i han déng thic trén (cho Ax — 0) va ding céng

va

thitc (3.18) chuong 3 s€ suy ra f’(x) = e*.

Dinh li4.1.

Cho f(x) va g(x) la hai ham s6 xdc dinh trén (a, b) ; gid sit f(x) va
g(x) khd vi tai x € (a, b). Khi dé f(x) + g(x), f(x)g(x) ciing khd vi tai x va

(i)  (fix)+8(x)" =f(x)+g'(x)

(ii)  (f(x)g(x))’ =f'(x)g(x) + f(x)g'(x)

(ii’)  ddc biét (cf(x))’ = cf'(x)

Chitng minh.

- Cong thitc (i) 12 hé qua cta dinh 1i gi6i han. Muén ching minh (ii)

chi cdn dé y ring

f(x + Ax)g(x + Ax)=HX)g(x) = [f(x+ Ax) o f(x)]g(x + Ax) +

+ fRJIEB T Ax) —Jg(x)].
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Cong thiic (i) va (ii’) cho phép néi ring phép toin 1dy dao ham I
mot phép anh xa tuyén tinh. l

Dinh li 4.2 (Dinh li vé dac ham ctia ham s6 hop).

Gia su :

1) Ham u = g(x) xdc dinh trong khodng (a, b) va ldy gid tri trong
khodng (c, d), g(x) khd vi tai e € (a, b).

2) Ham y = f(x) xdc dinh trong (c, d) va khd vi tai u, = g(e).
Khi d6 ham hop y : = flg(x)] khd vi tai e va (f{g(x)])’ = f,(8(x))gx
trong dé ki hiéu f,; (g(x)) chi dao ham cia f do6i véi u va ldy tai u, = g(e).

Chitng minh.
Theo cong thitc (4.3) ham f kha vi tai u,, c6

f(u, + Au) — f(u,) = f,(ue)Au +0(Ax) *)
Mat khéac, ham g(x) kha vi tai e nén :

Au = g(e + Ax) — g(e) = g (e)Ax + o(Ax)
Thé gid tri A'u vao biéu thic (¥), duogc :

fue + Au) - f(ug) =, (u,) [g, (€)Ax + 0(AX)] + o(Au)
= £, (g(e))g, (€)Ax + £, (u, )o(Ax) + o(Au)

Chia ca hai v&€ cho Ax va chii y o(Ax) 1a VCB b4c cao hon Ax va
vi u kha vi tai e nén u lién tuc tai e (nhan xét (4) & trén) ; do vay khi
Ax — 0 thi o(Au) > 0. R

T hai dinh Ii trén, c6 thé b6 sung thém mot s6 thi du.
Thi du.

@)) f(x) = cosx, F'(X)= —sinx
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Viét f=sinu; u=x + g , nhu th€ dinh 1i dao ham ham s6 hgp cho

f’(x) = (sinu),.u} = cos(x + g)l = —sinx

(2) f(x) =a"; £ '(x) = a"Ina
Chi cén viét a* = X" = " ; u = xlna, cé
(a*)' = (e"),.u} =e*!"? Ina = a*Ina.
Dinh li 4.3 (Dinh 1i vé dao ham ciia ham s6 nguoc)
Gid suf : [a, b] — [c, d] la m¢t song dnh lién tuc, g =f—1 2 [c, d]

— [a, b] la ham s6 nguoc cia né. Néu f c6 dao ham tai x, € [a, b]
va f'(x,) #0 thi g c6 dao ham tai y, = f(x,) va

1
ByOln) ===
T ()
Chitng minh.
Néuy € (c,d), y #y,, ta cé x = g(y) # g(x,), hay x # x,. Khi d6

8Y)-80o) _ X=X, _ 1
Y-Yo f(x)-f(x,) f(x)—f(x,)
X - Xo

Khiy — y, thi g(y) — g(y,), vi g lién tuc trén (c, d). Do d6 x — x,,
f(x)—f(x,)
X —Xo

- f'(xy)

Tir d6 suy ra diéu cdn ching minh.
Sau day 1a moét s6 thi du ing dung dinh Ii trén.

(a) y = log,x 1a,ham.s6.nguoc.clia-ham.s6.x.= al,a> 0,az1.Vi
1

a¥lna’ xlna;

X'(y) = a’lna, nén y'(x) =
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Dac biét, néuy = Inx thiy' = l

X

] . ) n n
(b) y = arcsinx la ham s6 ngugc cua x = siny, —-7:<)'<E- Vi
X'(y) = cosy, nén
1 1 1
y'(x)= = =
cosy /1-sin%y Ji-x2

Tuong tu nhu vay, ta cé

1

(c) y = arccosx c6 dao hAm y' = —

l—x2

(d) y = arctgx c6 dao ham y' = _
1+x

4.2. Vi phan

Nhu da biét, theo dinh nghia, m6t ham s6 f(x) kha vi tai x, cé
(cong thic (4.3))

f(x + Ax) — f(x) = f '(x)Ax + o(Ax)

Tich s6 f '(x)Ax dugc goi 1a vi phdn cia f(x), 14y tai di€ém x, va ki
hiéu 1a df, néi khic di :

(4.4) df = F(x)Ax

Vi phén cua ham s6 f(df) hdng tich s6 cia dao ham (f '(x))
nhdn véi s6 gia ciia doi s6'(Ax). Dac biét, néu xét ham s6 f(x) = x thi
dx = (1).Ax, nghia la Ax = dx. Do vay céng thic trén lai c6 dang :

4.5) df = f(x)dx

3 df
hoac tuong duong f'(x) = ey

X

nghia la dao ham clia ham s6 bang thudng-<d giira vi phan cia ham
s6 d6i vaGi d6i s6 va vi phan cira d6i 6.
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Téng quét hon, cho f(u) 1a mot ham s6 kha vi d6i véi u, va u = g(x)
12 mot ham s6 kha vi d6i véi x, khi d6 dinh li dao ham ham s6 hop da
khing dinh f(g(x)) ciing kha vi d&i véi x. Hon nita, trong truong hop
ndy ta ciing c6 :

df = f,dx

Diéu d6 c6 nghia 13, trong moi trudng hop, ddu f 1a mét ham s6
phu thudc bién déc 1ap x hay phu thuéc x théng qua mét bién trung
gian u nao dé, ta luén c6 vi phan clia ham s6 bang tich dao ham cia
ham s6 d6i véSi d6i s6 va vi phan cla d6i s6, vi th€ ngudi ta noi rang
vi phdn cé tinh bdt bién.

Bay gid ta ching minh diéu khing dinh trén. That vay, vi f(u) kha
vi d6i v6i u nén ta cé :

df = f,du

Mait khéc, u = g(x) kha vi d6i véi x nén :

du=g',dx.
Thé du vio biéu thic df ta c6
df = f', g'y dx = f'y dx (theo cong thic dao ham ham s6 hop). B
Bay gid ta 14y mot vai 4p dung.
Thi du.
MDy=x*;peR;x>0; y'y =pxPL,
That vay tiry = x", bing cich ldy 16ga ca hai v€ c6 : Iny = plnx.

~ L4y dao ham d6i véi x ca hai v€ (dung thi du (a)) va dao ham ham
s6 hop (y 12 ham s6 clia x) ; c6 :

L:E‘. ; say ra y' = p,xp'_l
Yy X

Trudng hop y = x* véi x:< O bang phép d6i bién x' = —t, ciing c6
thésuyray' = pF L sdovayy = ¥ meR;x e Ry = Pl
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(2) Ching t5 ring néu f(x), g(x) la hai ham s6 kha vi tai x, thi
S ciing kha vi tai x néu g(x) # 0 va
8(x)

(f(X)) _ F'(0g(x) - f(x)g'(x)
g(x) g%(x)

That vy, chi cidn viét £=l.f va 4p dung tinh chat kha vi cla
g &

ham s6 f va ham s6 g va tinh chét kha vi ciia ham s6& hop, c6 thé suy
ra tinh kha vi cta f/g. Hon nita :

(1-f) =(1J f+1f'=—g—2f+1f'
g g)] &8 g &8
Thi du.

(a) (tgx)' = (sinx) _ 1

cosX 2

cos” x
(b) Tur thi du (a) suy ra :
1
1+x
Sau day, téng két céc thi du di néu nhitng phén trén, chiing ta cé
bang dao ham céc ham s6 so cdp co ban :

y =arctgx ; —0 < X<, yy = 5

c= C . y' = 0
y=x* peR y = pxt
y = sinx y' = cosx
Yy = €OsX y' = —sinx

y 1
y =tgx y=——>

cos“x
y = cotgx Y = Ot 12
SI=Xx
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y=a"

y=e

y = logyx

y = Inx

y = arcsinx
y = arccosx
y = arctgx

y'=a'lna
V X
y=e
1
xIna
-
Y=—
X
y'= 1
l—x2
y'=- 1
l—x2
y'= 1
1+x2

(3) Pao ham theo tham sé.

Cho x = f(t) 12 mo6t ham s6 kha vi d6i vé6it, véi t € (o, B) vay = g(t)
12 mot ham kha vi dé6i véi t, véi t € (o, B), khi d6 n€u ham s6 ngugc
t = f 1(x) t6n tai va néu f '(t) # O thi, theo dinh 1i vé tinh kha vi cla
ham s6 nguoc va tinh kha vi ciia ham s6 hop, c6 thé suy ra tinh kha vi
cta ham s6 y d6i véi x. Hon nira :
dy _g'®
dx f'(t)

(4.6)

That vy, do tinh bat bién cua vi phan, ta c6
dy = g'(t)dt va dx = f'(t)dt.

Chia dy cho dx ta c6 ngay két qua. W

Thi du.

(a) Xét ham s6 x = acost, y = asint, t € (0, %) ;

Khi do6

d_y ~-acost

dx

— = —cotgt.
=asint
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(b) Xét ham s6 x = a(t - sint), y = a(1 - cost), t € (0, 27).

t t

. 2sin—cos—

By e IO 3 B et
dx a(l-cost) 2

2 sin2 -
2

4.3. Dao ham mot phia, dao ham vé cung

Trén kia, trong nhan xét (2) ching ta di néi rang, vé mat hinh hoc,
khi ham s6 f(x) kha vi tai x thi d6 thi cia né c6 mot ti€p tuyén duy
nh4t khéng vubng géc véi truc hoanh tai diém cé hoanh d6 1a x. Bay
gio ta xét trudng hop d6 thi clia f(x) c6 nhimg diém géc, tai nhiing
diém goc do, d6 thi nhan hai ti€p tuyén, ti€p tuyén phai va ti€p tuyén
trdi (hinh 4.2) va truong hop d6 thi c6 ti€p tuyén song song véi truc
tung (hinh 4.3). Hién nhién tai nhitng diém nhu th€, ham s6 khong kha
vi nita nhung c6 thé m& réng khdi niém dao ham (nhu di 1am khi néi
vé€ giGi han trdi va gi6i han phai) va ta cé cic dinh nghia :

yA
Ya
o ﬁ;( o ¢ - ;
Hinh 4.2 Hinh 4.3
f(x) - f(c)

f (c)= lim

x—=c-0 X-cC

f'_(c) duogc goi la dao ham trdi coa f(x) tai x = c va

£(cy-= tim 1=

XPBeL0P WHT

f, (c) dugc goi 18 .dao ham phai e XY tai x = c.
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Thi du.
Xét f(x) = Ixl (xem hinh 4.4) tac6 : 1Y
£.(0) =-1va f,(0) = 1.

Tai di€m x = 0, 46 thj cla ham s6 c6
hai ti€p tuyén trdi va phai.

v

Ciing c6 thé suy ra f(x) kha vi tai x = ¢
khi va chi khi f_(c) =f, (c). Lk o

Trudng hop khi lim 1) =e)

x=0 X-¢C

=0 hodc —.

thi ta néi ring tai di€ém x = c, f(x) c6 dao ham v6 ciing va ti€p tuyé€n
ctia d6 thi f(x) tai x = ¢ vuéng gbc véi truc hoanh.

-

4.4. Pao ham va vi phan cép cao
Pao ham cip cao

Cho ham s6 f(x) xdc dinh, lién tuc trong khoang (a, b), gia sir f(x)
khé vi tai moi diém x € (a, b) ; khi d6, ham dao ham f '(x) ciing c6
thé kha vi va dao ham ciia f '(x) dugc goi 1a dao ham cép hai cia f(x),

2
ki hiéu f "(x) hodc d—g—, cif ti€p tuc suy dién nhu thé chiing ta c6 thé
dx

dinh nghia dao ham cép n.
Dinh nghia dao ham cdp cao.

Cho ham s6 f(x) x4c dinh trong khoang (a, b) ; f(x) duoc goi la
kha vi n 14n (trong (a, b)) néu f 1a kha vi (n — 1) 14n trong (a, b) va
dao ham c4p (n - 1) cua f ciing kha vi. Khi d6 dao ham cép n cua f
dugc dinh nghia boi he thic : '

SRR ()
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Thi du.
(1) Ham s6 f(x) = x" (k nguyén duong) c6 dao ham cip n, v6i moin 12
fV(x) =k(k = 1) ... (k= n + Dx*
néu  n<kvaf®x) =k, fM(x)=0néun>k
Pé nghi kiém tra lai cong thic trén theo phuong phap quy nap.
(2) Ham s6 f(x) = e’ cé f(n)(x) =¢e” véi moi n.
(3) Ciing diing phuong phap quy nap, c6 thé kiém tra lai rang
(a) f(x) = sinx thi t(?'k)(x) = (—l)ksinx, f(2k+l)(x) = (—l)kcosx
(b) f(x) = cosx thi £2(x) = (~I)¥cosx, FZ*D(x) = (~1)*sinx
Cdc quy tdc ldy dao ham cdp cao.
(1) Ta c6 (M +pg)™ =Af™ + ug™ véi bit ci cic ham s6 f, g, n
14n kha vi va bat ki A, p thuc.
(2) Quy tic Leibnitz
Vi bat ki ham s6 f, g kha vin l4n, ta c6 :
(fg)™ = FMg 4 nf@-Dyg' 4 "(“T-l) fn-2)gn
N n(n-1)(n— ]23---(0 -k+1) fln-k) g (K)

_Z( )f(n K)g(k)

trong do6 ki hiéu (E) 12 hé s6 Newton trong khai trién Newton cua (f + g)n :

()

'\

(i kiKY

+..+

(n-1) (n) _

+..+nf'g +fg

L)1
va & —En(n—l) (n=-k+1)=



Muén chiing minh quy tic (1) chi cdn quy nap theo n va chi y dén
tinh chét tuyén tinh cta dao ham cdp mot, tic 1a chi y ring, tinh chat
cong thitc da dugc chitng minh diing cho trudng hop n = 1.

Ciing dung phuong phip quy nap theo n c6 thé ching minh dugc
quy tic Leibnitz, tuy ring phép quy nap cé phitc tap hon. Dé thdy
nguén g6c clia cic hé s6 Newton ta c6 thé xét truo*ng hop riéng khi

f(x) = e ; g8(x) = e*. Khi dé

(fg) = ™) = 2¢* = (1 + 1)e>*
(fg)" = (267 = 2%™ = (1 + 1)’e*
Béng cich quy nap theo n, cé
’ n
(fg)(n) - 2nﬁ2x =1+ 1)ner - Z (n)exex

k=0 k

Truéc khi néu mét vai thi du, xin lvu y ring néi chung (trir mét s&
trudng hop da néu trong céc thi du & trén), biéu thic f(")(x) v6i f(x)
bAt ki rat phic tap va thuong mang tinh Ii thuyét.

* Thi du.

1

@ fo=—0:, ="

1+x 1+x)™

That vay, viét f(x) = (1 + x)_1 va dp dung cong thitc & thi du trén,
taco:

@+ H® = DAX-1-DA) .. (1=n+ DA +x) "
|

= (-1)(=2)... =1
(-1)( (n)( +x)n+1 ( )(1+x)"+1
Tuong tu :

n!

ﬂn———-fmkn——_——_
—-X ( X)n+l
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Trong truong hop nay
EM () = (1= X)) ™ =@ I) )] = 1Y) o (<] —n+ DXL =)

1 n!
=(1)(2)... (n)- =
(1 _ x)l’H‘l (l _ x)n+l

1 n! 1 D"
(b) f(x) = —— ; fMx) == +

Truong hop nay néu dp dung nguyén xi cich lam & hai thi du trén thi
rat dai dong vi cit méi 1dn dao ham lai k&ém thém mot thira s6 (—2x) (do

14y dao ham ham s6 hop), vi thé, ta viét

= nhun
2 d-x+x)
khong dung quy tic Leibnitz dé 14y dao ham c4p cao ma ta phén tich
1 1 _(I+x)+(1-x)
1-x2 (A=-x)d+x) 2(1-x)(1+x)

1 1 ( 1 1 )
=— +
1-x%2 2\1-x 1+x
Tir hé thic cudi cung nay, dung két qua cua hai thi du trén, suy ra

f(n)(x) nhu da néu.
Vi phan cip cao

Dinh nghia vi phdn cdp cao.

Vi phan c4p hai cia ham s6 f(x) tai mét diém nao dé (né€u cé) 1a
vi phan cua vi phan df (vi phan df bay gio dugc goi la vi phan cdp
mot), néu ki hiéu vi phan c4p hai 1a d°f, thi theo dinh nghia

d*f : = d(df)

Mot cach quy nap, vi phan c4p n, ki hiéu 12 d"f 12 vi phan cua
vi phan cép (n — D=

d%e) = d(d} | )
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Nhu th€, vé dinh nghia, vi phan cdp cao chi 12 mét cach suy dién
dinh nghia vi phan cua vi phan cdc cdp thdp hon. Tuy nhién, diéu
ding luu y & day 1a vi phan cdp cao khong ¢6 dang bdt bién nhu vi

phan cdp moét. Ldy mot thi du, xét f(x) = x2, vi x 1a bié€n doc 1ap nén
df = 2xdx va d*f = 2(dx)*
Bay gid néu dit x = t2, khi d6 f = *
df = 4t3dt va d?f = 12t3(dt)?
Miit khéc, trén kia ta c6 d>f =2(dx)? ; néu thé dx bdi 2tdt (tir x = t2)
vao thi d%f =2(2tdt)? = 8t2(dt)? = 12t%(dt)2.

Thi du nay nhéc nhé khi 14y vi phan cp cao cin phai xét ki xem
14y vi phan d6i véi bién nao, bi€n doc 1ap hay bié€n phu thudc (tham
bién) dé tranh nhdm l4n !

TOM TAT CHUONG 4
* Dao ham

Ham s6 f(x) xac dinh trong (a, b) dugc goi 1a kha vitai x =c € (a, b)
néu ton tai gidi han
A= lim f®)=f©)

X—C X—C

X #C.
S6 A dugc goi 1a dao ham cia ham s6 f(x) tai diém x = ¢ va ki hiéu
la f'(c).

Néu f(x) kha vi tai moi di€ém x € (a, b) thi néi ring f(x) kha vi
trong khoang (a, b)

Néu f(x) kha vi tai x € (a, b) thi lién tuc tai dé.

Cho f(x), g(x) 1a hai ham s6 kha vi tai x € (a, b).

Khi d6 f(x) + g(x) vaf6o).g(x)_ciing kha vi tai x v

[f(x) + g(x)]' =1 '(X) + g(x): [F(x).g(x)h = '(x)g(x) + f(x)g'(x).
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Xét ham hop y = f[g(x)], khi d6 néu g(x) kha vi va f(x) kha vi,
u = g(x) thi y kha vi (d6i véi x) va

(flg(x)])' = f,(g(x))g'(x)
* Vi phan
Néu moét ham s6 f(x) kha vi thi biéu thic f '(x)dx duoc goi l1a vi
phan cua f(x), ki hiéu la df, nghia la : df = f '(x)dx, nghia la
df

f(X)=&

dao ham chinh 12 thuong s6 giita vi phan cia ham s6 va vi phén cla
doi s6.
* Pao ham theo tham sé
Cho x = f(t), y = g(t) 1a hai ham kha vi d6i v4i t thi y kha vi d6i
dy _ g

véi X va 2——= néu f('t) #0
dx  f'(t)

* Bdng dao ham cdc ham s6 so cdp co bdn

y=C =0 cy=x*,peR, y=pH!
y = sinx, y' = cosx ; y = COsX, y' = —sinx
1
y = tgx, Y =—7— ; y=cotgx, Y =—- 12
cos” x sin“x
y= a"; y'= a'lna y= e, y' = e
o 1 1
y = log,x, y'= y =Inx; y'=—
xIna X
. , 1 . 1
y =arcsinXx ; y'=——; y = arccosx, y'=-
1-g% 1-x2
‘ 1
y = arctgx, y'= 2
1+x
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* Dao ham hai phia, dao ham vé cing

Néu tén tai  lim Hx) - He) thi giéi han d6 duoc goi 1a dao
x—c-0 X—cC

ham trdi cha né f(x) tai x = ¢ va ki hiéu 1a f'—(c), tuong tu

. f(x) - f(c)

lim ——

goi la dao ham phai cua f(x) tai x = c, ki hiéu la
x—c+0 X—C

£,(c). Khi lim 1®) = f©

X—C X—C

=+o hoac — o thi néi ring tai x = c,

f(x) c6-dao ham v6 cung.
* Dao ham va vi phdn cdp cao

Néu dao ham f '(x) 1a mo6t ham s6 kha vi va dao ham cta f '(x) duoc
2
0w : d e oz
goi la dao ham cdp hai, ki hiéu 1a f "(x) hay —g , ti€p tuc suy dién,
dx
néu dao ham cédp (n — 1) cha f(x) ciing kha vi thi dao ham cta dao
ham cép (n — 1) cha f(x) duoc goi 1a dao ham cdp n cia f(x), ki hiéu
n

12 £7(x) hay 1,
dx"

nghia la £M(x) = [f("_])(x):l'

Cic quy tic 14y dao ham cdp cao :

[Afx) + ng(0)] ™ =A™ (x) + pg™ (x)
[fx)g00)™ = éwnik; £ (g™ (x)
Mot vai dao ham cdp cao clia mét vai ham s6 so cdp
fx)=x5, fPx) =kk=1)...(k—n+ Hx<"
fx)=e", f(n)(x) =e*
f(x) = sinx, FERI=TDRE TR DET2 (<1 cosx

f(x) = cosx, f(zk)(x) = (- l)kcosx ; f(Zk N ”(x) = (_1)ksinx

(n<k)

135



f0= ——  Py=n—

1+X (1 +x)n+l
1 n!
f(x) = —, fVx)= "
(x) 1 (x) o™

Néu f(x) kha vi thi vi phan ciia vi phan df duoc goi 12 vi phan clp
hai ctia f(x), ki hiéu 1a df:  d%f : = d(df)

Mot céch quy nap, vi phan cp n cia f(x) ki hiéu 12 d"f 1a vi phan
cua vi phan cdp (n - 1) cta f(x) : d"f = d(dn—lf).
BAI TAP
1.Chof(x) :=(x - 1) (x - 2)2(x - 3)3 ; tinh £'(1), f'(2), f'(3).

2. Cho f(x) : = x + (x — 1)arcsin ,/—"—1  tinh £'(1).
X+
3. Tinh dao ham cdc ham s6 :

1 1 1
l.y=x+\/;+§/;, 2. Vu— e e
TR TR
2
3 y=x? -2 4. y =" - x)"(1+x)"
Jx
3
1+
5-)’=31 x3 g 6.y = x+yx +vx
-X
. 2
7.y=Sln ;’ 8.y = 1
sinx cos™ x
X X 1/x
9.y = 1g—~wootg=, 10.y =
y 82 82 y. X
1.y =In(x + 1+x2)s 12.y=exlnsinx
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13.y= logg,(x2 - sinx), 14,y = ¥, 15.y = X
4. Vi€t phuong trinh ti€p tuyén véi dudng cong
y= x> = 3x*—x+5 tai diém A(3, 2)

5. Chiing minh ring doan tié€p tuyén cla dudng hypebon xy = m
gbm giita céc truc toa do bi ti€p diém chia 1am hai ph4n bing nhau.

6. Tim dao ham va vé d6 thi ciia ham s6 va clia dao ham cic ham s6 :

I y=|x|, 2 y=x|x|, 3.y=ln|x|.

7. Tim dao ham cta ham s6 :

lLy=1-xthi—o<x<l,y=(1-x)2-x)khil <x<2va
y=—-(2-x)khi2<x <+ o0. '

2. y=x2%® khi|x|<1,y= é khi [x| > 1.

8. Tinh y' néu : (véi f 1a mét ham s6 kha vi)
l.y= f(xz), 2.y= f(sinzx) + f(coszx), . y= f(ex)ef(x).

9. Cho f(x) = x(x = 1)(x = 2)... (x — 100), tinh f '(0)

10. Véi diéu kién nao thi ham s6 f(x) : = x" sinl khix20vaf(0)=0 :
X

1. Lién tuc tai x = 0, 2.Khavitaix=0

3. C6 dao ham lién tuc tai x = 0.

11. Ching minh ring ham s6 f(x) = |x —a|@(x), trong d6 o(x) 12
mot ham s6 lién tuc va @(x) # 0, khéng kha vi tai diém x = a.

12. Xét tinh kha vi ciia cdc ham s6 :

l.y= (x—l)(x—2)2(x-3)2., pAl | ]cosx|
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13. Tim dao ham trai f—(x) va dao ham phai f,(x) cua cac ham s6 :

1. f(x) = |x| 5 2. f(x)=sin x*

14. Tim vi phan cic ham sé :

L y=—1—, 2. y=larctg—x- (a=0),
X a a
3.y=ilnx_a,a¢0, 4.y=lnlx+\/x2+al,

2a |x+a ‘

. X
5.y=arcsin—, a#0.
a

15. Cho u(x), v(x) 1a hai ham s& kha vi, ching minh rang
1. d(Cu) = Cdu (C 1a hing s6), 2.d(u+ v)=du +dv,

du — ud
3. d(uv) = vdu + udv, 4. d(ﬂ) = vu—zuv
. , .
16. Tim 1. d(xe"), 2. d(Wa? +x2)
3.d£ L J 4. dn(1 - x2).
V1 —x2

17. Tim 1.

(x3—2x6—x9) 2 d [sinx) 3 d(sinx)
d(x3) ’ 'd(xz) x /77 d(cosx)

18. Dung cong thirc s6 gia cha ham s6 kha vi, tim gia tri x4p xi
clia cac biéu thitc :

1. 31,02 2.sin29°, 3.1gll, 4. arctgl,05
19. Chiing minh c6ng thic x4p xi :

\/a2+x ~a+ (a>0)
2a

Vi x| <a (he thig/A < Bvsi A B> 0/kfhitu A rdt bé so véi B).
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Diing céng thitc trén tinh cdc gia tri xdp xi cla

1.5, 2. \34, 3.4/120.
20. Tim y" néu
1.y=xx/1+x2, 2. y= X
X — x?
2
J.y= e X, 4.y = Inf(x).

21. Tim y', , ¥"xx cUa ham s6 y = f(x) cho dudi dang tham s6 :

2 ;
l.x=2t-t ,y=3t—t3, 2. X = acost, y = asint,

3. x = a(t — sint), y = a(1l — cost).
22. Tim dao ham c4p cao cdc ham s6 :

2
X ) (8) 1+x .

1. y= , tinh , 2. y=——, tinh

y 1—x y y VﬁtT; y
3.y= x> ezx, tinh y(20), 4.y= x2 sin2x, tinh y
23. Tinh y™ néu

1 1
l.y= , 2. y=—/——m—
x(1-x) x% —3x +2

3. o 4.y= eaxsin(bx +c).

y= ’
J+x
24. Ding phuong phip quy nap ching minh ring
" a1
<M lex _D o

xn+l

25. Cho da thirc Legendre P (x) :

P x)=——[-n™]™ m=01,2.)
2™m!

Chitng minh ring P(x) thoa phuong trinh

(1 - GG =2XP' _(x) + m@m + DA (x) =0
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26. Cho da thiic Tchebychev — Hermite H,(x) :
H (x):=( D™ )™  m=0,1,2..)
Tim biéu thic hién cia H(x) va chiing minh rang
H",(x) — 2xH'[,(x) + 2mH_(x) = 0.
DAP SO VA GOI Y
4.8x—-y-22=0

6. 1. sgnx(x = 0), 2. 2|x

R 3. l(x;tO).
X

7.1.y'=-1khi-o<x<1;y" =2x-3khi 1€£x<2;y'=1
khi 2 < x < + o,

2.y'= 2xe™ (1-x?) khi |x| < 1,y' = 0khi || > 1

8. 1. 2xf'(x2) , 2. sin2x[f '(sinzx) —f '(coszx)],
3. M e (") + £ '(x)F(e)].
9. 100!

10.1.n>0,2.n>1,3.n>2
11. f—(a) = - o(a), f ',(a) = ¢(a)

12. 1. Khong kha vi khi x = 1, 2. Khong kha vi khi x = ck—1

n, kel

13. 1. f'—(x) =f',(x) =sgnx v6i x 20, f'—(0) =-1,f ' (0) = 1.

2
2.£'-(x)=1"(x) = f/c—(.)iz khi v2km <|x| </2k + Dn
sinx

(k=0,1,2,..); f'=0) = 1;f",0)=1; f'.(JQ2k+)n) =+ o;
f'y(\2kn) = £ o6 (k=1,2, 3,7
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17. 1.1- 4x3 - 3x6 : 2. —15 (cosx — sinx) ;
2x

3. —cotgx (x #km, k € Z).

18. 1. 1,007 (theo bang 1,0066) ; 2. 0,4849 (theo bang 0,4848) ;
3. 1,043 (theo bang 1,041) ; 4. 0,8104 =~ arctgl,05 = 46°26'
(theo bang arctgl,05 ~ 46°24'

19. 1.2,25 (theo bang 2,24) ; 2. 5,833 (theo bang 5,831)

3. 10,9546 (theo bang 10,9545).

2
20. 1. ———"(3+22’;/; 2, ___3;‘5 “|x|<1 ;
(1+x%) (1-x?)*
2 " 2
2% (2% -1) ; g, (’2‘) &) (x> 0)
fo(x)
Ml y' = 2 y'=e—b i3yt

y
4(1-1) asin’t dasin® L
2

8! 100) _ 197"(399 x)
5 x#1),2 y'

(20} _ 570 2" (x% + 20x + 95),

2.1.y® =

3.y
4.y

(_l)n 1 n 1 1
23. 1. n! ,2. (=)' n! - ;
n |: xn+1 + (l _ x)ﬂ+1 :I i |:(x _ 2)n+l (1 _ x)n+l :|

(-1)™11.4..3n-5)3n +2x)
3“ (1 + x)n+1 /3

n

(50)

= 2 (— xzsin2x + 50xcos2x + e sin2x).

3,

(n22,x#-1);

a

b ) _
\fa2+b2 s \/a2+b2

25. L4y dao ham (m +-4)-lan hé thirc (x2 — Dul=2mxuvéiu:= (x2 -n™

4. (@’ +b2)E sin(bx + ¢ + ng) véi sing =

26. Ding ding thite w''+ 2x0 = O, vdim = e~ .
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Chuong 5
CAC DINH Li VE GIA TRI TRUNG BINH

Trong nhitng muc trudc ching ta da néi nhiéu vé cic phép tinh
~ dao ham, vé tinh kha vi ciia ham s6, bay gi& trong muc nay chiing ta
xét mot khia canh Ung dung : xét kha nang t6n tai mot gia tri trung
gian cua ham s6 trong mot khoang nao dé va di dén moét s6 dinh li
thuong c6 tén goi 1a cdc dinh 1i vé gid tri trung binh cia ham s6.
Diém dic biét cha dinh Ii nay la phat biéu rat tu nhién, y nghia hinh
‘hoc cang tu nhién hon ; cich chitng minh ciing don gian, nhung pham
vi ing dung lai rat rong rdi va da dang. Truéc hét, ta nhic lai dinh
nghia cuc tri cia ham s6. Cho ham s6 f(x) xac dinh trong khoang (a, b) ;
néi rang f(x) dat cuc dai (cuc tiéu) tai diém x = c, ¢ € (a, b), néu véi
X+ Ax € (a,b)tacéd:
f(c + Ax) —f(c) <0 (=0)

Diém x = c thudng duoc goi 12 diém cuc tri ctia ham s8 f(x).

5.1. Cac dinh li vé gia tri trung binh
Bé dé 5.1. (Dinh 1i Fermat)

Néu ham s6'f : (a, b) — R dat cuc tri tai ¢ € (a, b) va néu f khd vi
tai c thif'(c)=0

Chitng minh.

Gia sif ¢ 1a diém cuc dai cia f. Theo gia thiét f kha vi tai x = c nén
ton tai dao ham f '(c). Ta c6 :

f'(c) = llm M
h—0 i
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Vi f(x) dat cuc dai tai ¢ nén f(c + h) — f(c) < 0 véi moi h, do d6 :

f(c+h)—-f(c) f(c+h)—f(c)
h h

>0khih<Ova <0khih>0.

Nhu thé, chuyén qua giéi han khih > 0tacé f',(c) <0 vaf' (c)=0;

mit khéc vi tén tai dao ham f '(c) ; nghia la f ', (c) =f'_(c) =f'(c), do
d6 f '(c) = 0 ; trudng hop c 12 diém cuc tiéu ciia ham s6 f(x) cling
duoc chitng minh tuong tu. W

Hé qud 5.2 (Dinh li Rolle).

Cho ham s6 f(x) xdc dinh, lién tuc trong khodng déng [a, b] va khd
vi trong khodng md (a, b) ; gid sit f(a) = f(b) ; khi dé ton tai ¢ € (a, b)
sao chof'(c)=0.

Minh hoa hinh hoc.
3
Theo gia thiét, dé thi cia ham s6 Y
¢6 dang nhu hinh v (hinh 5.1) ; khi c

dé6 dinh 1i Rolle khing dinh ring dé
thi cia f(x) nhan mot ti€p tuyén song
song véi ddy cung AB (Vi f '(c) =0, fa) =f(b) -- A .B

tic 1a ti€p tuyén song song véi truc
hoanh nhung vi f(a) = f(b) nén day
cung AB song song véi truc hoanh)
tai diém (c, f(c)), vdi ¢ € (a, b). Hinh 5.1

Vi f(x) lién tuc trén [a, b] nén theo dinh 1i 3.9 f(x) dat dugc gia tri
nho nh4t min f(x) va gi4 tri 16n nhat max f(x), x € [a, b]. Khi d6 co
hai kha ning xay ra : hodc ca hai gid tri d6 déu dat tai hainitavab
va nhu thé :

f(a) = f(b) = min f(x) = max f(x) ; x € [a, b]

va f(x) 12 mot hing s6 véi.moi x € [a, bl, do vay f '(x) dong nhat
bing khong véi bit ki X € [a,b)s| boge) co\mot gid tri dat tai mot
diém c nao dé, ¢ € (a, b) nhu thé theo bo-dé-trén f '(c) =0. B
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* Nhdn xét.

(1) Gia thiét f(x) lién tuc trén khoang déng [a. b] 1a mot gia thiét
khong thé bd qua dugc. Chang han xét ham s6

£0x) x O<x<l
X)=
1 x=0

Ham s6 nay x4c dinh trong [0, 1] nhung khong lién tuc trong [0, 1],
do d6 khong thé 4p dung dinh 1i Rolle dugc (hinh 5.2).

(2) Gia thi€t ham f(x) kha vi trong khoang m& (a, b) ciing la mét
gia thi€t khong thé bod qua duoc.

Chéng han xét ham s6 f(x) = |x| (xem hinh 5.3) véi x € [-1,1];
y

-1 O 1
Hinh 5.2 Hinh 5.3

ham s6 nay lién tuc trong [- 1 ; 1] ; f(— 1) = f(1) = 1, nhung f(x) khong
kha vi trong (- 1, 1), do d6 ciing khéng dp dung dinh 1i Rolle duoc.

N xV

(3) Trén kia, khi néi vé minh hoa hinh hoc cia dinh li Rolle
chiing ta da néi ring, n€u thoa cic gia thiét vé lién tuc, kha vi va néu
f(a) = f(b) thi d6 thi cia f(x) cé ti€p tuyén song song véi diy cung
AB (diéu d6 1a ban ch4t), hon nita vi f(a) = f(b) nén day cung AB lai
song song v&i truc hoanh va do vay ti€p tuyén dé c6 hé s6 géc bing
khoéng, nghia la f '(¢) = 0. Nhu
th€ néu diung moét phép quay AY
hé toa d6 mét géc O nao dé
(hinh 5.4) thi di nhién, dé thi A B
vén c6 ti€p tuyén song song véi 5
day cung AB nhung tiép tuyén : g
dé khéng con song song vdoi o1—e b x
. truc hoanh nira vi f(a) # f(b). Hinh 5.4
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Nhan xét nay din dén dinh i :

Dinh li 5.3 vé 56 gia hitu han (Dinh 1i Lagrange).

Cho ham f(x), xdc dinh lién tuc trén khodng déng [a, b], khd vi
trong khodng mé (a, b), khi dé tén tai mét diém ¢ € (a, b) sao cho :

G.1) L 1V N
_ b-a
Chitng minh.

T4t ca vin dé 12 dung dugc mot ham s6 thoa céc gia thiét cua dinh
li Rolle ; that vay xét ham s6

g(x) : =f(a) + (x —a)

f(b) —f(a)
b-a
(lwu ¥ ring d6 thi ciia g(x) chinh 12 day cung AB (hinh 5.4).

Ham s6 h = g — f lién tuc trong [a, b], kha vi trong (a, b) va
h(a) = g(a) - f(a) = 0 ; h(b) = g(b) — f(b) = 0, do vay theo dinh li
Rolle, tén tai c € (a, b) sao cho h'(c) =0 tuy nhién :

hie)="2 =T _¢1¢) m
b-a
* Chi y
(1) Cong thitc (5.1) con c6 dang :
(5.2) f(b) — f(a) = f '(c)(b — a).

Tuy xu4t phét t cong thitc (5.1) nhung céng thic (5.2) c6 mot
¥ nghia dic biét, déng mot vai tro rdt co ban trong nhiéu ing dung
da dang trong gidi tich : bién mot hiéu s6 thanh mot tich s6
(gi6ng nhu cic hing thic ding nhé quen thugc trong dai s6 so cdp
a" - b" = (a - bYA* TR F T FBY)) va thudng duge

diing dé xét déu ciia hiéu f(b) = f(2) hay d& Uac Tuong |f(b) - f(a)|-
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(2) Néu trong cong thic (5.2) data:=x;b:=x+hta co:
(5.3) f(x + h) — f(x) =f '(c)h
vGi c 1a mot s6 & gita x va x + h.
So sanh cong thirc (5.3) va cong thitc biéu dién s6 gia ham s6 :
(5.4) f(x + h) — f(x) = f'(x)h + o(h)
ta thdy (5.3) da d6n o(h) vao gié tri dao ham tai x = c.
Néu 6 13 mot s6 duong gém gilta O va 1 : 0 <0 < 1 thi vi c ¢ giifa
xvax+hnéncéthvietx +bh=c,0<0< 1.
Nhu th€ cong thirc (5.3) c6 dang
(5.5) f(x + h) — f(x) =f'(x + 6h)h
So sanh hai biéu dién (5.3) va (5.5) c6 thé thdy rang noi dung chit
gid tri trung binh & day 1a gi4 tri trung binh ctia dao ham cua f(x).
(3) Néu quan tam dén minh hoa hinh hoc ctia dinh li Lagrange thi
s& din dén mot két qua giai tich tng quét hon dinh 1i Lagrange. That
vay, néu chuyén dudng cong sang dang tham s6 x = g(t), y = f(t) véi
t € [o, B] va g(a) = a; g(B) = b, thi hé s6 géc cha day cung AB
(hinh 5.4) s€ 1a
f(B)—f(av)
f(B) - g(a)

va hé s6 géc cla ti€p tuyén véi d6 thi (xem muc dao ham theo tham

s6) 1a L)

; nghia la :
f(®)-f(@) _ £
gB)-g@) g’
Chinh nhan xét nay din dén dinh i :
Pinh li 5.4 (Cauchy).

a<y<PB.

Cho f(x), g(x)ia-hai-ham s6 xde-dinh; ténrucirong khoang dong
[a, b] va g(a) = g(h); gia sitj{.x) vor gl x)Jha i trong khodng mao (a, b)
va g'(x) # 0 voi moix € (a,h).
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Khi dé tén tai ¢ 7 giita a va b sao cho
f(b)—f(a) f'(c)
g(b)—g(a) g'(c)

(5.6)

Chitng minh
Véi nhan xét (3) vira néu & trén va tir cich ching minh dinh 1i
Lagrange, ta dat

, f(b)-f(a)
g(b) - g(a)

Hién nhién hiéu h(x) — f(x) thoa céc gia thiét ctia dinh li Rolle (?),
suy ra ton tai c, a < ¢ < b sao cho h'(c) = 0, nghia la
o) fO=f@
g(b)—g(a)
Chiing ta dé y ring, trudng hgp dic biét khi chon g(x) : = x thi
cong thitc (5.6) cho lai cong thirc (5.1), nghia 1a dinh 1i Lagrange la
truong hop riéng cia dinh li Cauchy ; mat khic khi f(a) = f(b) thi
cong thic (5.1) cho lai cong thirc f '(c) = 0, nghia 1a dinh Ii Rolle la
trudng hop riéng cua dinh 1i Lagrange.
- Bay gio, ta viét cong thirc Lagrange (5.5) duéi mét dang khéc ; tir
(5.5)co:
5.7 f(x+h)=f(x)+f'(x+ 6h)h;0<0< 1

Cong thic nay cho mot cich tinh gid tri cla f tai 1an can x khi biét
gid tri cua f(x) va dao ham f ' tai 1an can "rdt gdn" x. Mot cich tu
nhién, ta dit vdn dé néu bi€t thém dao ham cic cdp cao cua f tai x
nita thi liéu cé thé biét chinh x4dc hon gi4 tri cta f tai 1an can x hay
khong ? Chinh cong thic Taylor di suy rong cong thic (5.7) va cho
mot tra 1oi vé cau hoi nay.

h(x) : = f(a) [g(x) — g(a)]

gc)=0.1

Coéng thice Taylor.

Cho ham s6 f(x) lién tuc trong khoang déng [a, b] va kha vi dén
(n + 1) 14n trong khoang mo (a, b) ; ta dit vdn dé tim mot da thitc

P,(x) c6 bac khéng vugt-qua n sao cho v61 mét ¢ € (a, b) tacé :
(5.8) f(©) =By £ =P ©) ;s i) =P, ™)
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Ta s€ tim da thic P (x) du6i dang :

(5.9  Pyx):=ag+a(x—c)+ay(x—c) +.. +ag(x ).

Mu6n th€ chi cdn xédc dinh cic hé s6 a,, a,... » a, thoa yéu cdu
(5.8) vira dat ra & trén. That vy, thé gia tri x = ¢ vao (5.9) cé

(a) P,(c) = a,. Hon nita 14y dao ham P'/(x) ta c6

(b) P'(x) =a; +2a5(x —¢) + ... + na, (x - c)n a

L4y dao ham cép hai P"(x) ta duoc :

(©) P"_(x) = 2a, + 3.2a3(x — ¢) + ... + n(n — Dax —c)" *

Tiép tuc 14y dao ham nira ta duoc :

n -
PO =klag + 3 jGi-D- G —k+ Dajx—cp*
(d) | =k 1<k<n

Tir cdc hé thirc (a) dén (d) ;chox =c;tasuyra:

f1o) ;ap = £ ) iy g = £7()
1! 2!

a,=f(c);a; =
: n!

Nhu vay da thirc P,(x) thod yéu c4u (5.8) c6 dang cu thé

(5.9) P,(x)=1f(c) + ()( —c) + f"z(c)(x )2 +..4

(n)
N f77(c)
n!

(x-o)"
Bay gio ta dat
(e)» Rn(x) \G f(x) = Pn(x)
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Vi theo gia thiét, f kha vi dén (n + 1) l4n, va theo hé thiic (e) ta c6 :

@R, (c) =R, (c)=R",(c) =...=R,™(c) = 0
Bay gid, n€u dat G(x) : = (x — o) *ihi ciing ¢ :
(8) G(©) = G'(¢) = ... =G™(e) =0va G" * ey = (n + 1!

Giastx #c; x € (a, b) ; tir cac hé thirc (f) va (g) taco :
Ra(X) _Ry(x)-Ry(©)
G(x) G(x) - G(c)

Ap dung dinh Ii Cauchy vao ti s6 trén ta duoc

R,(x) _ R,(x)-Ry(c) _ R',(cq)
G(x) G(x) - G(c) G'(c)

v6i ¢, ndm giita x va c. Ciing tir cdc he thic trén, c6 :
R'y(c1) _ R'h(c))—R'y(0)
G'(c;) G'(c;)-G'(c)
Lai 4p dung dinh Ii Cauchy vao ti s6 trén ta dugc :
R'y(c1) _ R'p(c)) —R'5(c) _ R";(cp)
G'(c;) G'(c))-G'(c)  G"(cp)

véi ¢, ndm giita ¢, va c.
Nhu thé, sau (n + 1) 14n 4p dung dinh 1f Cauchy ta duoc :
Ry(x) _R3"'®)
G(x) Gl ()
Tir he thiic dinh nghia G(x) ¢6 : G™ V(x) = (n + 1)! v6i moi x, do d6 :
G"* V@) =@+ 1)

RV @)
(n+1)!
Mit khéc, tir hE TRUC AIGH HEhTa R (X), S0y T2
R%n-'-l)(X) 2 f(n'l'l)(x) = Pr(lYH-l) (x) — f(n + 1) (X)

n+1

va R,(x) = (x-c¢)
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(n+1) —
Tids, suyra: Ry =1—— O (x - ™!
(n+1)!

Téng két cac két qua trén, ta di d€n dinh li :

Dinh li 5.5. (M6 rong dinh i Lagrange).

Néu ham f(x) xdc dinh ¢6 dao ham dén cdp n lién tuc trong
khodng déng [a, b], c6 dao ham cdp (n + 1) ldn trong khodng md (a, b)
thi vdi bdt ki ¢ € (a, b) luén co

(5.10) f(x)=f(c)+ ( )(x— c) + f"2('c)(x_c)2 o+

(n) (n+1) (=
£f™(c) e £(E)
n! (n+1)!
véi ¢ la mot s6 nam giita x va c.
Ngudi ta thudng goi cong thic (5.10) 1a cong thir Taonr va bidu

dién mot ham s6 f(x) duéi dang (5.10) duge goi la khai trién Taylor
hitu han cia ham s6 f(x) tai diém x = c.

Dic biét, khi ¢ = 0 thi (5.10) dugc goi 1a khai trién Mac Laurin
cua f(x) va khi d6 (5.10) c6 dang :

(x - c)n+l

(5.11)  f(x) =f(0) + f:?) +E2S?—)x2 % v
£V o, V@K ne
n! (n+1)!

v6i6thoa0 <0< 1.
* Nhdn xét.
(1) Néu dit x : = ¢ + h thi cong thic (5.10) c6 dang

(5.12) f(c+h)—f()+f(c) + 102

+...+
2!
A0 o fD(c 4 Oh) oy
! (n+ D!

va dac biét, véi n =1 thiledng thiicy(5.10)-ehinh 1a (5.7).
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N6i khdc di, cong thic (5.10) da tra 16i cau héi dat ra & trén, néu biét
thém cac dao ham cip cao ciia f tai x = c thi viéc tinh x4p xi gid tri cua f tai
1an can ¢ cang chinh xdc va chinh lugng R, : =ﬁf("+l)(c +6h)h™*!

n+1)!
cho d6 chinh xéc cua f(c + h) va khi thay f(c + h) bdi :
' " (n)
f(c + h) = f(x) + —fl('c,)h TGO, 1@

hn
2! n!

thi nhan mét sai s6 khéng vuot qu4 ﬁ £f*+D(c + gh)h™*! | con
n+1)!

mot tré ngai nita 12 rét ti€c trong biéu thic R, ching ta chua xdc

dinh dugc chinh x4c gid tri 6h thi chi biét 0 12 mot s6 duong gém
gilta O va 1 ; diu la ta di gia thiét f c6 dao ham dén cdp (n + 1) tai
moi diém thudc (a, b). Tuy nhién trong rat nhiéu trudng hop, véi cic
ham s6 so cdp co ban quen thudc, ta cé thé uéc lugng duogc mot can

trén cua f(“)(x) ; nghia 1a tim dugc mot s6 M > 0 sao cho

If(")(x)l <M, x € (a, b)

Khi d6, viéc x4dp xi gid tri f(c + h) dugc coi nhu hoan hdo vi muén
tinh f(c + h) chi cdn thuc hién cic phép tinh s6 hoc (+, —, x, :) va di
nhién biét céc dao ham ™ (x).

(2) Sau day s& gi6i thiéu mot s6 khai trién Mac Laurin hitu han
cia mot s6 ham s6 so cdp quen thudc.

(a) Khai trién f(x) = (1 +x)™ ; m nguyén duong.
Dé dang kiém tra lai ring

f(0)=1;f'(0)=m; f"(0) =m(m - 1), ..., f{™(0) =m!; f™*D(0)=0.
Do d6, ding cong thic (5.11) ta dugc :

5.13) A +x)™ =1+%x+3‘(—';'11—)x2 P
= m(m—l)..l.(('m—k+l)xk 4+

m

.+ X
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thay x boi —x ta lai c6 :
(5.14) {1 ~x)f0 =1 =My M=D 2 . &
1! 2!
” (—l)k m(m-1)..(m-k + l)xk

+ o # (=1)"x?
k!

(b) Khai trién f(x) = —

Ding lai thi du (a) muc 4.4, chuong 4, ta dugc :
( 1 )"0 = —R -
l +Xx (1 i x)l’H‘l
Tu d6, c6 :

f(0)=1;f'©)=~1;f"0)= (-1)22! ; ...; f™(0) = (~1)"n!
Do vay, dl‘mg cong thic (5.11) ta duge

(5.15) —— =1=x + x% — .. + (=D)"x" + (1) ——l———lx“”
1+x a+6ex)™
B

Thay x bdi —x vao cong thic trén ta dugc ox")

(5.16) b, = l+x+x2+..+x" +———l——-x"+l
1-x (1+9x)n+l

(c) Khai trién f(x) = In(1+x). 0(x")
Ta dé y ring f(0) =0 va f'(x) = -1—-1—— ,do vay :
+X

n!

(n+l) %
(x)=(-n" (dung thi du (b))
(1 + x)n+l g
Do d6:
X2
G In(l +x)=x - —2— +..+
1 x" 1 1
TED — T —— X"
i | (1+9x)“'”
L e——
0(x")
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Dic biét néu x 12 VCB thi thudng diing cong thitc (5.17) dudi dang
2

(5.17a) _ In(1 +x)=x- 52—+o(x2)
va thay x boi —x, ta c6 :
2
(5.17b) In(l = x)=-x — 12-—+o(x2)

(d) Khai trién f(x) = e*.
VifO)=1;f'0)=1,..,f"(0)=1nén

x2 x" eBx

(5.18) e* =1+5-+—+.._+ e s
1 2! n! (n+1)!
——
O(X“)
Dic biét khi x 12 VCB thi thudng ding cong thitc
' 2

X _ X x n
(5.18a) e =1+ 1!+ T +o(x").

(e) Khai trién f(x) = sinx.
Diing thi du (a) ta dugc

fQ‘)(x) _ (—1)k sinx ; v6i n = 2k
(---1)k cosX ; véin =2k + |

Do d6, diing cong thirc (5.11) ta duoc
, x3
(5.19) sinx = x - 3 +...+

x"1.0<0<1

x2n-1 x2n
-T2 L (-)" Z—sinx, 0<0<1
- . @n=1)! (2n)!
N et
Tuong tu, ta ch: 0(x2")

2
(5.20) cosx =1 — _x? +..+

2n 2n+l

+ [t DI gy eofer 0 <@ <!
0(X2n+l)
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Dac biét khi x 1a VCB, ta thuong diung cac cong thic
3
(5.19a) sinx = X — %+ o(x3)

2
(5.20a) cosx =1- x7+ o(xz)

(f) Khai trién f(x) = (1 +x)*, a € R, a # 0. C6 thé ching minh
dugc rang :

(5.21) (1+ x)* =l+ax+9(a2—;_l)x2 +o 4

" a(o— l)..l.(('on—k + l)xk i

N a(a_l),‘_(a—n+1) x" 4+ Xn.O(X)

.+

n!
Pac biét :

(5.21a) ,/1 +X =1+%x—%x2 +x2.o(x)

1 1 3, )
5.21b =]l —-—x+—Xx" +x“.0(x
( ) s 3 (x) |

* Khai trién hitu han :

Cic cong thic (5.10) ; (5.11) va céc céng thic tir (5.13) dén
(5.21) c6 mét dang chung : d6 la biéu dién ham s6 f(x) dudi dang
téng mot da thitc va mét biéu thirc din t6i khéng 1an can mot diém
xéc dinh nao dé, nghia la f(x) c6 dang

f(x) = P,(x —c) + o((x —<)")
trong d6 P, (x —c) la moét da thitc c6 bac khong vuot qua n va
o((x — c¢)™) 1a m6t VCB bac cao hon n khi x — c.

Ta ciing néi rang-f(x)-nhan-moét-khai-trién-hitu-han cdp n ldan cdn
diém x = ¢, va da thite Py~ ¢) lditgc\goi- 1d phdn chinh bdc n cia
khai trién hitu han.
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Chéng han cic cong thic (5.17), (5.18), ... 1a cdc khai trién hitu
han ctia cdc ham s6 In(1 + x), e*, ... 1an can diém x = 0.

Ngudi ta ciing ching minh dugc khai trién hitu han c6 cédc tinh
chit sau day : Cho f, g 12 hai ham s6 nh4n khai trién hitu han 14n can
diém x = 0, khi d6

(i) Af + g ; A € R ciing nh4n khai trién hitu han 1an can diém x = 0.

(ii) f.g cling nh4n khai trién hitu han l4n can x = 0.

(iii) Néu f(0) = O thi ham hop g[f(x)] cling nhan khai trién hiru
han 1an can x = 0.

(iv) Néu g(0) # O thi f/g ciing nhan khai trién hitu han 14n can x = 0.

Duéi day sé& gi6i thiéu cich diing khai trién hitu han dé tim mét s6
gi6i han.

X X X\—1
(a) Tim lim (2% + 3% —5%)2 #3257
x—0

In(2* +3* —5%)

Goi biéu thitc cdn tim giéi han1a A, tacé : InA =
(2* +3* -2.5%)

Mait khéc, tacé6 :
oX | 3X _ 5% =exln2 + exln3 — eXIn5

=1+ xIn2+ 1+ xIn3 — 1 — xIn5 + o(x)

=1+ xlng + o(x)

Vay In(2* +3* -5%) ~ xln—g— va:

92X 4 3% _9 5% =exln2 4 eXIn3 _ o xIn5
‘ 1 + xIn2 + 1 + xIn3 — 2(1 + xIn5) + o(x)

6
xln— + o(x).
T (x)

Cudi cung
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(b) Tim lim[ e },ath?
x> 1-x*  1-x

Khai trién hitu han cia 1 — x*, a#0lancanx =112

_ a(a—1)

(x-1)? +ol(x - D?1.

1-x®* =—a(x-1)

Mat khéc, cé

a_ b =a(1—xb)—b(1—xa)= a—b+°«x_l)2)
1-x* 1-xP (1-x2)(1-xP) :
D6 855 it o e s (e B0
x>\ 1-x*  1-x° 2

5.2. Ung dung cac dinh Ii vé gia tri trung binh

Trong muc nay chiing ta s& néu mot s6 \ing dung da dang cua tinh
chat kha vi cia mot ham s6, dac biét cic dinh li vé gid tri trung binh.

5.2.1. Khit dang v6 dinh
Dinh li 5.6 (De L'Hospital).

Gid sut cdc ham s6 f(x), g(x) xdc dinh, khd vi tai ldn cdn x =a (a €R),
c6 thé trir tai x = a. Néu lim f(x) = lim g(x) = 0, g’(x) =0 & ldn cdn

X—a X—a
X=a.
Va néu lim f = A thi lim ACY) = A.
X—a g'(X) X—a g(x)
Chimg minh.

Theo gia thi€t f(x), g(x) kha vi tai lan can x = a nén lién tuc & dé.
Néu f(x), g(x) khong.xic.dinh.tai.x.=.a,ta-bd.sung gii tri cia chiing
tai x = a bing cach datf(a) = linf(x) =0, g@) = lim g(x) = 0. Khi d6

X>a X—a
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f(x) va g(x) lién tuc & 14n c4n x = a va ca tai x = a. Do dinh li Cauchy
ta co
f(x) _f(x)-f(a) _ f(c)
, g(x) g(x)—g@ g'(c)
v6i ¢ 1a mot diém nao d6 ndm giita x va a.

Khi x &> athic > a.

Vay néu lim ()—Athi lim f() =A. 0

x—ag'(x x—a g(x)

* Nhdn xét

(1) Truong hop lim ~-% =« , dinh 1f De L'Hospital vin ding ;

x—a g'(x

that vay, khi d6 :
lim EX) _ o
x—a f'(x)
va do d6 theo dinh Ii trén ; ta cling cé lim =—— g(x)
x—a f(x
tim £ i £
x—a g(x) x-ag'(x)

(2) Trudng hop x — o vin c6 thé dung dugc dinh 1i 5.6 ; that vay, khi

=0, dodé

d6 chi cén thuc hién phép ddi bién x = -tl—' c6 t > 0 (khi x > =), do vay
1
f(x) = f(?) = p(t)

g(x) = g(%) =q(t)

Hién nhién, khi dé6 :

lim {CD ="1m L
x>0 pg(Xx) LH0g(n
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Do vay, dung dinh li 5.6 va nhan xét (1) ta vin c6

im £ _ i PO _ PO e 0
xo0g' () (50q(1)  150q() x> g(X)

(3) Truong hop f va g kha vi tai 14n c4n a trir ra tai x = a;
lim f(x) = lim g(x) =+ va g'(x) # O tai 1an can a. Khi dé néu

X—a X—a

tim £%) = A thi ciing 6 1im T&) = A,
x—a g'(x x—a g(x)

Pé khoi ruom ra chiing ta khéng chimg minh ménh dé nay va chi
néu mot s6 thi du dp dung.

® Thi du.
3 0
a) lim ; (dang —).
@) x—0 X —sinx (dang 0)
2 2\
Tacé: lim (x Y . = lim 2% = limﬂ— =
x—0(x —sinx)' x—0l-cosx x—0(1—cosx)’
6x (6x)’

k]

= lim — = lim

x—0sinXx  x—0 (smx)

3
=6.

vay lim
x—0 X —sin X

(b) lim -l—— (o> 0); (dang —)

x—)+00x
Ta cé
1
Inx)' . <
[ LU TR AR I X R
x>+ (x%)' xo+0 gx®T x40 gx® O x—wox
Yag:  lim =D
X—)+Ct)xu

(©) hm(x - 4)tg( = ) (dang 9.00)

158



Pua dang 0.0 vé dang g— bing céch viét

2 —
lim (x? _4>tg(ﬂj _ pim 4
x—2 4 x—2 X
COtg[—Z—)

= lim =——
x—2 -7 T
Vay : lim(x% - 4)tg(-13) e
x—2 4 T
(d) lim SRR ; (dang 3).
X—>+00 X 00
Truong hop nay dinh 1i 5.6 bit luc, that vay :
lim Q—H-—Slm = lim il = lim cos? .
x—>+0  (2x)' X+ 2 X—>+0

Khi x — +00 thi cos-;- khéng xic dinh, do vay, khong tén tai

lim (X + sinx)

; tuy nhién, khéng phai vi th€ ma két luan khong
x—+0  (2x)"

X + sinx

ton tai gidi han cia lim vi luén c6 :

x—o+0  2X
sinx
1+ — 1
X

X + sinX

lim = lim
x—+o0  2X x40 2 2
Bay gid ta xét thém mot s thi du 4p dung khai trién hitu han dé
khir dang v6 dinh.

(e) Tim lim o= a(dang 9).
x—0 x(1. = cosx) 0
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Diing khai trién hitu han (xem (5.19)) c6 :

. 1
sinx — x = -—%x3 + o(x3) ; X(1 = cosx) = -z-x3 +o(x3)

1 3 3
P ——X" +0(x”) 1
Dodé: lim—X"X _ |im -6 .
x—0X(1 —cosx) x—0 lx3 +0(X3)
2

() lim (%—x)tg[g- + 4) ; (dang 0.c0)
T
X——

T z
Détx:z +h;cod

i
-h sm(E + h) . —hcosh
= lim =

lim [ Z - x |tg) 2 +x |= lim —~2 2
n\ 4 £ 4 h—0 T h—0 -sinh
Mty cos| —+h

(@ lim (—‘— = LJ ; (dang © o)

x—0\ sinx  tgx

2
X /]
. —+0(x°)

Ta cé .1 1 ==1 .cosx= 2
sinx  tgx sinx X +0(x)

2
1 1 }—+o(x2)

Dodé lim| — - — |= lim2—— =0

x—0\sInx  tgx ) x—0 Xx+0(x)

X

g
(h) Tim lim(2-x) 2 ;(dang 1°).
x—1

n
—cos—t
2 , do vay
sin—t
2

Détx=l+t;tg§(l+t)=

19,4 T, . 7N
-cos—l/smit

tg—
AS@ES)Y)? = (+RT 2
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L4y l6garit tu nhién, c6 :

cost 1+0(t)
InA=-—=2In(1-t) = - (=t + o(t))
in—t —t t
sin > > +o(t)
2
= —(t+o(t))(1+ o(t))
T (t)
2 e 2
Doviy limlnA == va limA=1lim(2-x) 2 =e"
t—0 T t—0 x—1

5.2.2. Khdo sdt su bién thién cia ham s6

Viéc 4p dung dao ham dé khao sét su bién thién clia ham s6 dua
vao dinh 1i sau :

Dinh1i5.7.

Cho f la mét ham s6 xdc dinh, lién tuc trong mot khodng déng hitu
han [a, b] va khd vi trong khodng ma (a, b), khi dé :

(1) Diéu kién dt ¢6 va dii d€ f(x) tang (gidm) trong [a, b] la f (x) 20
(f(x) <0) véi moi x € (a, b).

(2) Néuf'(x) 20 (f (x) <0) véi moi x € (a,b) vanéuf'(x)>0(f'(x)<0)
tai it nhdt mot diém x thi f(b) > f(a) (f(b) < fla)).

Chitng minh.
Cich ching minh trudng hop f(x) giam twong tu truong hop f(x)
ting, & day ching ta chi chitng minh trudng hop f(x) tang.

(1) Gia .sir f tang, khi d6 f(x + h) > f(x) v6i h > 0 va f(x + h) < f(x)

f(x + h)—f(x)
H

v6i h < 0 va do d6 >0, h # 0 ; bing cach chuyén qua

gi6i han, c6 f'(x) = 0«
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Nguoc lai, gia sit f '(x) > 0 v6i moi x € (a, b) ; 1dy hai diému<v
cua doan [a, b] ; theo dinh 1i Lagrange c6 :

f(v) —f(u)=(v-u)f(w) vdiu<w<v,dodé:

f(v) — f(u) > 0, nghia 1a f(v) > f(u) ; f(x) tang.

(2) Néu f '(x) 2 0 v6i moi x € [a, b], theo (1) f(x) tang trén [a, b),
do dé f(a) < f(x) < f(b) véi moi x € [a, b]. Néu ta cé f(x) = f(a) thi vi
f ting nén dao ham phai triét tiéu tai moi x € (a, b), diéu nay mau
thuin véi gia thiét ton tai it nhat moét x € (a, b) saochof'(x) >0. W

Dinh Ii nay c6 mét hé qua dung dé tim cdc ham troi trong giai tich.

Hé qua 5.8

Cho f, g la hai ham sé xdc dinh, lién tuc trong [a, b], khd vi trong
(a, b).

(1) Néu fla) <g(a) va néu f(x) <g'(x) véi moi x € (a, b) thi fix) <g(x)
voi moi x € [a, b].

(2) Néu fla) <g(a) va néu f(x) < g'(x) véi moi x € (a, b) thi f(x) < g(x)
voi moi x € [a, b].

Chitng minh.

Path:=g-f

(1) Ham s6 h xdc dinh, lién tuc trong [a, b] va c6 dao ham h'(x) >0
v6i moi x € (a, b), do d6 h ting trong [a, b], nghia 1a h(x) > h(a), theo
gia thi€t h(a) > 0, tir d6 h(x) > 0 hay g(x) > f(x) véi moi x € [a, b].

(2) Cho x € (a, b), khi d6 h'(t) > 0, véi moi t € (a, x), dinh Ii trén
chiing t6 ring h(x) > h(a) > 0, do dé g(x) > f(x). W

Thi du.

(@) Véimoix>0,c6 1 +x < e*.

Cho x > 0, cidc ham f(t) : = 1 +t ; g(t) : = €' lién tuc, kha vi trong

[0, xIvaf'(t) = 1 ; gfi)y=e';, daaslf (1) |£2(t) véi moi t e (0, + ),
tir hé qua suy ra f(x) < g(x).
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(b) Véi'mqi X € [O, %) co sinx < X.

Chi cén 4p dung hé qua trén véi f(x) = sinx va g(x) = x.

Tim cuc tri cua ham sé

Bay gio ta néu mot vai ménh dé giip cho viéc tim cuc tri mot ham

- 86 f(x) kha vi trong khoang (a, b).

Pinh i 5.9.

Cho ham s6'f, xdc dinh, lién tuc trong [a, b], khd vi trong (a, b) (cé
thé trit ra mot s6 hitu han diém) ; gid si ¢ la mot diém thod a < ¢ < b
(c6 thé tai x = ¢ ham f khéng khd vi).

(1) Néu khi x vugt qua ¢ ma f '(c) déi ddu tir + sang — thi f(x) dat
cuc dai tai x = c.

(2) Néu khi x vuot qua ¢ ma f '(x) déi ddu tix — sang + thi f(x) dat
cuc tiéu tai x = c.

(3) Néu khi x vuot qua ¢ ma f '(x) khéng doi ddu thi f(x) khéng dat
cuc tri tai c.

Chimg minh.

Chiing ta chi cin chitng minh truong hop (1) ; cdc trudng hop sau
ciing 1ap luan tuong tu.

Gia sir x 12 mo6t diém thuéc 1an cin diém x = ¢ va x < c, khi dé
theo gia thiét : f'(t) > 0 véi x <t < ¢, do d6 f(x) tang trong [x, c]
(dinh 1i vé ham tang), do dé6 f(c) = f(x) ; 14y x > ¢ thudc lan can
diém c ; theo gia thiét f(t) < 0 véi c < t < x, do d6 f(x) giam trong [c, x],
nghia la f(c) > f(x). Nhu th€ véi moi x thudc 14n can diém c, luén cé
f(c) > f(x), f(x) dat cuc dai tai x =c.

Thi du
Xét ham s6 f(x) = Ax? ; ham s6 nay xac dinh, lién tuc tai x = 0

va lan can né ; tuy NHiEN tai X = O ham so khongjkha vi (khéng c6
dao ham hitu han) ;mat khde trong'Jan/cdn 'diém x = 0 ; trir chinh
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diém x = 0; dao ham £'(x) = —— ; £'(x) < 0 khi x < 0 va f '(x) > O khi
3x
x > 0, dao ham déi d4u tir — sang + ; x = 0 12 diém cuc tiéu ciia ham s6.

Khi f(x) cé cidc dao ham c4p cao, ta con c6 dinh li :
Pinh 1i 5.10.

Gid sit f(x) c6 dao ham lién tuc dén cdp n tai ldn cdn diém c,
ngoai ra gid su :
fre)=fc)=..= f7 V@) =0; f") =0.
Khi do
(1) Néu n chdn thi f(x) dat cuc tri tai x = ¢, cu thé :
x = ¢ la diém cuc tiéu néu £V (c) >0 ;
x = ¢ la diém cuc dai néu £V (c) < 0.

(2) Néu n lé thi f(x) khéng dat cuc tri tai x = c.

Chitng minh.
Diing khai trién Taylor tai 1an c4n diém x = c va chi y dén gii
thiét f(c) = f'(c) = ... = f" V(c)=0; ¢6:
(n)
f(x) = f(c) + 2 fd) (x —c)"
n!

v6i d & giita x va c.
T biéu dién trén, suy ra : néu n chin : (x —c)" >0 va néu
f(")(c) >0 ;vi f(")(x) lién tuc tai 1an c4n x = ¢ nén c6 moét lan can

di bé ciia ¢ sao cho f™(x) > 0 véi x thudc 1an can dé, do vay : trong

M) o
lan can d6 : = (x —¢)" >0, nghia la f(x) > f(c) véi moi x thudc

lan can d6, do d6 f(x) dat cuc tiéu tai x = c. Véi trudng hop

£ (c) < 0 ciing lapluan ton g1, divdén kéy luan x = c 1a diém cuc
dai cua f(x).
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Bay git néu n 1é, khi d6 (x — c)" d6i d4u khi vuot qua gid trix = ¢ ;
do vay f(x) — f(c) c6 ddu thay déi khi vuot quagidtrix=c. Vayx=c¢
khong thé 1a diém cuc tri. B

Thi du.

(c) Xét ham s6 f(x) = x> ; fix)= 3x? -

£ x)=6x; £ (x) =6 ;taix =0c6f'(0) =f"(0) =0va £ (0) =
x = 0 khong thé 1a diém cuc tri.

(b) Xét ham f(x) = sinx, 0 < x < m; f'(x) = cosx ; f "(x) = —sinx ;
£ Z1=0; [ Z|==1:x=Z 12 diém cuc dai ctia ham s6.
2 2 2

Thi du ndy goi y rang khi xét ddu f '(x) khé khan thi ngudi ta
diing dao ham c4p cao d€ tim cuc tri cia ham s6.

5.2.3. Ham s¢6'loi

Dinh nghia.

Ham s6 f x4c dinh trong khoang I dugc goi 12 161 n€u véi moia, b € I
véimoit € [0, 1] lu6bn cé

tf(a) + (1 — t)f(b) = f(ta + (1 — t)b),

bat ding thitc nay thudng duoc goi la bdt ddng thirc 16i.

Hay xét bi€u dién hinh hoc ciia mot ham s6 16i trong 1. Truéc hét,
d€ y ring néu c = ta + (1 — t)b, 0 < t < 1 thi nh4t thiét ¢ € [a, b],
ngoai ra trong mit phing toa do, diém (ta + (1 — t)b, tf(a) + (1 — t)f(b)
ding 12 nhiing diém cta doan AB véi A(a, f(a)) va B(b, f(b)). Bit
ding thic 16i ching to ring véi vA
moi ¢ € [a. b], thi diém cua dé
thi cia f c6 hoanh d6 c luén
nim duéi day cung n6i A va B Y@+ )
(A, B 12 hai diém ctia d6 thi cla
f img v6i cdc diém c6 hoanh do : : :
a va b) (hinh 5.5). Diéudé-diing : : c=ta*(1-t)b

v6i moi khoang (a, b) € L o . Hinh55.C b X
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Ménh dé sau day cho d4u hiéu nhan dang ham s6 16i.
Ménh dé 5.11.

Cho f, mét ham sé xdc dinh, lién tuc trong mot khodang I nao dé,
gid sit f ¢6 dao ham cdp hai f " > 0 trong I. Khi dé, véi bdt ki a < b,
a,b €l, ham sé'floi trong [a, b].

Chitng minh.
bat g(t) : = tf(a) + (1 — t)f(b) — f(ta + (1 — t)b), muén chirng minh

f 16i trong [a, b] chi cin chitng minh f thoa b4t ding thic 16i, nghia 1A

chitng minh g(t) > 0 véi moi t € [0, 1]. That vay, tir biéu thic dinh
nghia, c6 :

g'(t) = f(a) — f(b) — (a— b)f'(ta + (1 — t)b)
Theo cong thitc Lagrange, ton tai ¢ =tja + (1 — ty)b, t, € (0, 1)
sao cho : a < c < bvaf(a) - f(b) = (a - b)f '(c).
Thé gia tri f(a) — f(b) vao biéu thic cha g'(t), duoc :
g't)=(a-b)[f'(tsa+ (1 -t,)b) — f(ta+ (1 —t)b)]
Mat khéc, theo gia thi€t f">0nénf'ting;a—b<O0vata+ (1 -t)b<
<tya + (1 —t,)b khi va chi khi t > t , tacé g'(t) > g'(t,)) =0 néut<ty;

g'(t) < g'(t,) néu t > t,. Vay g(t) ting trong [0, t,] va gidm trong [t,, 1] ;

hon nwra vi g(0) = g(1) = 0, do d6 g chi c6 thé 14y cic gia tri duong
trong (0, 1). W

Ngugc lai khai niém 16i 12 khdi niém 16m, mo6t ham s6 f xac dinh
trong [a, b] dugc goi 1a I6m néu f thoa b4t dang thitc 16m :

tf(a) + (1 — O)f(b) < f(ta + (1 — )b) : t € [0, 1].
. Tuong tu truong hop 161, c6 thé ching minh ring :

Neéu f xdc dinb, lién tue trong J-:| ¢6'd46 ham cdp hai f " < O trong
I thi f 1a ham s6 16m trong 1.
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Qua minh hoa hinh hoc & trén cé thé néi ring d6 thi cia ham s6
16i lu6n nam trén ti€p tuyén va dé thi ham s6 16m luén nam dudi ti€p
tuyén (hinh 5.6).
y4 y4

>

0 a) X 0 b) X
Hinh 5.6

Mot diém I(c, f(c)) ciia d6 thi ciia ham s6 y = f(x) duoc goi Ia
diém uén cta dé thi néu dao ham f "(x) déi ddu khi qua gié tri x = c.

Thi du

1, 1,
-=X 1 -=X
e 2 ,co6f'(x)=-— xe 2, f'(0)=0,

1
N2 V2

f'(x)>0v6ix<0;f'(x)<0vc’rix>O,dod6x=Olédiémcucdai;

Xét ham s6 f(x) =

1
1 =%
hon nifa f "(x)= ——c¢ 2 x% -1 , f'(D=f"(-1)=0;f"x)>0véi
(x) N ( ), £7(1) (-1) (x)
x<-lhoicx>1;f"(x)<0véi-1<x< 1.Dod6é cicdiémx =+ 1
12 hai diém u6n cua d6 thi.
e Cdc bdt ddng thirc 16
(a) Bdt ddng thitc Jensen
Cho f 12 mot ham s6 16i trén I : = (a, b), khi d6, véi xy, Xp,... X, € I

n
VA V6i Ay, Ag, o.s Ag € [0, 1] s@0 cho D" Ay =1, lubn cé :

k=1
n n '
F A [ D A fxg)
k=1 k=1

Bit ding thic trén chinh 1a’bat diag thécIensen,
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Chitng minh.

Bit déng thiic trén 1a tim thudng khi n = 1 ; véi n = 2 thi dé chinh
la dinh nghia tinh 16i cua f.

Bay gio ta sé quy nap theo n ; that vay, gia sir bat dang thic di
diing v6i mot s6 nguyén n > 2 nao dé, nghia 1a véi moi x4, X, ..., X, €1

n
va v6i moi Aq, Ay, ..., A, € [0, 1] sao cho Z Ag =1, tacéd
k=1

k=1
Ta 14y Xy, ... Xp, Xpe1 € I VA Ay, Ay, ooy A, Ay € [0, 1] sao cho

n+l

D" Ay =1 (dé trénh ki hiéu rudm ra, ta diing x, A nhung di nhién, nhiing

k=1
X, A nay khdc véi x, A di dung trong gia thi€t quy nap). Néu A, = A, = ...
= A,, = 0 thi bat déng thi'c mudn c6 12 hién nhién.

Gia st A;, i =1, n khong dong thoi triét tiéu, dat

n 1 n
c= A =1-A 0, vax'= — A
Z k n+l > U, vax CZ kXk
k=1 k=1
1, n nén x' € 1. Ding dinh nghia ham 16i, ta cé6 :

n n
f[Zkkxk)s z}.k f(Xk)
k=1

Vi XiEI, i=
n+1

f Zkkxk =f(ex'+ (1 -c)xpqq) <
k=1

<cf(x’) + (1 = o)f(xp,4p) = cf(x") + Ana1f(xpe1)
Mat khic, dung gia thiét quy nap ta duoc :

LIy DA 1Q
fx)=f — XK [£ ) —=— Apf(xy)

A ey
i 2 >0=5=1nva Z—i=1)
C k=lc
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n+l n+l
Suy ra f Zlkxk < Zkkf(xk)

k=1
(b) Bdt ddng thitc vé s6 trung binh.

Choa;20;i= 1,n,dat:

Khi dé : ALE

tic 1a trung binh nhdn cdc sé khéng am, khéng vuot qua trung binh
céng cua ching.

Chitng minh.
1
Xét ham f(x) = —Inx, x € (1, ) ; hién nhién f 12 16i vi f "(x) = - >0,
X

n
do d6 c6 thé ding b4t ding thic Jensen va duge, véi Zxk =1 ;
k=1

A e[0,1];i=Ln

k=1 k=1
n n A
tic 1a Z lkak < akk )
k=1 k=1
. 1
Dic biét, 14y A p=-ry=—mr=dyg=——-suyra
n
/"< 4
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(c) Cdc bdt dang thitc Hélder va Minkowski

1 1
Chop>1,q>1saocho —+—=1. Khi dé
P q
(i) Cho x > 0, y > 0, diing bét dang thic (*) véin =2 ; a; = x",
1 1 1 1
azzyq, }\.] =—, )‘2 = — ta dugc XyS—Xp +_yq
P q P q
Bit dang thic nay vin dl’mg khi x hoac y bang khong.
l,n , dat

-(go)

k=1

(ii) Bay giocho x;, y; € R;

1

p

- [zlxkl*’]
k=1

-

Véi ab # 0, dung bat dang thic c6 duge & phdn (i) véi x :== — ;
a

M va duoc :
b

y =
lkaklzlxk|.|)’k|S_1_ lxk|p+ll>’k|q % T
ab a b p aP q bl
Suy ra
—lek)’k|<—Z|Xk|p+L§n:lyqu_'l—ap*”ibq
pa’ qb? o paP qb*
1 1
=—+—=1
P q

Thay gi4 tri cia a, b vao bét dang thic trén ta suy ra bat ding thic

Holder dusi day
1 1

Dac biét, khi p =g = 2 thi'bat'ding thirctrén duoc goi 1a bat dang

thic Cauchy — schwaiz,
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(ii1) Véi cung nhitng ki hiéu nhu trén, ta ciing ¢6 :
n n

n
lek +yil’ < lekHXk +Yk|p_1 * Zlyk”Xk _Yk|p—l'

k=1 k=1 k=1
T d6, dung bat dang thitc Holder hai 14n, c6 thé ching minh
dugc bat ding thic Minkowski duéi day :

1 1
n n n
[lek +Yk|pJp S[leklp]p +[Z|yk|p]p
k=1 k=1 k=1

5.2.4. So do6 khdo sdt ham sé

Viéc khéo sdt ham s6 thuong theo trinh tu dudi day :

(1) Mién x4c dinh cua f.

(2) Chiéu bién thién : tim khoang tang, giam cua ham s6.
(3) Cuc tri (néu co).

(4) Tinh 16i, 16m (n€u c4n thiét), diém uén (néu cb).

(5) Tiém cén (néu c6).

(6) Bang bié€n thién.

(7) VE dé thi.

Sau day, 14y mot thi du c6t dé minh hoa c4c budc khdo sit :

x3

Xét ham s6 f(x)= Py
X3
(1) Ham s6 chi xac dinh khi —1 >0 nghia la khi "
X — X—

X

>0, tirc
lax <0 hoac x > 1.

Mién x4c dinh D 1a (-0, 0] U (1, +0).

(2) Muén xét chiéu bién thién cua ham s&, phai tinh f '(x).

3 X
Tacé: f'(X)=(X——)
a co > (x—1)3
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f(x)=0khix=0va x=%.

f'(x) khong xac dinh khi0O < x < 1.
Sau day la bang d4du ctua dao ham f(x) :

X — 0 1

TR e

Tir bang ddu cua f suy ra :

oW

f(x) giam khi x < 0 hoac 1<x <%

f(x) tang khi x >%.
(3) Cuc tri :

Dao ham f ' d8i d4u tir — sang + khi vuot qua x=% do dé x=% 1a

diém cuc tiéu, f(z) 3\2/_ luu y : diém x = 0 khéng phai 1a diém
cuc tri.
3

(4) Mu6n xét tinh 16i, 1m ; ta tinh £ " : £"(x) = -
f(x) 4 x-1)°

f " cung ddu véi

3 nén f " > 0 trong mién xic dinh, do dé f(x)
x —

1a ham s6 16i.
(5) x = 1 1a diém ham s6 khéng xéic dinh, do d6 dé thi c6 mét

tiém cén ding c6 phuong trinh x = 1. Muén tim tiém cin xién ta viét
f(x) dudi dang :

1

3 —

f(x)=‘f—i— =}x| I =|x|(1+ I )2
x—1 x &1 x =1
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Diing cong thic khai trién Taylor céia (1 + x)* (xem (5.21a) khai
trién Taylor) cé :
1

( 1]5 1 11 1
l+——| =1+ -= + . o(x)
x~1 2-1) 8 (x-1* (x-1)>

Do d6 cé thé viét :

f(x) = x| + i 1_ Il + K o(x)
K)= -—— .
2x-1) 8 (x-1)2 (x-1)?
Tir biéu thirc trén suy ra :
X 1
X—>+o,c6f(x) ~x+ ~X+—
2(x—1) 2
X 1
X = — o, c6 f(x) ~ x - ~—X+—=
2(x-1) 2

Vay f(x) c6 hai tiém can xién :

1
y=x+5 khi x > + o,

1
y= —x—i khi x —» — 0.

*Chiy:

Trong nhiéu trudng hgp dé viéc khao sit dugc don gian, ngudi ta
con chi ¥ phét hién cdc dac di€m ctia ham s6 f, chéng han phat hién
tinh chu ki va tinh chdn, € cia ham s6 f. _

Mot ham s6 f(x) xéc dinh trong mét khoang d6i xing [-a, a] dugc
g0i 12 ham chdn néu f(x) = f(-x) ; x € [-a, a] ;

ham I€ néu f(x) = — (f(—x) ; x € [-a, a].

Vi d6 thi clia ham.s6.chdn.d6i.xiing.qua.truc.tung,va dé thi cia ham
s6 18 d6i xitng qua goc toa dd nénrkhi khdojsiteic ham s6 nay chi cdn
xét hodc x 2 0, hodc'x £ 0xdi 18y d6i xingla-co toan bo d6 thi.
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(6) T nhitng két qua trén c6 bang bién thién sau :

+00

N|=

o e
_ % 1 3/2 X
Hinh 5.7
(7) Do thi (hinh 5.7).
5.2.5. Duong cong cho dudi dang tham sé

1. Phuong trinh tham sé cia dudng cong
Cho h¢ hai phuong trinh

x = f(t)
| 3 1
{yzg(t) € (a, B) n

Khi dé, v6i méi-gié-tri-t-e-(er;-B)-hé-phuong-trinh (1) cho mét cap
gid tri tuong Ung clua x va y-va ¥id dinly it jquan hé ham s& giita x
va y. Trong hé toa'd6 Décac, néu 1dy,cap 6 c6 thi tr (x, y) cho béi
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hé (1) 1am toa do cia mot diém M trong mat phang thi véi méi tri s6
ciia t € (o, B) ta c6 mot diém M(x, y) va khi t bién thién trong khoang
(o, B) diém M vach nén mét duong cong # nao dé trong mat phing,
vi thé€ ta goi hé phuong trinh (1) 1a hé phucng trinh tham s6 cta duong
cong #; t 1a tham s6 va M la diém chay trén 7.

Thi du 1. Lap phuong trinh tham s6 clha dudng thing di qua hai
diém A(a, c) va B(b, d).

Nhu da biét, dudng thdng di qua hai diém A, B chinh 12 dudng
thing di qua A (hodc B) va cé vecto chi phuong 1a vecto AB, do d6
phuong trinh cia né la :

Xx—a y-c 2
b-a d-c
x-b y-d

hoic = (2"
b-a d-c

Bay gionéutaditm=b-avan=d-cvadattis6:
Xx—a -c

thi tir phuong trinh (3) suy ra hé hai phuong trinh véi tham sé't :

=mt +
{X m-ra;teR (4)
y=nt+c

He hai phuong trinh (4) chinh 13 hé phuong trinh tham s6 cia
dudng thing di qua hai diém A va B.
Ciing tuong tu, dang tham s6 Ung v§i phuong trinh (2') 1a :
=mt+b
{x MFD  teR @)
y=nt+d

Ban doc c6 thé kiém tra lai ring néuhan.ché&t.chi bién thién trong
khoang déng [0, 1] (€ {0, 1) thi hé; phuong teinh (4) hoac (4') chinh
1a phuong trinh tham s6 ciia doan thing AB,
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Néu khir t tir phuong trinh ddu cha (4) hoac (4) ta s& thdy lai
phuong trinh quen thu¢c ciia dudng thing di qua hai di€ém A va B,
viét dudi dang trong hé toa d6 Décic :

n
y-c=—(x-a)
m

n
hoiac y-d=—(x-b)
m

Thi du 2. Lap hé phuong trinh AY
tham s6 cua dudng tron cé tdm la
g6c toa do6 va ban kinh bing R. ¥ M

Trong mat phang toa do Oxy ta vé
mot dudng tron ¢ c6 tam la gbe toa —>
dé O va c6 ban kinh bang R (hinh 5.8) ;
nhu di biét, phuong trinh cua duong
tron C trong hé toa d6 Décic 1a :

2 +y?=R? (5 Hinh 5.8
Bay gid, néu ta goi t 1a géc giita truc Ox va vecto OM, vé6i M Ia
m6t di€ém nam trén dudng tron T, nghia la t = (Ox, 6?’[) thitacé:

{x = Rcost 1 e [0, 2m) 6)

y = Rsint
Hé hai phuong trinh (6) chinh 12 hé phuong trinh tham s6 cua
dudng tron T. Ban doc c6 thé dé dang chuyén hé hai phuong trinh (6)

vé dang (5) va hon nita ciing c6 thé kiém tra lai ring hé hai phuong
trinh dudi day :

X = acost
{ . . ste [0, 2n) @)
y = bsint ,

1a hé phuong trinh tham §6 cia &lip ¥'c'hai/bin truc 12 a va b c6 truc
d6i xing trung vai 'cac truc toa do Qx| vI0y.
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That vay, hé (7) cho :

Do d6:

>

2

y .
_2_+_=coszt+sm t=1

a b
va phuong trinh nay chinh la phuong trinh cua elip ¢ viét duéi dang
chinh tic.

Thi du 3. Puong xicléit. Trong ki thuat co khi thudng gap bai todn :
cho mot dudng tron bén kinh a, 18y mot diém tuy y (nhung di chon
thi luébn giit c6 dinh) trén dudng tron ; cho dudng tron lan nhung
khéng trugt trén mot dudng thing ; tim quy dao chuyén dong cia
diém da chon trén dudng tron (khi dudng tron dé lan trén mot duong
théng). Ta s& giai bai todn trén bang cich 1ap hé phuong trinh tham
s6 clia quy dao, va dé cho tién, ta 14y diém duogc chon la géc toa do O
(xem hinh 5.9).

Xy

Hinh 5.9

Gia sit M(x, y) 12 mét vi tri méi clia diém chon, N 12 ti€p diém cia
dudng tron ing vdi diérr M khi-d6theocaeh1amdi nhién ta c6

NM =ON
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Bay gid, néu t = NDM, vé6i D 1a tam dudng tron ing Vi diém M,
thitacé :

x = OF = ON - FN = NM - MG = at — asint
y =FM = NG = ND - GD = a — acost
Vay, phuong trinh tham s6 cua quy dao 1a

{x =a(t—sint)

0,2 8
y=a(1—cost)’ b ol : £

Quy dao clia diém dugc chon trén dudng tron khi cho dudng trén
lan ma khong trugt trén Ox dugc goi la mot nhip ciua duong xicléit.
Néu cho t bién thién tir — o dén + oo thi hé phuong trinh (8) l1a he
phuong trinh tham s6 ctua dwong xicléit.

2. Khao sat duong cong cho dudi dang tham sé

Tuong tu khi khao sat, vé d6 thi cia ham s6 cho duéi dang y = f(x) ;
c6 thé khao sit mot dudng cong cho dudi dang tham s6 theo trinh t
duéi day :

1) Tim mién xdc dinh, cic diém gidn doan ciia cic ham s6 x = x(t),
y = y(t), Nhan xét cic tinh chat chan, 1€, tudn hoan (néu cd).

2) Xét chi€u bién thién cua x, y theo t bing cich xét d4u cic dao
ham x'(t), y'(t).

3) Tim céc tiém can cia dudng cong.

Néu khit—)tohayt—>ioomécéxhbacyhoaccéxlinydﬁn
t6i vo cung thi dudng cong c6 tiém can, cu thé l1a :
Néu lim y=#c va lim x =a(hitu han) dudng cong cé tiém

tot, tot,
(t—>xw) (t—>+o00)

can ding la x = a.
Néu lim x=%w va lim y=b (hiu han) dudng cong cé

t—t, tot,
(t—>tx) (1 —>=be0)

tiém can ngang l1a y = b.
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Néu ca x l4n y ddn t6i v6 cung khi t — t, (t - *oo) thi duong
cong c6 thé cé tiém can xién va néu déng thdi ton tai cdc gisi han
.y .
k= lim = ;b= Ilim [y-kx]
t->t, X t—t,

(1—100) (t—00)

4) Cin cif vao céc két qua trén ta c6 thé vé dudng cong dé thi cia
hé phuong trinh tham s6. Mu6n vé dudng cong dugc chinh xdc hon,
ta cling tim cic diém dic biét (néu c6) cia dudng cong va ti€p tuyén
v6i dudng cong tai cac diém dic biét. Chi y réng hé s6 goc cua tiép

. tuyén tai méi diém cla dudng cong bing gid tri cia dao ham y', (véi
gid tri tuong iing cua t)
o _Fe ¥y
dx x'jdt x';
va dao ham c4p hai (néu cén thiét)

)
d’y \x'y _Y'uX'=y'i Xy
dx? dx ')}
Sau day ta néu moét vai thi du.
Thi du 1. Khéo sit va vé dudng cong cho bdi hé phuong trinh tham s6

X = acos3t
;te(—0,0);a>0 9)
y = asin’t

RO rang 1a x va y duoc xac dinh véi moi t va x va y khéng vuot ra
ngoai khoang [-a, a], vi vay duong cong khoéng c6 tiém cén, hon nira
X va y 12 ham s6 tudn hoan véi chu ki 2n, do d6 ta chi cdn khao sat
dudng cong da cho trong khoang [0, 2x]. Ta c6

q . . T T
x', = —3acos”tsint =0 khit=10; 3 T My — 327

T
y't = 3asin’teost =0 Kl £10 i Ne:L :2xn
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Tu nhitng tinh toan trén, ta cé'biing bién thién sau :

a\ " _—a
0\ _a/.o

yi | O + 0 - 0 - 0 +
’ / a\ /0
. Ay
Hinh 5.10 cho dé thi dudng cong a
goi la duong axtroit. Néu khao sit ti
mi hon, ta nhan thdy ring, véi
dudng cong nay ta c6 : y
2 @ O
dy y'| 3asin“tcost
—_—= e ——2— =— tgt.
dx X'y —3acos“tsint
Do dé L
dx Hinh 5.10

e 0 tait=0; m; 2m va tai cdc diém dé6 ti€p tuyén thing dimng.
y

Ngoai ra, tir hé phuong trinh (9) ta ciing c6 thé khir t bang cich dé
y rang
x2/3 2/3

2 2 3 3
=a" cos t;y2/ =

= a”sin’t
va do do
x2/3 & y2/3 _ a2/3 )
Phuong trinh (9" ta-phwong-trinh-axtréit-viét trong hé toa do
Décic ; ciing c6 thethdy rang durdng/axfiditldang (9°) luén nim trong
duong tron tam O va ban kinh a.
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Thi du 2. La Décdac. Khao sat va vé duong cong cho boi phuong trinh
x3+y3—3axy=0;a>0 (10)

Dé thdy riang khi thay x b&i y va y bdi x thi phuong trinh (10)
khéong thay déi, do d6 dé thi cha (10) d6i xing qua dudng phan gidc
thi nhat. |

Bay gio ta dat y = tx va thé vao (10) ta dugc

3 33
X +xt —3ax2t=0

va suy ra

3at
X =

3
L4+t
+2 Ct -] (11)
3at :

l+t3

Vay hé phuong trinh (11) 12 dang tham s6 cia dudng cong cho bai
phuong trinh (10).

Tir hé phuong trinh (11), ta cé :

' =3 =20 0 khit= —

x'=3.——— ; x'| = it= —

‘ (1+t3)2 [ 3/5
3¢ . 3

y't=—?-2-.3at;y'l=0kh1t=0;t=i[i
(1+t7)

Khi t = —1 thi ca x 14n y d4n téi vo ciing va cé :

= lim Z:: lim t =-1,
t—->-1X t--1

! . 3at? 3at
b= lim[y-kx]= lim +

t—-1 -1 1+ 1+

. t(t+1
Y THUM ey  _
==l 40 e+ D -+ 1)

—a.
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Vay tiém cén xién cla dudng cong 1a y = —x — a. Tir cac két qui
trén, ta c6 bang bién thién :

X'y + + + 0 - -
' +00 3
L
X / 0 : a 2\
0 -0 0
0 +0 adla
\ \ B \0
Y /'
—o0 0
Dé vé dudng cong dugc chinh x4c, ta khio st thém moét s6 dic diém :
dy t2-t})
dx 1-2¢
do vay : d_y=0 tait=0, t=32
dx
ﬂ—oo tait=o00, t==—
dx ' 32

Nhu vay, d6 thi di qua géc toa
d6 hai 14n ing véi hai tris6t =0 ;
t = o0 va céc ti€p tuyén tai d6 14n
luot 1a truc Ox va truc Oy. Tiém
cén xién ctua dudng cong la dudng
thiang y = —x — a (xem hinh 5.11).
Do thi nay duoc goi latg Pécac,
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5.2.6. Khdo sdt dwong cong trong hé toa dé cuc

A
Hé toa d¢ cuc ¥
Trong mat phang chon mét diém y M
O c6 dinh, goi la cuc va moét vecto [ '
don vi OP, tia mang vecto OP goi r
1a truc cuc ; hé toa dé xic dinh bai ki .
cuc va truc cuc dugc goi la hé toa do of P X X

cyc (h‘mh 5123) Hinh 5.12a

Vi tri ciia mbi diém M trong mat phiang dugc xic dinh bédi vecto
OM, nghia la x4c dinh b&i géc ¢:=(OP,OM) va r=I10OMI ; ¢
duoc goi la géc c1_‘tc va r dugc goi 1a bdn kinh cuc. G6c @ 1a mét géc
dinh huéng, 14y gié tri duong néu chiéu quay OP dén trung véi OM
nguoc chiéu kim dong hé va 14y gia tri &m néu nguoc lai. Neu 0 < ¢ < 2n
vir >0 ; cap s6 cé thit tu (r, @) duoc goi 1a céc toa do cuc cha diém
M trong mit phing. Bing cich x4y dung nhu thé, ta da thiét 1ap mot
song 4nh giita tap tich Décic [0, 2n) x [0, ) va c4c diém trong mat
phing toa d6 cuc : mbi diém M trong mat phéang ng v6i mot cap s6
thit tu (r, @) ; riéng diém O thi r = 0 con ¢ c6 thé 14y tuy y ; va méi

cap s6 thit tu (r, @) iing v6i mot diém M ciia mat phang.

Bay gid ta tim m6i lién hé giita toa do Pécédc vudng géc va toa do
cuc cia cing mot diém M ; ta 1ay truc hoanh tring véi truc cuc va

truc tung ing vdi tia @ =§ ; 20i (X, y) va (r, 9) l4n luot 1a toa d6 cua

cing mét diém M trong hé toa d6 Décic vuong géc va hé toa d6 cuc -
(hinh 5.12). Khi dé, theo cic dinh li vé phép chi€u vudng géc ta c6 :
{x =rcosQ

(5.22) )
y =rsin@Q

0<op<2m;r=>0.

Ngugc lai, tacé :

(5.23) Exik yz D 5 4
X



Trong cong thic (5.23) ¢6 hai géc @ tuong tng (viO <0 <27 ta
s€ lay géc @ sao cho sing cung diu véi y vi y = rsin@.
* Thi du.
Biéu thic qua hé toa d6 cuc cua diém M(-V3.1). Ta cé
1 Sn lin 2 28 5n
r=v3+1=2tgop=——F;0=— va 9=—— ; chi 12 =— i
iy Ve ¢ 6 o 6 ye 6
e . 5
sin%{ >0, do d6 toa d6 cuc cua diém (—\/3, 1) 1a (2, ?n) .

Chii thich. (*) _ 4

Nhiéu khi, chang han khi vé duong cong trong hé toa dé cuc, ngudi
ta thuong ding toa do cuc suy rong, theo dé ban kinh cuc r c6 thé 14y
gid tri am, géc cuc @ duge xac dinh sai khdc 2kn v4i k nguyén. Trén
hinh 5.12b, céc diém (r, @) va (-, @) nim trén cing mot dudng thing,

cung cich O khoang cédch

g 2 . g P2 (p+ﬂ (r'¢)
Ir|, nhung & hai hudng ? .
khic nhau. Cic toa dg ) X

X
(-1, @) va (r, ¢ + m) biéu
dién cung mét diém. (r. o) Hinh §.12b

* Plucong trinh ditcong cong trong hé toa dé citc.

Cho ham s6 r = f(¢), d6 thi ham s6 nay trong hé toa do cuc duge
goi la dwong cong trong hé tou do cuwc va phuong trinh r = f(¢) duogc
goi la phicong trinh duwong cong trong hé toa dé cuc.

*Thi du

(a) Phuong trinh r = a, a > 0 1a
phuong trinh duong tron tam O bén
kinh a trong hé toa do cuc.

o) a X
(b) Phuong trinh r = 2acosgp, a > 0
la phuong trinh dueng-tron-c6-tam-la
diém (a, 0) trong hétoa dé Béciuyi
c6 ban kinh bang a (hinh 5.13). Hinh §.13
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Khao sat duong cong trong hé toa do cuc

Gia sir cho ham s6 r = f(@) ; muén khao sit va vé do thi ham s6
nay, ta thuc hién cdc budc :

(1) Tim mién xdc dinh cia f(@).

(2) Xé4c dinh mot s6 diém dic biét cha do thi.

(3) Lap bang bié€n thién, xét su bién thién cua f(p) theo .

Pé vé dé thi dugc chinh xac hon, Ay
ta thuong xdc dinh ti€p tuyén véi
dudng cong tai méi diém M ciia né.

Goi V la géc duong giita vecto OM

va vectd chi phuong cua ti€p tuyén véi v
dé thi tai diém M (hinh 5.14) ; goi o la v
géc duong giita truc cyc va ti€p tuyén, G -
tacoV=o-0. 0 \ £
Do d6 tgV = lga (g9 Hinh 5.14
1 +tgatg®

Mt khic, theo y nghia hinh hoc cia dao ham co:

fo =d_y _ r:sincp + rcc.>scp
dx r'cos@-rsing®

, ., dr
trong d6 r':= o
¢

Theé gid tri tga vao biéu thic cia tgV, ta duge
(5.24) gV =—
r

® Thi du.
(a) V& dudmg [Xoan 0c 10garit co phuoHg trimh

r=aeb(p, apOsb>0
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Trong truong hop nay r duoc xic dinh véi moi o, khi ¢ tang r
cingtang, =0;r=a; @ - 4o, r > 40 ; @ > —0, r = 0 va lic
dé dudng cong quin vé han quanh cuc O : O dugc goi la diém tiém
can cua duong cong. Theo cong thirc (5.24) c6 :

th=—r;=l
a

r

Do d6 vecto chi phuong cua ti€p tuyén véi duong cong luén igo
véi OM mot géc khong déi (hinh 5.15 (a)).

(b) V& duong hoa héng ba cianh cé phuong trinh

r=asin3¢p,a>0
3 day r 1a mot ham s6 tudn hoan véi chu ki 2?1‘, vi th€ chi cdn
khéo sat ham s6 nay trong moét khoang c6 dé dai bing chu ki, ching

han, khoang [—g, g] ; hon nita r 1a ham 1€, do vay chi cdn khao sit

trong khoang [O, g]

Tacé r' =3acos3o

T

r=0khi o=—

*"%
r 1

tgV=—=—tg3¢

r 3

Duéi day cho bang bién thién cua r theo ¢ :

T L

0 i =

? 6 3
r 3a + 0 - —3a

0 0

tgV 0 ) 0

186



D6 thi ing véi khoang [O, g} gébm mot canh, dng véi chu ki

[—g, g] gém hai cianh d6i xiing nhau, 14n lugt cho d6 thi quay céc
. 2 o g1 i
géc 3 quanh cuc s€ c6 toan bo do thi (hinh 5.15 (b))
y“

a) b)
Hinh 5.15

5.2.7. Gidi phuong trinh f(x) = 0 theo phuong phdp Newton

Bai todn giai phuong trinh f(x) = 0 12 mot bai todn c6 nhiéu y
nghia vé 1i thuyét ciing nhu ng dung. Cho dén nay chiing ta chi xay
dung dugc cong thitc tim nghiém cta phuong trinh d6 cho truong hop
f(x) 1a céc da thirc c6 bac 1, 2 ; truong hop f(x) 1a da thic c6 bac 3, 4
tuy cé thé x4y dung dugc cong thic nhung viéc tinh todn rat phic
tap, ngudi ta di chitng minh duoc (trong gido trinh dai s6) véi da
thitc c6 bac cao hon bén thi khong cé cong thirc tim nghiém ; trudng
hop f(x) 1a cdc ham lwgng gidc co bdn (sinx, cosx, tgx) ta ciing di c6
cong thitc tim nghiém. Khi f(x) 1a m6t ham s6 khong phai thudc loai
da néi trén thi viéc gidi phuong trinh f(x) = 0 duoc thuc hién theo
huéng tim mot day s6 thue (thes nighia 4n, xem 1.3.9 chuong 1)

{x,}, n € N sao cho' {x;} hoiitu d€n'nghiémr thuc a cha phuong trinh
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f(x) =70. Trudc kia, khi nghién ciu tinh chit cua ham s6 lién tuc
ching ta da gidi thiéu mot phuong phip, goi 12 phuong phap phan doi
dé xay dung ddy {x,}, bay git ching ta sé dung tinh chit kha vi va
dac biét, cdc dinh i trung binh dé xay dung mot phuong phip xay
dung day {x,} héi tu dén nghiém thuc a ; dé la phuong phédp
Newton. Trude hét. ta chiing minh ménh dé :

Ménh dé 5.2.

Gid sit ham s6 f(x) xdc dinh, lién tuc trén [a, b], khd vi trén (a, b),
ngoai ra gid su fla)f(h) < 0 va f(x) khéng déi ddu trén (a, b) ; khi dé,
ton tai duy nhdt mot nghiém a cia phuong trinh f(x) =0, a < a < b.

Chieng minh.
Viéc ton tai nghiém a : f(a) = 0 1a hé qua 3.1 cua dinh 1i 3.7 va,

tinh duy nhat cia nghiém o 1a hé qua cia tinh don diéu (vi f '(x)
khéng déi dau) cua f(x). B

Bay gid ta xét phuong trinh f(a) = 0 va gia sir ham s6 f(x) thod
gid thiét cha ménh dé trén, ngudi ra gia st f c6 dao ham c4p hai f '(x)

trong (a, b). Ta 1dy mot di€m x, tuy y, x, € (a, b) ; vGi gia thiét trén,
c6 thé khai trién Taylor ham s6 f tai x, va c6

|
f(X) = f(Xo) + (X = X0 ) '(Xg) + ~(x- xo)2f"(c)
véi c & giita x, va x.
Thé f(x) vao phuong trinh f(x) = 0, duoc
(5.25) f(xo) + (X = x0 ) '(x) + l(x - Xo )2f"(c) =0

Nhu thé, nghiém cia phuong tnnh trén ciing chinh la nghiém cua
phuong trinh nguyén thuy f(x) = 0. Bay gio ta xay dung thu tuc tim

day {x,} hoi tu dén nghiém a bang cich bé qua s6 hang binh phuong
trong phuong trinh.(5.25).ta.duoc.:

(5.26) f(x,) =X x ) =0
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Lam nhu thé tic 1a ching ta da thay phuong trinh f(x) = 0 boi
phuong trinh don gian hon rat nhiéu vi bao gid ciing c6 thé viét trong
minh nghiém (vi 1a phuong trinh b4c nhit) d6i véi an x. Goi x; la
nghiém cua (5.26) ta c6 ngay :

N f(xy)
f'(xy)

1 = Xo

Tit x;, c6 thé tim mot cdch tuong tu Xy, X3,... va mot cach téng quit :

Xy =K _ fpy)
(5.27) "I k)

véi x,, chon trudc, x, €(a, b)

Tém lai, véi cong thirc (5.27) ta dd c6 mot day {x,} véi x, € (a, b).
Néu {x,} hoi tu thi lim x, nhét thiét s&€ la a, 1a nghiém cua phuong
trinh nguyén thuy. That vay, gia xir x, — ¢, chuyén qua gigi han hé

thic (5.27) va dé y lim f(x,) = f(lim x,,) (do tinh lién tuc cta f(x)),
suy ra f(c) = 0. Mat khdc phuong trinh f(x) = 0 ¢6 duy nhét nghiém
o€ (a,b);dodéoc=a.

Nhdn xét.
 Xét phuong trinh (2.25) ; né€u chon x, trung véi a (nghiém clia
phuong trinh) thi (5.25) nghiém ding, do d6 x, cang gin a thi s6

hang bi bo qua : %(x —%Xg )2f"(c) cang bé, nghia la viéc x4p xi (5.25)

boi (5.26) cang it sai. N6i khac di, x,, cang gin nghiém o thi téc do
héi ty cha {x,} vé o cang nhanh : viéc chon gid tri xuat phét x,, c6
anh huéng quyét dinh dén su hoi tu ciua diy (x,} trong tha tuc
Newton. Ngudi ta ching minh dugc ring néu f '(x), f "(x) lién tuc va
khéng déi ddu trong (a, b) thi day {x.} hoi tu vé a va chon x, sao
cho f(x,) cung dau vaif (x).: néuf| (). fix)x O thi {x,} don diéu
tang va néu f '(x).f"(xX)>0thiday (x4} domdieu giam.
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* Bay gio xét phuong trinh

f(x) = f(x,) + (x —

Phuong trinh nay chinh 1a phuong
trinh ti€p tuyén tai x, véi d6 thi clia
ham s6 f(x), do d6, vé mat hinh hoc ;
Xy chinh 1a hoanh dé cia giao diém
ti€p tuyén véi truc hoanh (h. 5.16).
Nhu thé, phuong phap Newton chinh
la phuong phdp thay viéc tim giao
diém cha cung AB clia d6 thi cuia f(x)
Vv6i truc hoanh boi viéc tim mot day
giao diém cia mot "ddy" ti€p tuyén
clia cung AB véi truc hoanh, vi th€
ngudi ta con goi phuong phap
Newton 1a phuong phdp ti€p tuyén.

* Thi du.

xo)f '(Xo)

Hinh 5.16

Tim nghiém duong cua phuong trinh x>~2=0.Tacé f(x) = x> -2 ;
f'x)=2x>0khix>0;f"(x)=2,f(2) = 22 —2>0, f(2) cung ddu f "(x),
f'(x).f "(x) > 0 khi x > 0 ; do d6 day {x,} don diéu giam dén nghiém
a=+/2 (nhu da biét). Chon x,, = 2 va diing cong thifc (5.27) duoc

X1 = 1,5

Xy = 1,417

x3 = 1,41421
2

Xy S Xp Xp-1=2)
2xp-1

Nhu d biét 2 = k414213562.,. pén fa-thiy 13 ddy xdp xi nghiem

{x,} héi tu kha nhanh dén nghiém 00y
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TOM TAT CHUONG 5

e Cdc dinh li vé gid‘ tri trung binh

Dinh li Fermat :

Cho ham s6 f(x) xadc dinh lién tuc trong khoang déng [a, b], khi d6
néu f(x) dat cuc tri tai c € (a, b) va néu f(x) kha vi tai ¢ thi f '(c) = 0.

Dinh 1i Rolle :

Cho ham s6 f(x) xac dinh lién tuc trong khoang déng [a, b] va kha

vi trong khoang ma& (a, b) ; khi d6, néu f(a) = f(b) thi tén tai ¢ € (a, b)
sao cho f'(c) = 0.

Dinh 1i Lagranée !
Cho ham s6 f(x) xdc dinh lién tuc trong khoang déng [a, b], kha vi
trong khoang mé (a, b) ; khi d6 t6n tai mot diém c € (a, b) sao cho
f(b)-f(a)
b-a
Dinh Ii Cauchy :
Cho f(x) va g(x) la hai ham s6 thoa man gia thié€t dinh 1i Lagrange,

ngoai ra, gia st g'(x) # 0 véi moi x € (a, b), khi d6 t6n tai c & giita a
va b sao cho

=f'(c) hay la f(b) — f(a) = f'(c)(b — a)

f(b) —f(a) _ f'(c)
gb)-g(a) g'(c)

Cong thitc Taylor (md rong dinh li Lagrangé) :

Néu ham s6 f(x) xdc dinh lién tuc trong khoang déng [a, b], kha
vi dén (n + 1) l4n trong khoang ma (a, b) thi véi batkic € (a, b), cé :

f(x)=f(c)+ fll(‘c)(x -c)+ f“z(‘c)(x —c)2 +o+
(n) (n+1) =
+f (C. (X —C)n T f (C)(X —C)n+]
il (e 1)!

véi T & giita x vac.
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Dic biet khic=0:

! " (n) ' (n+h g
f(X)=f(0)+f—:?2x+f (0)x2+___+f (0) n+f ( X)xn+l

2 o T T

voi0<B< 1.
Mot s6 cong thitc thuong dung :

(1+x)™ =1+Ex+—————m(m_l)x2 +
1! 2!

+m(m_'l)|(::1—k+l)xk +o.+x™,

m nguyén duong.

m o mm-1) ;5

m _ -
(I-x)" =1 = T .+
g O ])"l;('m “kHD k=D,
m nguyén duong.
L x4 %2 o 4 (=D X" 4 (=) L et
(1+x) (1+0x)™!
0<06<1
—=l+x+x2+...+x"+—l—-x"+l, 0<06<1
1-x (1+6x)"*!
x? x" 1 1 e

ln(l+x)=x——+...+(—|)“"——+(—l)" ; X
2 n n+l (]+ex)n+l

0<0<1

) n
1n(1—x)=—x—§——...—-x——— 1 . l x"1 0<0<1
2 n  n+l e +0x)"!
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2 n 0x

S UL ¢ L —
HRNE n! (n+D!
. A 2n-1 2n
: . . -1 X n .
sinx=x——+—+...+(-)" ———+(-1 5in Ox,
TR T P TR T i
0<06<1
2 o x2n | 2n+l
cosx =l ——+—+ ..+ (- —+(-D"" ox.
2' 4| ( ) (2[])' ( ) (2n+l)!COS X
0<6<l1
(1+x)m:IJ,QHOL_(O‘_—ﬁxz+__.+0t(oa—1)..1.(('01—k+1)xk+
bk o —=1)...(a-n+1) 4 xo(x)

n!
o Ung dung cdc dinh Ii vé gid tri trung binh
Pinh li De L' Hospital :
Gia st c4c ham s6 f(x), g(x) kha vi tai lan can a (a hitu han), f(a) = g(a) =0
va g'(x) # O tai 1an cén a, khi d6

Néu lim £ A i tim 12 2 A

X—a g'(x) Xx—a g(x)

Khi x = oo, dinh 1i vin ding.
Khi lim f(x) = lim g(x), dinh Ii vin ding.

X—ra X—»0
Diing dinh 1i De L' Hospital ¢ thé khir duoc cic dang vo dinh.
Khdo sdt sut bién thién ctia ham 6.
Dinh li :

Cho f(x) 1a m6t ham s6 xéc dinh lién tuc trong khoing déng [a, bl,
kha vi trong khoang mda(a, b) ; khi do

f(x) tang (giam) trong [a. b] < fi(x) 20U (x) <0), x € (a, b).
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Tim cuc tri cua ham sé' :

Cho f(x), x4c dinh lién tuc trong [a, b] ; kha vi trong (a, b) (c6 thé
trir ra moét s6 hitu han diém), gia sir ¢ 1a mot diém thoa a < c < b (c6
thé tai x = ¢ ham f(x) khong kha vi). Khi d6 :

Néu khi x vuot qua ¢ ma f '(x) déi ddu tir duong (am), sang am
(duong) thi f(x) dat cuc tri tai x = c.

Téng quét hon : _
Gia sir f(x) c6 dao ham lién tuc dén c4p n tai 1an can diém x =c ;
gidsit: f'@©)=f")=...=f" Pc)=0; fVc)=0
Khi d6, néu :
(1) n chan thi f(x) dat cuc tri tai x = c va
x = ¢ 1a diém cuc dai n€u f(n)(c) <0
x = c 1a diém cuc tiéu néu f(n)(c) >0
(2) n 1é thi f(x) khéng dat cuc tri tai x = c.
Ham loi :
Ham s6 f(x) xdc dinh trong [a, b] dugc goi 1a 16i trong [a, b] néu
véi moi t € [0, 1] luén cé b4t ding thic 16i sau :
tf(a) + (1 — t)f(b) > f(ta + (1 — t)b)
Nguoc lai, mét ham s6 f(x) dugc goi 1a 16m trong [a, b] néu véi
moit € [0, 1] luén cé
tfa) + (1 — )f(b) < f(ta + (1 — t)b)
Pinh i :
Cho ham s6 f(x) xac dinh lién tuc trong [a, b], gia sir f(x) c6 dao
ham cép hai f'(x), x € (a, b).
"~ Khidé:
Néu f'(x) > 0 (< 0) thi f(x) 16i (16m).trong.[a, b].
Mot diém I(c, f(e))-elia d6.thilcial iand K6 fix) duoc goi 1a diém uén
cta d6 thi néu dao ham cdp hai '(x).d6i ddw khi qua gia tri x = c.
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* So dé khdo sdt ham sé'y = f(x)

Thuong khao sat ham s6 theo trinh tu duéi day :

— Mién xéc dinh cua f(x) ;

— Chiéu bién thién : tim khoang tang giam ;

— Cuc tri (néu co) ;

— Tinh 16i 16m (n€u cén thiét), diém u6n (né€u co) ;
— Tiém can (néu co) ;

- Bang bién thién ;

— VE d6 thi.

Khdo sat duong cong cho dudi dang tham s6

C6 thé khao sit mot dudng cong cho duéi dang tham s6 theo trinh
tr dudi day :

— Mién xéc dinh, cic diém gidn doan clia cdc ham s6 x = x(t), y = y(t).
Xét c4c tinh chAt chin, 1é, tudn hoan, chu ki (néu cé)

— Xét d4u x'(t), y'(t) dé xét chiéu bién thién cia x, y theo t
— Tim céc tiém cén ctia dudng cong (néu cb) :

Néu lim y(t) =00 va lim x(t)=a thi c6 tiém can ding x = a (t, c6

tt, t-t,
thé 12 +o0).
Néu lim x(t)=zo va lim y(t)=b thi c6 tiém can ngang y = b.
t-t, -t

Néu lim x(t) va lim y(t) cing la v6 cung thi duong cong c6 thé
-t t—t,

c6 tiém can xién, cu thé néu déng thdi tén tai cic giéi han

k=lim 2, b= lim (y —kx) thi tiém cn xién 12 y = kx + b.
11, X t—t,
— Tim céc diém dic biét cha dudng cong (néu cd) va tiép tuyén
ctia dudng cong tai cac diém dic biét, hé s6 goc cia tiép tuyén duge
d ]
tinh theo c6ng thic b = y_,_
dx - x';
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— Bang bién thién va dé thj
Khdo sdt dicong cong trong hé toa do circ

Cong thirc lién hé gilra toa d6 Décac va toa do cuc

X =rcos@ 4
. ,020<2r,r20
y =rsin@ " M
r=\/ 2+y2,tg(p=1 va chon ¢ r
X
: 5 - bk P &
sao cho sing cung dau vdi y. ol P -
Cac budc khao sat ham s6 f = f(o) : Hinh 5.17

— Mién xdc dinh cua f(9) ;
— Xdc dinh mét s6 diém dac biét cha dé thi ;
— Bang bién thién (xét su bién thién cua f(¢) theo 9).

* Gidi phuong trinh f(x) = 0 theo phwong phdap ldp Newton
(phiwong phdp tiép tuyén) :

Néu ham s6 f(x) xdc dinh lién tuc trong [a, b], kha vi trong (a, b),
ngoai ra néu f(a)f(b) < 0 va f '(x) khong déi d4u trong (a, b), khi dé
t6n tai duy nhat mot nghiém x = a cua phuong trinh f(x) = 0.

Thu tuc 1ap dudi day (lap Newton) cho cidch tim nghiém xdp xi
nghitmx=a:

Chon x, € (a, b), tinh x|, X5, ..., X, ... theo cong thic

_ f(xn—] )

Xn =X
" f'(Xp)

n-1

Néu f '(x), f "(x) lién tuc, khong déi dau trong (a, b) thi {x,} hoi t
vé a va chon x, §a0 cho f(X,) cing dau vai f (X) | néu f '(x)f “(x) <0

(> 0) thi {x,} don diéutang(giam).
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BAI TAP

1. Xét xem dinh li Rolle cé d4p dung dugc cho ham s6

f(x) = (x — 1)(x — 2)(x — 3) khong ?

2. Ham s6 f(x) =1 —\/3 x? triét tiéu khi x; = =1 va x5 = 1, nhung
f'(x) # 0 véi |x| < 1 ; diéu d6 c6 mau thuan véi dinh 1i Rolle khong ?

3. Chirng minh rang n€u moi nghiém cua da thic

P.(x)=as+ajx+...+ anxn (a, #0)

véia, € R, k=0, n) I thuc thi cdc dao ham P (x), P "y(x), .., P" ™V (x)
ciing chi c6 nghiém thuc.

4. Tim trén dudng cong y = x> mot diém c6 tiép tuyén tai d6 song
song v6i day cung n6i hai diém A(-1, —1) va B(2, 8).

5. Ching minh ring trong khoang hai nghiém thuc cla phuong
trinh f(x) = 0 cé it nhat mo6t nghiém cua phuong trinh f '(x) = 0.

6. Ching minh ring phuong trinh x" + px + q = 0, n nguyén
duong khéng thé c¢6 qué 2 nghiém thuc phan biét néu n chan, khong
qué ba nghiém thuc phan biét néu n lé.

7. Giai thich tai sao cong thic Cauchy khéng 4p dung dugc doi
v6i cdc ham s6 :

f(x):=x2;g(x):='x3,—l <x< 1.
8. Chitng minh céc bét dang thic :
1. |sinx — siny| < |x = y],
2. |arctga — arctgb| < |a - b|,

a-b
a

3. _b;0<b<a.

ala
<ln—<
b
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9. 1. Cho f, g, h 1a ba ham s6 lién tuc trén [a, b] va kha vi trén (a, b).
Véi x € [a, b] ; dat :
f(x), f(a) f(b)
F(x):=|g(x) ga) g(b)
h{(x) h(a) h(b)

(i) Ching minh ring tén tai c € (a, b) sao cho F'(c) = 0.

(ii) Ching to rang v&i cich chon g va h thich hgp thi tir (i) c6 thé
suy ra dinh i Lagrange.

(iii) Ching to rang véi céch chon h thich hop thi tir (i) cé thé suy
ra dinh i Cauchy.

2. Cho f 1a m6t ham s6 lién tuc trén [a, b], kha vi trén (a, b) va
f(a) = f(b) = 0. Chiing minh ring véi moi a € R, t6n tai mét diém
c € (a, b) sao cho f '(c) = af(c).

3. Cho f 1a m6t ham s6 kha vi trén [a, b] va d 12 mét s6 thuc & giita
f'(a) va f '(b). Chiing minh rang tén tai ¢ € (a, b) sao cho f '(c) =d.

10. Tim céc gi6i han

X _1.X
1 Tim (Yx+vx+dx =vx), 2. lim 22

X—>+00 x—0 X

- 1
eX —cos— !
i fm——ouo2X 4. lim (1 +atg?x)*sinx 220

x—>ool_ ’l—iz | x—0
X

11. Xédc dinh a, b sao cho biéu thitc sau day c6 gi6i han hiru han
khix —> 0:
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12. Cho f 1a mét ham s6 thuc kha vi trén [a, b] va c¢6 dao ham f "(x)
trén (a, b), chiing minh rang Vx € (a, b) c6 thé tim duogc it nhat mot
diém c € (a, b) sao cho

f(X) _ f(a) _ f(bl: - f(a) (X _ a) _ (x - a)(x -b)

. > f"(c)

13. Cho f(x) = x]O - 3x6 + x2 + 2, tim ba s6 hang diu tién cua

khai trién Taylor tai X, = 1, 4p dung dé tinh f(1,03).
14. cho f(x) : = x8—2x7 +5x% —x+2 ; tim ba s6 hang ddu tién

cta khai trién Taylor tai x, =2, dp dung dé tinh x4p xi f(2,02) va
£(1,97).

15. Tim x4p xi cdc gia tri sau va danh gid sai s6 :
1. cos10°, 2.1n(1,5)

16. Khao sat tinh don diéu cidc ham s6

1.y=x3+x, 2.y = arctgx — x

17. Tim cyc tri cic ham s6 :

2
Ly=2x3-3x2, 2, y=i"_zﬂ,

x“+x+1
3.y= xVx2 -2, 4.y=x-In(l +x),
5, y= 1+3x

_\/4+x2‘

18. Khao sat va vé d6 thi cdc ham s6 :

l.y=2 . 2.y=\lx3——x2—x+1,

4
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4
X +8 X -2
3y= 2 > 4.y:: ’
X +1 xZ +1
5 L™ 6.y=1-x+ 3
& = ’ 3 = - X
d \/; S Xx+3

19. Khao sdt va vé d6 thi cic ham sé :
l.r=a + bcoso (0O<a<b),
a

> 0).
Jcos3p )

20. Dung phuong phap Newton tinh gin diing nghiém cic phuong
trinh sau véi sai s6 tuyét déi khong qua 1075 :

2. r=

I.xz—sinnx=0, 2.2]gx——;—+1=0, 3.|gx—L,=O.

2
PAP SO VA GOI Y
2. Tai x = 0 khong tén tai dao ham.
4. A(-1,-1),C(1, 1)
9. 1. (ii) Chon g(x) = x ; h(x) = 1 ; (iii) Chon h(x) = 1.
2. Xét ham s6 g(x) = e"**f(x) véi moi x € [a, b}
3. Xét ham s6 g(x) = d(x — a) — f(x)

l+L

10. 1 \x+vxsIn —Jx = N
\]HLH_[X_H 2
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2. ax =mea =1+ xlna +0(X),
a®* =b* 1+xIlna—1-xlInb a
~ - In— ;
X X
3 el/X 1+1+L+0(L2] :
X 2x- X
l-—l——l——l—+o(lj ;gidi hanla» ; 4. e*
x? 2x? x2/) ' T
ll.a=0;b=l
2
12. bat ¢(x) := f(x) - f(a) — ﬂbb)_‘f@(x_a)_(X—a)z(x —b)k ;
-a

A € R. Cho x, €(a, b), dinh nghia A sao cho ¢(x,)=0, suy ra
0(x,) =0(a)=@(b) =0 va suy ra @(x) thoa gia thié€t dinh Ii Rolle,
suy ra ton tai c; €(a, X,):0'(c;)=0 ; twong tu ton tai ¢, (x4, b)
sao cho ¢'(cy)=0. Vi

f(b) —f(a) _x(x_a+bj’

) = £1(x)
0'(x)=f'(x) 5

—a
f c6 dao ham f' nén @ ciing c6 dao ham ¢", lai ap dung dinh Ii

Rolle cho [cy, ¢5], suy ra 3c € (a, b) thoa yéu cdu.

13.0,821.

14. 342,399 ; 288,873.
15. 1.0,985,5<0,001; 2.0,42,5<0,01.
17. 1L ycp=y(0)=0; ycr=y()=-1;
8
2. Ymax =Y =4 ypin =¥(=2) = 3
3. Khong eo cuc iri; 4. v o0 = y(O) =0.
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18. 1. DSi xing d6i v6i Oy ; y =0 khi x =+v2 : Ymax =¥(0)=2 ;
Y min z)’(im)= 1 —g ;diémubn tai x;, =+0,77, y1,=1,04;
X34 =12,67, y34=-0,010 ;tiémcany=0;

2. yer=y(D=0 ; ycp =y[—%) =§2/Z diém uén tai : x = -1,

; 1
y=0;tl¢mcany=x_§ :

3. ycr -_—y(2)=2-§-, yCszy(—2,4)=—3,2 ;diémubnx=0;y=8;

titmcanx =-1;y=x.

= 3+v41
4. Yonin =¥(=0,5)=—/5 ; diém uén x; = - ;/_ y1 =-2,06;
xz:‘/“_:;‘:‘, y2 =-1,46 ; tién can y = —1 khi x -» —o ; y = 1 khi
X = 40 ;

: 1) 3 . 3
5. Mién xéc dinh : x > 0, ymin =y(5) =5\/§ ; tiém can y=x+5

vax=0;

5
6. ycp =y(0)=1, yecr =y(-4)=13 ; tiém can y=—2x+5 va

Y=—5-

19. 1. Mién xéc dinh : r > 0, |p|<a ; a:= arccos(—%) ; duong
cong kin, d6i xing qua truc cuc, ry,, =r(0)=a+b ;

2. Mién xic dinh || <% va §<|(p| <%1|:, chu ki 2= ;
Tmin =1(0)=a= r(iz?n) ;tiém can (pztg, o=t— ; og=%+—.

20. 1. 0,75983 {2.0,39754 ; 3. ],89665.
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Chuong 6
NGUYEN HAM VA TiCH PHAN BAT BINH

6.1. Tich phan bat dinh. Cac thi du don gian

Trong chuong truéc ching ta di biét ring néu mot ham sé f(x)
kha vi trong khoang (a, b) thi c6 dao ham trong (a, b) va n€u cho mot
ham s6 f(x) (kha vi) thi ta c6 thé tinh dugc dao ham f(x) clia né. Bay
gio ta dat bai todn ngugc lai, n€u cho trudc mot ham s6 f(x) xac dinh
trong khoang (a, b), hdi rang c6 chang mo6t ham s& F(x) kha vi trong
(a, b) va c6 dao ham F'(x) = f(x) hay dF(x) = f(x)dx, va néu cé F(x)
thi tim né ra sao ? Chuong nay nhim tra 15i cic cAu hoi dé.

Dinh nghia nguyén ham.

Cho ham s@ f(x) xdc dinh trong khodng md (a, b) ; néi ring ham s6
F(x) xdc dinh trong (a, b) 1a mét nguyén ham cua f(x) néu F(x) kha vi
trong (a, b) va F'(x) = f(x) hay dF(x) = f(x)dx, v4i moi x € (a, b).

Thi du.

x4 3 x* 3
(a) ) la nguyén ham cua x” véi moi x € R vi - =X",
x4 - x?
(b) T+10 la nguyén ham cia x~, véimoix € Rvi —4-

(c) —;—sin 5x la nguyén ham cua cosSx Wi ( sin5X | = cos5x.
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4
(d) XT+C la nguyén ham cua x", C 12 hing s6 bat ki va

I : 5o
gsme +D la nguyén ham cua cos5x, D la hing s6 bat ki vi :

X4 3 1 '
—+C| =x" va (—sinSx + D) =cosS5x
4 5

Dinh Ii sau day téng qudt hoé céc thi du trudc.

Dinh li 6.1.

Gid st F(x) khd vi trong (a, b) va F(x) la nguyén ham cua f(x) vai
moi x € (a, b). Khi doé :

(1) Véi moi hdang s6 C, F(x) + C ciing la nguyén ham cua f(x) véi
moi x € (a, h).

(2) Ngwoc lai, moi nguyén ham ciia f(x) véi moi x € (a, b) déu ¢é
dang F(x) + C.

Chitng minh.

(1) La hé qua tat nhién cua gia thi€t F(x) la nguyén ham cua f(x) ;
X € (a, b).

(2) Gia sir G(x) 1a moét nguyén ham nao dé cua f(x) ; x € (a, b).

Khi dé : G'(x) = f(x) va F'(x) = f(x) (gia thiét)

Suy ra G'(x) - F'(x) = f(x) - f(x) = 0, tic 1a

(G(x) —=F(x))" = O (tinh chat tuyén tinh cua dao ham)

Suy ra G(x)-Fx)=C

nghia la Gx)=Fx)+C. R

Tu dinh Ii trén ta thdy rang néu biét F(x) 12 m6t nguyén ham cia
f(x), x € (a, b), thi biét vo s6 nguyén ham khic cua f(x) va céc
nguyén ham d6 c6 dang F(x) + C véi C 1a hdng s6 tuy y ; ho vo s6
nguyén ham cua f(x) d6, x € (a,.b).dugc.goi la tich phan bdt dinh

cua f(x), x € (a, b) va ki hieu s jf(x)dx =Hx) + C.
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Ki hieu [ goi 1a ddu tich phan ; x goi 1a bién Idy tich phan ; f(x) 1
ham so'lay tich phan ; f(x)dx 1a biéu thite diei dd tich phdan.

Tro lai cdc thi du trén ta cé :

4
Ix3dx=x—-+C
4

j.cos5xdx = %sin 5x +C

Chii y.

Trong mot s6 trudong hop, nguoi ta can sir dung khdi niém nguyén
ham F(x) cua ham s6 f(x) trén khoang déng [a, b]. Khi d6 c¢6 nghia la :

* F(x) 1a nguyén ham cua f(x) ; x € (a, b) va
*F(a+0)=f(a); F(b-0)=1(b)
Bay gid néu mot s6 tinh chét don gian cua tich phan bat dinh.
Céc tinh chat don gian nhat
(1) Néu F(x) 1a mot nguyén ham cua f(x), x € (a, b) thi
J' kf(x)dx = k jf(x)dx v6i k 12 hing s6 khic 0.
(2) Néu F(x), G(x) 1an luot 1a nguyén ham cua f(x) va g(x), x € (a, b)
thi
I(Af(x) +Bg(x))dx = A If(x)dx +B Ig(x)dx =
= AF(x) + BG(x) + C
vé6i A, B 1a hai hing s6 tuy y.

Chiing ta bé qua cich ching minh cdc tinh chat nay vi qua don
gian (chi cin dung-dinh-nghia-tich-phén-bat-dinh)va luu y dén cic y
nghia : tinh chét (1 )6l rang c6hé [dia fBIGang s6 tuy ¥ ra ngoai
d4u tich phan ; tinh €hdt (2) néi rang cépthé tich tich phan cua téng
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thanh téng céc tich phan. Cic tinh chat nay dugc dung thuong xuyén
cung véi bang nguyén ham cic ham s6 thong dung dudi day dé tinh
cac tich phan.

Bang tich phan cac ham sé thong dung

Tir bang dao ham cic ham s6 théng dung ta suy ra bang tich phan,
goi la bang tich phan co ban

fodx=cC

'l.dx= Idx=x+C

a+l
r X
x%dx =

. a+l

+C, a#-1

.ldx = J.fll=ln|x|+C
X X

. d
lzdx=jx
“1+x 1+x

3 =arctgx +C

! dx = J‘d—x =arcsinx + C
'\ll—xz \ll-x2
. aX
a*dx=—+C ; |e*dx=e*+C
J Ina

sinxdx = —cosx + C

cosxdx =sinx + C

1 d
3 dx=j )2( =—cotgx +C
“sin” x sin“ x
1
dx=j Stgx ¥ C
cos X €Oos“x
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Trudc khi néu cic thi du 4p dung bang tich phan co ban, ta phat
biéu dinh 1i vé sy tén tai nguyén ham va sé ching minh dinh 1i &
phén tich phan xac dinh (dinh 1i 7.2 chuong 7).

Dinh 1i 6.2.

Moi ham s6 f(x) xdc dinh lién tuc trong khodng [a, b] ¢6 nguyén
ham trong khodng dé.

Muén tinh tich phan bat dinh cia mét ham s6 f(x) ta luén déi
sanh tich phan cén tinh véi cdc tich phan co ban, dé thuc hién cic
phép bi€n ddi thich hgp, dua tich phan cin tinh d6 vé dang tich phan
co ban réi 4p dung cong thic.

Thi du,
(a) Tinh I = _[(3 ~x2)3dx. Tacé:

(3-x%) =33 -332x2 +33x% —x6
=33 —33x2 +32x4 —x6.

Do d6 1= I(33 ~33x2 +32x% _x8)dx =
= j33dx - I33x2dx + '[32x4dx - J.x6dx
= 33 jdx —33 J.xzdx +32 j‘x"'dx - Ix6dx
=27x—9x3 +2x5 —lx7 +C.
5 7
x+1
(b) Tinh 1= I——dx ;tacéh:
Jx
1= j(x.x_llz +X-1/2)dx = J.xllzdx + Ix—llzdx
2
=§x X +2\/;+C

207



2

(¢) Tinh I=J. X ~dx ;tacd:
1 +x~

l+x2 1 1
I= I—zdx= I(l— 2)dx
1 +x

+x

= jdx—_‘. dx’ =x —arctgx +C
1+x~

: c 1
(d) Tinh 1= I(zx-lo)”dx  ta dé § ring —d(2x-10)=dx, do

vay, ta viét

1= I(2x ~10)"2 %d(Zx ~10) =% J'(zx ~10)'2d(2x - 10)

1 2x-10*+c
213

(e)'I‘l’nhI=J‘dx ;tachd: lzjd(x+a)=ln|x+a|+C
X+a (x +a)
(f)Tl'nhI=I—dx——;tac6:
(x+2)(x-1)
1 _(x+2)—(x-—l)_l[ 1 1 ]
(x+2)(x=1) 3(x+2)x-1) 3[x-1 x+2]
do dé : 1=J'1[ e }dx=llnx’l+c
3lx=-1 x+2 3 |x+2
(g)Tl’nhI=J- dx
] + cosx
Tacod: l+cosx=2c052%
X
a[2)
d
Jcos? = coszi 2
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(h) Tinh 1= [2X.

Sin X

Ta cd sinx = 2sin— ; cos— > , dodo:

[ zrosgdg) : Id[,ggj

. X X . X 2 X X
2sin—cos— sin—cos“ — g—
2 2 2 2 2
X
I =Injtg—|+C.
3
X2
(i) Tinh 1= J.———dx
(1-x)10

Dé y réng x2 =[1 —~(1=x)]* nén

l_.[[1 -1~ x)] J‘l-—2(l—x)+(l—-x)2dx
(- x)!%0

(1 _ X)IOO
1 1 1

= - + +C
99(1-x)" 49(1-x)"  97(1-x)"7

(k) Tinh 1= J'sin3xsin5x dx ;tacé
. . 1
sin3xsindx = -2-(cos 2x — cos 8x),

dodé: I=l J-(cos2x —cos8x)dx =~l-sin2x -——Lsin8x +C
2 4 16

dx
(/) Tinh 1=I ;
e +e*
ta c6 I jexdx I e aftEe”) +C
achd: = = =
PR S ()2
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3 dx ) .
(m) Tinh I= ,[2—2 ;taco:

a +X »

d(i
I= j_—d)_(__—=Lj dx =_1_j =larctg£+C
2\ 2

a
2 2 a a
a2{1+(£)J 2 1+(£) : 1+(—’£)
a a a
( 2)
dx ot D 2 2 X < e
(n) Tinh I = |———— ;taviét a° —x“ =a 1—(—) va di dén
-.-/aZ_x2 L a J

I= J‘———=arcsini+C
- 2 a
xo
a

(o) Tinh 1= j— . thuc hién tuong tu bai (f) di dén
a2 — X2

I= L[ 1 + ) }dx
2ala—-x a+x

1 jd(a—x)+ljd(a+x)= 1

LS PATE S imla TR

a+x 2a

a—x 2a

a—Xx

6.2. Phép ddi bién

Trong nhiéu trudng hgp, khi tinh If(x)dx ; n€u dé bién tich phan

12 x thi khong thdy dugc tich phan cén tinh d6 gin véi dang tich phan
co ban nao (dé c6 thé 4p dung dugc tich phan co ban), khi dé ta tim
cich déi sang bién mdi, dé hi vong véi bi€n méi thi tich phan cin
tinh gin véi tich phan co ban hon. Khéng cé mét quy tac cu thé nao
gidp ta thuc hién phép.déi-bién thich hop dugc, tuy nhién ciing cé thé

phét biéu mot cach téng quat vé quy ¥ac-cha phép dbi bién, dé 1a
ménh dé :
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o Ménh dé 6 1.

Néu hiét rang _[ g(t)dt = G(t) + C thi

Jawoow Godx = Gewea +.C

(trong dé cdc ham s6 g(t), w(x), w'(x) déu duoc gid thiét la nhitng
ham s6'lién tuc).

Quy tic trén 12 hé qua cha quy tic 14y vi phan mot ham s6 hop
(dinh 1i 4.2 chuong 4) :

%G(w(x» = G (WO)W'(x) = W)W (x)

vi G'(t) = g(®)
Mat khic, vi tinh bat bién cua vi phan (xem 4.2 chuong 4), ta ¢
dG(t) = g(t)dt

Bay gio, gia sir cén tinh tich phén If(x)dx

Trong nhiéu trudng hop, dé tién lgi, ta thudng thuc hién phép déi
bién t := w(x), va khi d6 biéu thitc dusi d4u tich phan tré thanh

f(x)dx = g(w(x))w'(x)dx
Vv6i hi vong rang jg(t)dt gin véi tich phan co ban nao dé. Khi dé6, theo

ménh dé trén, thay vi tinh I f(x)dx ta chi cén tinh j g(t)dt vacéd

j g(t)dt =G(t)+ C
Khi d6 tim duge-nguyén-ham-G(t);-chi-edn-thay-+bdi w(x) va ta cé :

J' T j' B(1)dt = GEwdx)) + C
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Thi du.

Trong tich phan I= jsin3 x cosxdx, ta dé y d(sinx) = cosxdx nén
dat t := sinx thi bi€u thic duéi dau tich phan trg thanh

sin® x cos xdx = sin® xd(sinx) = Cdt
1 . |
va J-t3dt =Zt4 +C;dovay I= .[s1n3 X cos xdx =z(smx)4 +C

* Chu y.

Trong mo6t s6 trudzg hop, ta lai thuc hién phép déi bién x = ¢(1)
va ta duoc

flp(e'(t)dt = g(t)dt,
va khi d6 biéu thirc duéi ddu tich phan f(x)dx lai trd thanh g(t)dt.
Sau ddy néu thém mot s6 thi du :

(a)‘Trc'r lai nhitng thi du & phéan trudc, ta thiy trong thi du (d), ta da
thuc hién phép déi bién t = 2x — 10 ; trong (e) la t = x + a ; trong (g) A

t=% ; trong (h) la t=tg% ;trong (i) lat=(1-x);trong (/) :t= el

X
trong(m): t=—, ...
a

(b) Tinh I= J.\/az - x2dx, vi muén khir can bac hai ta thuc hién
phép d6i bién x := asint (& day ta coi x bién thién tir —a dén a ; con't

- - . n ,. T & w . X g
bién thién tu ——2— dén 5 ; nghia la t =arcsin—) vacé :
a

3
Vva~© —x2 =acost ; dx = acost dt,

do dé

I=a2 J.cosz tdt =a’ J’(H—COS—Z—E) di = az{ll+lsin2t]+c
2 2 4
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,
o , a . 1 [2 >
Mat khac, Tsm2t=5asmt.acost=5x a” —x~

s
5 [ 1] a” . X
Cuéi cung : a® - x?dx =Ex\1a2 —x2 +—2—arcsm— +C

a

(c) Tinh lzj- = ;datt = Inx ; dl=d—X cé
xInx X

d
I= I—tt—=ln|t|+C:ln|lnx]+C

cosdx

l+sin2x

(d) Tinh 1= I ; dat t = sinx ; dt = cosxdx va

t
I=I i =arctgt +C =arctg(sinx)+C
1£t%

(€) Tinh 1= '[—2377
(x“ +a“)
Thuc hién phép d6i bién x = atgt (t bién thién tir _125 dén g -
nghia la t = arc tg—x-). Khi dé :
a
. 2
dx = ad; ; x2 +a? = az ;
cos~t cos~t
do dé6 : I=L3 cos® tdt=—1;(t+sintcost)+C (xem thi du (b)).
a 2a

. 2 ’ Y Y ] B s x P
Muén chuyén két qua vé bién x, ta luu y rang : t =arctg— va biéu
a

.3 . X S A , 2 2
dién sint va cost qua tgt =— roi thé vao két qua cual ; dugc :
a

.I' I = ] < ] tgX +C
= = . arcitg—
(xz +a2)2 232 x2 +a2 2a3 a
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(f) Tinh I= j\/—
Ta thuc hién phép d6i bi€n Euler : ¥x? + o =t —x ; 14y vi phan ca
hai v€ ta duoc :
d
R —dt—dx ;
X2 +Q

( x ) ,
kl+\/;Ta}dx=dt 4

\]x +o+X [2
dx =dt ; nhung x2+o+x=t
Vx? +a T

(do cach déi bién) nén ta c6 :

et e e

\JX2+(1 ’ \IX2+CX. _T

Do vay :

I—J. J' ln|t|+C=ln|x+\/x2+a|+C

6.3. Phuong phap tinh tich phan tirng phan
Gia sir u = f(x) va v = g(x) la hai ham s6 kha vi va ¢ dao ham u' =f'(x) ;
v' = g'(x) 1a hai ham s6 lién tuc. Khi d6 theo quy tic 14y vi phan cia

tich ta c6 : d(uv) = vdu + udv hay udv = d(uv) — vdu ; vi nguyén ham
cua d(uv) l1a uv nén ta suy ra:

(6.1) Iudv =uv-— Ivdu

Cong thitc (6.1) cho quy tic 14y tich phan timg phin, quy tic nay
chuyén viéc 14y tich phaii-cia biéu thic udy-= uv'dx vé tich phan cia
vdu = v.u'dx. Mudn ding quy tic 14y tich phan ting phdn c4n chi y
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hai diém : thu nhat, trong tich phan cén tinh : J-f(x)dx, nén tich biéu

thic f(x)dx thé nao dé f(x)dx cé dang udv ; thi hai, bat ké tach theo
kiéu gi thi tich phan biéu thic vdu ciing khong khé tim (néi chung,
phai dé tim) hon biéu thic f(x)dx ban dau.

Pham vi ing dung cla quy tac 14y tich phan titng phan han ché
hon quy tic déi bién. Tuy nhién, trong nhiing trudng hop khéng cé
co s& dé tién doan duge sé dung tich phan co ban nao thi ngudi ta
thuong nghi dén ding quy tic 14y tich phan tiung phin. Dac biét
nhitng loai tich phan sau day thudng ding quy tac nay :

ka In™ xdx, ka sin bxdx, jxk cos bxdx, J'xkeaxdx, V.V...
Thi du.

(a) Tinh I = Iln 2%,

Dé y ring d(lnx):—l—dx nén ta diat u = Inx ; dv = dx, khi dé :
X

du=ldx TV =X.
X

I= Ilnx dx =xInx— Idx:x(lnx—1)+C

(b) Tinh 1= [arctgxdx.

Pagfu = arctgx ; dv=dx vacod:
1

1+x

du=

2dx;v=x.

Do d6 :

xdx
I = xarctgx= I

1
5 =xarctgx——ln(x2 +1)+C
F+x 2 !
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(¢c) Tinh I = Ixcosxdx

Dat u=x; dv=cosxdx ; ¢6 : du = dx ; v = sinx va duoc :

I=xsinx - Isinxdxzxsinx+cosx+C
(d) Tinh I = Ixsinz xdx

2

Ding cong thic sin” x = —;-(l —cos2x), tacé :

=y ] I
I= j—z—x(l—c052x)dx—-ijxdx—-2— X cos 2xdx

! 2--1-1 s v6i T —-Ixcostdx
4 2

Dé tinh J ; ta thuc hién phép déi bién 2x = t, x =-;-t
di dén
1 fe .
=— Jt costdt =—[tsint + cost] + C
4 4
(xem thi du (c)), tirc la

I= %[szin 2x +cos2x]+C
Cu6i cung :

I—%x2 —§[2xsm2x +cos2x]+C

(e) Tinh I = Ix sinxdx. Ta c6 :

I= Ixzd(—-cos X)= ~x2 cosx — I(—cos x)d(xz) =

2

3 dx=ldt va
2

=—x“ €OSX +2Ixcosxdx ==X o5 X +2(xsinx + cosx)+C

(xem thi du (c)):
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(f) Tinh 1= Ieax cosbxdx va J= J-ea"sinbxdx ,baz0

Trong c4 hai tich phan ta dat dv=e*dx thi v= Lt
a

je"’x cosbxdx = -l-ea" cosbx + L Ieax sin bxdx
a a

: Ie“x sinbxdx = leax sinbx — ! Ieax cos bxdx
a a
I—EJ ==—l—eax cos bx
tirc 1a . ?
—I+J==e**sinbx
a a

Coi I, J 12 4n, tir hé hai phuong trinh trén suy ra
' ax
I= Ie"x cosbxdx = 5
a“+b

ax

J= |e** sinbxdx =
J‘ a2 4 b2

Chii y.

(bsinbx +acosbx)+C

(asinbx —bcosbx) +C

* Trong nhiéu trudng hop cu thé, tuy chi can tinh I nhung qua tich
phan timg phdn & trén ; lai gap J ; khi d6, lai ti€p tuc dung quy tic tich
phan timg phin dé tinh J nhung cich dat u va dv phéi nhit quén véi
cdch dit ban ddu, n€u khong sé roi vao vong ludn quén sé di dén he
thic tdm thudng 0 = 0(!). Cu thé & day, dé tinh J ; nhét thiét phai dat

1
dv=e®dx, v=—e*

a

; 1 b| 1 . ,
Ie‘”‘ cosbxdx = —e®* cosbx + —-\:-ea" sinbx — L Ie“x cos bxdx J

a alLa a
-~ beax. X
[=—¢ cosbx+—2-e smbx————z—l.
a a a

1 va u = sinbx ; du = becosbxdx va dugc :

-
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Chuyén vé, duoc :

2
b o
Ll ¥ —2}1 = —l-e:ax cosbx + Ledx sin bx
a a a2

tir d6, suy ra I nhu da tinh & trén.

* Néu dé y ring dao ham cic biéu thitc e** cosbx hoac e® sinbx

ciing cho lai dang e** (A cosbx + Bsinbx) thi ta c6 thé viét ~
Ieax cosbxdx =e®* (A cosbx + Bsinbx) + C

trong d6 A, B la hai hang s& sé xdc dinh ngay bay gid. That vay, ti
dinh nghia tich phan bat dinh ta c6 :

(|e** cosbxdx)' =(e** (A cosbx + Bsinbx) + C)'

tic 1a : e cosbx =e®*[(aA + bB)cosbx + (aB — bA)sinbx]

Bang céch can bang hé s6 cha cosbx va sinbx & ca hai v€ suy ra
aA+bB=1va-bA+aB=0.

a b
Suyra: A=——— va B=———
a® +b? a® + b2

(g) Tinh 1= Ix2e3xdx.

Di nhién & day, c6 thé diat u=x2, dv=e3*dx dé din dén tich
phan don gian hon Ixe3xdx r6i ti€p tuc tinh, nhung, dung nhan xét
vira néu trong thi du (f) ta cé thé viét :

I= Ix2e3xdx =e*(@ax? +bx+¢c)+C

Suyra:

x2e3* = (e3* (ak2 $BxFe) C' = % [3ax% + (3B + 2a)x + (b + 3¢)]
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Dung cich can bing hé s6 ca hai v€, duoc :

3a=1;a=% :3b+2a=0; b=—§ :b+3c=0;c=

‘:,"M

va cufi cung :

I= jx2e3xdx=c3 (lxz —zx+ 2 )+C
3 9 27

(h) Tinh 1= sz +Bdx ;BeR.

X +|3 _ dx X
\/___dx ﬁjm+jxmdx
=B1n|x+\/x2+B‘+ de( x2+[3)

(xem thi du (f) muc 6.2) va
[xdx +By=xyfx? + - [Jx? +B dx+C= xyx2 +B-1+C

Nhu vay I=B1n|x+\ﬁ(2 +B|+xe7+B—I+C
Chuyén vé, dugc

21=Binfx +yx? + B+ xyfx2 +B+C
=-;—[x\/x2 +|3+Blnlx+\/x2 +B‘:|+C

(k) Trong thi du cudi cling nay ching ta xay dung mot cong thic
truy chitng dé tinh tich phan

j NA g, ...

Tacé: I=

~ Cu6i cing
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1
Tadat u=———— vadv=dx vacéd

(x“ +a°)"
2nxdx
e Tl L
(x* +a= )™
Dung cong thirc (6.1) duoc :
I —+2n
= (x* +a )" ". 24ia )n+|
2
bat J: = I————ldx taco:
(x* 2 a2yt
I= (x +a2)—a2 _J~ dx 3 2.[ dx
(x2+a2)n+l (x2 +a2)n (x2+a2)n+|
=1, -azln+l
Thé J vao biéu thic cia I, duge :
e _2a2
I, = Zrady +2nl, —2a”nl,

Suy ra:
1 X +2n—l _l_I
2na’ (x2+a%)"  2n L2 "

I =

Tir hé thitc cudi cung nay ta két luan ring muén tinh I,,, phai
biét I, muén tinh I, phai biét I,_;, v.v... qué trinh d6 din dén I, :

dx 1 X .
I = Ixz a2 —Earctg;+C (thi du (m)).

Chang han, véi n = 2 ; ta ¢6 : (thi du (e))

1 X | X
I, = + arctg— + C.
J‘(xz +a )‘ 2a xF3% afs T2a2 a
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6.4. Tich phan cac phan thic hiru ti

Nhin lai qui trinh tinh tich phan moét ham s6 (qua céc thi du da
néu) chiing ta thiy ring muén tinh tich phan mot ham s6 phai dung
quy tic d6i bién hoac quy tic 14y tich phan ting phan dé dua tich
phan cdn tinh vé dang tich phan co ban dé ap dung cong thitc va khi
dung cic quy tic ldy tich phéan do, nhiéu hay it ching ta di dung
nhitng 'ki xao" dé dat muc dich mong mué6n. Bay gio, trong muc nay
chiing ta s& hoc cdch tinh tich phan cua mét 16p ham s6 dac biét : cic
phan thic hitu ti ; mu6n tinh tich phan cdc ham s6 thudc loai nay
khong doi hoi (it ra 12 vé nguyén tac) mot ki xdo nao ma chi cén tuan
theo mot s6 trinh tu, quy tac nhat dinh.

Truéc khi gi6i thiéu cu thé cach tinh tich phan cdc ham s6 dé
chiing ta luu y rang trong bai gidi thiéu cic ham s6 so cép co ban, va
cdc ham s8 so cdp, nghia 1a cic ham s6 c6 thé biéu dién qua mot s6
hitu han cdc ham s6 so cdp co ban va chiing ta cling thdy rang cic
ham s6 so cdp kha vi trong mién xé4c dinh ca né, hon nira, dao ham
ciia chiing ciing 1a cdc ham so cdp. Tuy nhién, nguyén ham ciia mot
ham s6 so c&p khong nhat thi€t 1a mot ham s6 so cdp, néi khéc di, c6
nhing ham s6 so cdp ma nguyén ham cua ching lai khong thé biéu
dién dugc qua mot s6 hitu han ham s6 so cdp co ban. Chéng han, cic
ham s6 sau day thuc su t6n tai nhung nguyén ham cua ching khong
phai 1a mot ham s6 so cdp :

J-e’xzdx, Isinxzdx, Icosxzdx, Ismxdx, :d—’-(-

X Inx
Ixm(a+bx")pdx véi a, b € R, véi p, m+1’ skl +p khéng
n n

phai 1a nhitng s6 nguyén.

x .

e sinx Cos X o .

I;l—dx, I X dx, I o dx véi n nguyén.
Biy gid ching ta xét mot phan thic hiru ti nghia la mot ham s

R(x) c6 dang :

P(x) by +bix+..+b;x™

Q6X)  aq h X e tRnX |

R(x)=

v6i a;, b; € Rva wyiby, #0.

221



Néu m < n thi R(x) dugc goi 1a phdn thitc thuc su.
Né&u m > n thi R(x) dugc goi 1a phan thiic khong thuc su.

Neéu R(x) khong la phan thic thuc su thi bang cach chia tir cho
miu bao gid ciing c6 thé biéu dién R(x) duéi dang téng cia mot da
thitc va mot phan thic thuc su. Tinh tich phan céc da thic thi qué dé,
do vay ta chi cdn tim céich tinh tich phan cic phan thic thuc su va
trudce hét ta tinh cac tich phan sau :

L. 1I.
X—a (x a)

1L J‘ Mx +N ’ IVI 2Mx+N dx
x2 +px+q (x“+px+q)™

trong d6 A, M, N, a, p, q € R ; k, m nguyén duong, ngoai ra ta gid
2
g p
thi€t q—=—>0.
174

Trudc hét, ta thdy ring hai dang I va II di quen thudc :

I 4- o =Aln|x—a|+C

X—a —a

j A kdx:Ajf d"k=— I RCF
(x —a) (x-a)* k-1 (x-a)k!

Muén tich céc tich phan dang III va IV, chiing ta biéu dién

x2 +px +q dusi dang

2 [ 2
2 2 P P P
X“+px+q=x"+2.-x+ —) + —(—)]
FER 2 (2 Lq 2
2 2)
(x+2) +(a-E]}
2 4 )

p2 2 2
Theo gia thiét, q—7>0 heén ta dat a’ =q—p7, vdi a= q_pT,
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B@gwmmh@mm@d&max+g=tmx=m

x2+px+q—t2+a Mx+N= Mt+( N;p)

Khi d6, tich phan dang III s€ la

Mt + _Mp
Mx +N ]
5 dx = 53 dt
X“+px+q t°+a
2tdt ( ij dt
I + — —
t? +a° 2 J-t2+a2

:M-ln(tz + a2)+1(N —m)arctgi+c
2 a 2 a

R6t cube trd vé bién x ta duge

—ihh—+bl—dx==%ln(x2+px+q)+ EiD

X“+px+q \/4q p \/4q p
Cung véi phép déi bi€n nhu trén, tich phan dang IV s€ la :

+C

(x2 +px+q)™ (t2 +a? ym

J- 2tdt ( Mp)
2 02 £ u?PP 02+a)

C6 thé tinh tich phan thit nh&t cla vé& phai bing cich déi bién

Mt+( __Pj
_[ Mx +N dx = 2 i =

t2 +aZ=u : 2tdt = du va cé
2tdt d 1 1
o [ v
(2 +a2)™  Ju™ m-1 ¢™
e L . 1 +C

Mk (2 4 o2yt
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Con tich phfm thit hai thi chinh 12 thi du (k) & muc trudc. Sau khi
tinh duge c4 hai tich phan d6 theo bién t, ta chi cin trd vé bién x

P

: 2x :
bang cdch thé t = vao két qua, ta sé dugc két qua cudi cung.

Dinh li dai s6 sau day cho phép két luan rang viéc ldy tich phan
mot phan thic thuc su rét cuéc din dén viéc lay tich phan b6n dang
I, II, I11, IV da néu trén.

Dinh li 6.3 (Khong chirng minh)
Moi da thitc bdc n, véi hé sé thuc :

QW) =ay, +ayx + ...+ a,x" ; a, =0
déu ¢6 thé phan tich thanh tich cdc thiva s6'la nhi thiee bdc nhdt va
tam thitc bdc hai khéng ¢6 nghiém thyc trong dé ¢6 thé ¢é nhitng
thita s6'tring nhau :
O(x)=a,(x— a)®(x— h)B...(J\'2 + px+ q)"l...(x2 +Ilv+s)Y

trong dé a, b, ... e R ; 1)2—4q<0, .. P —45<0 va a+ [+ ..+
2(u+ ...+ Vv)=n. '

P (")) c6 thé phan tich thanh
X

Khi d6 phan thic thuc su tuong ing
téng cic phan thic t6i gian :
Px) __ A N A .
Qx) (x-a)* (x-a)*!
+ Ag-i + B + By +
X—a (x -—b)B (x --b)B'l
, B Mx + N M;x + N,
-+ +

et .+
(X b) x2+px+qF  (x*+px+qH!
MaX Ny

x2+px+q

Px+Q P HQ P._1x+Q,_

; -1 ! \,_l+...+————‘2‘ Q-1
T+ Ix+s) (xfFBR+s) (x“ +1Ix +5)
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trong d6 A, Ay, ..., A,_;, B. B, ..., By, ... M, N, M Ny

Mu'l' N].l-l’ . P, Q, P]. Q], = P\'—I' Q\'—l 1a cic hi'lng sO dUQC
xdc dinh theo phuong phdp hé s6 bat dinh ma chiing ta sé gidi thiéu
qua cic thi du duéi day.

* Thi du.

(a) Phan tich ham sé

1
x> = x4 +2x? = 2x% +x -1

thanh cdc phan thic t6i gian. Trudc hét ta c6 :

O =t 2R I +x—l=(x—l)(x2+l)2

R(x) =

Do d6 :
1 A Mx+N.+M]x+N,

= +
Kox* e —2x%ex=1 x=1 (x2+1)? x% +1

Bay gid, dé x4c dinh céc hé s6 A, M, N, M;, N, ta ding phuong
phép hé s6 bt dinh, nghia 1a ta quy déng miu thitc & vé& phai, sap xép
tir thic (di nhién 12 mot da thic) réi cho dong nhat cac hé s6 cua cac
don thitc déng dang cia tir thirc & ca hai vé. Trong trudng hop cu thé
ndy ta c6 : ‘

I=(A+M)x* + (N, - Mx* + QA+ M+ M =N x? +
+(N=M-M; +N)x+(A-N-N))

Déng nhét hé s6 ciac don thic déng dang & hai vé€ ta c6 hé 5
phuong trinh 5 4n :

( A+Ml=0

N,-M;=0
ﬁ2A+M+M|—N|=0

N=M=M[FN;=0
\ A= N S ]
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Nghiém ctia hé phuong trinh trén la :

1 1 1
A== ; M=N=——; M, =N; =—
4 g P Tl

Vay
) 1 o x+1  x+1
X —x*+2x3 2% +x-1 Ax-1) 2x2+1)? 4x%+1)
2
(b) Phan fich — T 20 onh 8w esic phian thic 65 gk

(x-D(x-2)(x-4)

Tur dinh 1i dai s6 trén ta c6 -

x’+2x+6 __ A B C
x-D(x-2)(x-4) x-1 x-2 x-4

Di nhién, cé thé ding phuong phidp hé s6 bat dinh dé tinh cic hé
s6 A, B, C trong phan tich trén (nhu di lam trong thi du (a)) ; tuy
nhién, trong trudng hop cu thé nay khi da thitc mau s6 chi cé nghiém
thuc don, ching ta c6 thé tinh A, B, C nhanh gon hon theo cich sau
day : Truée hét, dé y ring phan tich trén 1a déng nhat thic, nghia la
céch phan tich dé ding v6i moi gid tri ctia x ; bay gid, ching han, dé
tinh hé s6 A : ta nhan ca hai v€ vé6i (x — 1), va cé

2
M=A+ B (x=1)+ C (x—1).
(x-2)(x—-4) X2 x—4
Trong d6ng nhat thic trén ; tacho x = 1 va ¢
1+2.1+6

——  =A ;nghiala A=3.
(1-2)(1-4)

Tuong tu, muén tinh B ta nhan ca hai v€ clia déng nhit thitc ban
d4du véi (x — 2) r6i cho x = 2 ta duoc

B= 2242246 _
(Z2-1)(2-4)

va cudi cung C = 5.

226



Do dé6 :

x*+2x+6 3 1 S
(x-D(x-2)(x-4) x-1 x-2 x-4

x2+1

(x-1>(x+3)
Ding dinh 1i dai s6 trén ta c6 :

(c) Phan tich thanh téng c4c phan thic t6i gian.

x2 +1 A B B, B,
3 YT N gt gt
x-1’(x+3) x+3 x-1° x-1)° -1

Luu ¥ rdng trong thi du nay, n€u dung céch lam cua thi du (b) thi

chi tinh dugc A =-—:—2 va B =%, do vy, tacé:

x2 +1 5 1 B, B,
3 =" + 5 27"
x=-1D’(x+3) 32(x+3) 2x-1° x-1)* x-1

Muén tinh nét cic hé s6 B;, B, ta phai dung cich lam nhu trong
thi du (a) (nhung chi gép 2 phuong trinh, hai &n), va c6 :

;| 5
B =_1B A
178> %

dodé:-
x2 +1 5 1 3 5
3 =- - 7+ 5t
x-1D(x+3) 32(x+3) 2(x-1° 8x-1)* 32(x-1)

1

I thanh téng céc phan thitc don gian.
(x“+3)(x° -1)

(d) Phan tich

Vé nguyen tic, ta c6 thé biéu dién :

1 B 1 .4, B Cx+D
2 2_ | (A 3T VRN T TS
(x“ +3)(x° - 1) \WEEHEEH (x| £3) X X+l x°43
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roi dung cdc cich da giéi thiéu trong cic thi du trén dé tinh A, B, C,
D. Tuy nhién, vi muc dich phan tich c6t dé dé dang 1ay tich phan nén
ta c6 thé viét : ‘

1 _(x2+3)—(x2—l)_l\: 1 ]
(x2+3)(x2—l)_4(x2+3)(x2—l)—4 x>—1 x2+3

va nhu vay, tacé :
! I x#)-(x=D 1 ]
(x2+3)(x2—1)_2|:2(x+1)(x—1) x2 +3
N A T
T8(x—1) 8(x+1) 4x2+3)

Chuy.

* Qua nhing thi du trén, ta thdy ring muén tinh m6t tich phan
dang phén thic thuc su chi cdn phén tich phan thitc d6 thanh nhing
phén thic t6i gian (theo dinh Ii dai s6) thuéc cic dang I, II, III, IV
(muc 6.4) r6i ding céach tinh tich phan cic dang d6.

* Viéc gidi thiéu cich tinh tich phan cic biéu thic hitu ti (d6i véi
bién ldy tich phan) da m& ra mot phuong phép rat hitu hiéu dé 14y tich
phan cic biéu thic khong hiru ti d6i véi bién 14y tich phan : trong
truong hop nay ngudi ta c6 gang dung phép déi bi€n va tich phan timg
phin dé dua biéu thic cén Idy tich phan vé mot biéu thic méi d6i véi
bién 14y tich phan méi va biéu thi'c méi nay lai hitu ti d6i véi bién
mai. Chiing ta s€ minh hoa y nay trong vai trudng hgp duéi day.

6.5. Tich phan cac biéu thitc luong giac

Gia sir can tinh tich phan 1= IR(sin X, cosx)dx trong dé R(u, v) la
mot bi€u thirc hitu ti d6i véi u va v, nghia 12 khi tinh gia tri cha R(u, v)
chi can thuc hién cic phép tinh céng, trir, nhan va chia déi véi cic
bién u, v. Khi d6, thuc hién phép déi bién :

b
t:=tg5,—n<x<n

228



— ’ g 2t g LR Sl
va CO SInX = x= 5 ; COSX = —;le =
2 ]+t 2 +t-
l+tg” — | +tg=
53 £3
dt
1=arctgt ; X = 2arctgt ; dx = % 5
2 1+t

Do dé, cé thé dua tich phan I vé dang

I—IR( szn
l+t 1+t l+t

va r6 rang & day biéu thirc duéi dau tich phan 1a hitu ti d6i vdi t.

That ra, trong nhitng thi du vé tich phan cédc biéu thic lugng gidc
di gip & cdc phdn trén ta di dung y tudng hiru ti hod réi tuy rang
trong cic trudng hop cu thé d6 khong doi héi phai hitu ti theo kiéu

thuc hién phép déi bién téng quat t = tg% .

Bay gio ta 1y mot thi du :

_wl
(a)Tl’nhI=%I 1-a dx (0<a<l;-m<x<n).

l—2acosx+a2

Thuc hién déi bién t: = tg—;- ; c6

. _ 2 dt " l+a
I=(l-a )I W arctg‘i(:jt}+€

(l—a)‘+(l+a) t

l+a
= arct tge— [+ C
g(l-a °2)
(b)Tinhl=I RS =dX (@ <alElY-n < x < ).

1 —2acosx e
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Taco:

- j-[l 1 l=a
I=||—+—
2 2 1-2acosx+a

dx—1x+arct (l+a
N ) B1-a

i)+C
2

(c) Tinh 1= J.sinz X cos> xdx. batt: =sinx ; vacéd

2 2 e
= jt (1=t =—

, dx
O

. Vi d(tgx) =

5 -3

5

t sin” X sin” X

5 3

X
C082 X

sin® x theo tgx nén ta dat tgx =t va duoc

[ [a+2)?

t

dx

t=t———L+C—tgx—i—

33 tgx

(e) Tinh 1= J’,—.Ta o :

sin X cos 2x

+C

va c6 thé biéu dién

! +C
3tgx .

-

smx(2cos x=1)

J- sin xdx

sin x(2cos X—

J sin xdx

(1- cos? x)(2cos

Zx-1)

1)

Vi d(cosx) = —sinxdx nén ta dat t : = cosx va cé :

) 4t

I=I dt
(1-t )(1 2t)

) ‘[[1—22t2 _ﬁ]dt "

l+\/5cosx

l—x/_cosx

=—In

f
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6.6. Tich phan cac biéu thirc dang IR(x, Ja? —x?)dx va

[Rex, Vx? £a?)dx
Ta d€ y ring ham dudi ddu céc tich phéan trong ca hai tich phan

IR(x,\/az —x%)dx va J'R(x, Jx? +a?)dx khong hitu ti déi véi bién

x (vi x con chita trong ddu can thic), nhung R(u, v) thi lai hitu ti d6i
v6i u va v, do vy muén tinh céc loai tich phan dé ngudi ta tim cac
d6i bién hoac déng thoi déi bi€n va tich phan timg phin véi hi vong,
v6i bién méi thi biéu thic dusi ddu tich phan tré nén hiru ti ddi véi
bién méi ; trong truong hop nay, ngudi ta tim cich khir can thic.
Ching han : véi tich phan

IR(x, \/az +x2 )dx
ngudi ta thudng ding phép bién doi x : = atgt.

Véi tich phan IR(x, Vo —x2)dx ngudi ta thudng ding phép dbi
bi€n x : = asint, hay x : = acost.
Véi tich phan jR(x, Jx2 —a?)dx ngudi ta thudng ding phép déi
bién x = e
cost

Sau day néu mot s6 thi du c6t dé minh hoa phuong phip

® Thi du
[2_2

(a)TinhI=I X dx,a>0.
X

Thuc hién phép déi.bién x.. = asint ; —% <t< g, khi d6 dx = acostdt ;

\/az —x% = a|cost| =acost; vicost >0,

231



Vay :

2 o)
st 1 —sin~
I= J’aco_\ dtzaj?—mtdtza ——_dt——ajsintdt=

sint sint sint
t 1 cost
=alnjtg—{+acost+ C=aln|— ———|+acost+C
2 sint  sint
2 i
- X a~- —-x- s s 2
Vi sint =— ; cost =————— nen, Cuol cung co
a a
a—+a? x2
= ) 2
I=aln +va“--x- +C
X
. dx
(b) Tinh 1= ,a>0.

xva? + x*
Vé nguyén tic, c6 thé khir can thitc bing cich déi bién x : = atgt,

—E<t<5, nhung véi bai nay ta dé y rang c6 thé viét :

2 ;
e j——x—— - do d6 ta ddi bien 2 =t

3.2 X
'——2'+l
X

== J\/__z——ln|t+\] |+C (thi du (f) muc 6.2)
% +1

1

va duoc d—f =——d

1 1 1 ['s
= —In = =—Injt-vt=+1{+C
% |tat® 41 -
2 b
e 1 A" Ea
va cudi cung I==-Inj—————44C
a X
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dx
(¢) Tinh I = |————.
J.(x—-l)\/l—xz

Thuc hién doi bién x —1:= L , dx =—£l,1
t t-
2
1-x2 = 1—[1+1) o A
t t2
gt_
2 dt
dods  1=- [ =
1 ~1-
A g -

(viphdic6 1 - x>>0<> x| < 1 = x - 1<0=>t<0nénlt| =)
Cubi cing

QU Ay T N i” +C

- X

2
(d) Tinh 1= Il—ii—, a>0
’ 2 2
X" —a
1 2x
Ta viét 1=— j'x.-———-—dx
2
2xdx

_va ding cdch 14y tich phan tung phan:u=xva dv= — ; khi
x“—a

dé co -

I-xxﬁ( —a? J.\/— aZdx = xVx* =a’ Ij__—_d_.

R [ [

x p—
- ,/2_.2_ e THLUF
= XVX a l+ajx2_a2
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Chuyén vé — I sang V€ trai, dugc :
2l = X\/x —a% +a j‘\/___—
x“-a

Diing thi du (f) muc 6.2, dugc két qua cubi cung

I—lx\/x -a +—1n|x+\]x -a ‘+C

(e) Tinh I=

1-x)°

Tacé I= —1—,/ X dx,ditt=,’—}—
1-xV1-x 1-x
2

t
3 ?d"=—2—ﬁd‘-
1+t (1+t%)

tiac la X=

I= J'(1+:2)t.—%dt=2
(1+12) 1+t

= 2](1— ) )dt=2‘/——x——2arctg,/—x— +C
1+t2 1-x 1-x

TOM TAT CHUONG 6
* Tich phdn bdt dinh

Cho ham s6 f(x) x4c dinh trong (a, b), ham s6 F(x) xac dinh trong
(a, b) duoc goi 12 nguyén ham cia f(x) néu F(x) kha vi trong (a, b) va
F'(x) = f(x) hay dF(x) = f(x)dx, v6i moi x € (a, b).

DPinh li :

Gia sit ham s& F(x) kha vi. trong (&, 'b) . F(x) 12 nguyén ham cua
f(x), x € (a, b). Khi'dé :
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1) F(x) + C ciing 13 nguyén ham cta f(x), véi C 1a mot hang s6 tuy
¥, va véi moi x € (a, b).

2) Nguoc lai, moi nguyén ham cua f(x), x € (a, b) déu c6 dang
F(x) + C.

Khi d6, ta ki hiéu moi nguyén ham cua f(x) la Jf(x)dx va doc l1a
tich phan bat dinh cua f(x) ; nghia la :

J'f(x)dx —F(x)+C.

Cic tinh ch4t don gian cua tich phan bat dinh :

1) Néu k 12 mot hing s6 khac 0 va n€u F(x) 1a m6t nguyén ham
cua f(x), c6

J' kf(x)dx =Kk I f(x)dx = KE(x)+C

2) Néu F(x), G(x) 1a hai nguyén ham cia f(x), g(x) va A, B 1a hai
hing s6, c6 :

_[[Af(x)dx +Bg(x)ldx = A If(x)dx +B j 2(x)dx =

= AF(x) + BG(x) + C
e Bdng tich phdn cdc ham s6 thong dung

0.dx=C

'1.dx=jdx=x+c

a+l

¥ X
x%dx =

+C,a#-1
. (a+1

'ldx=j'91=1n|x|+c
J X X

. d
12dx=jx
Y1 +x 1+x

|1

dx = j i = arcsinX + C
'\ll—x2 \ll—x2

5 = arctgx + C
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- aX
a*dx=—+C ; le*dx=e* +C
v Ina

sinxdx = —cosx + C

cosxdx =sinx +C

] dx=J. df =—cotgx +C

: sin2 X sin” x

|
= dx=J. 5 =tgx+C
’ cosx cos” x

de =larctg£+C,a¢0
“a“+x° a a4
LD L R
Jacs—x- 2a |a-x
S d X
7x =arcsmi+C,a‘=t()
. 2
\/a2 —x2dx=lX\/a2 —-x2 +i—arcsin£+C
J 2 2 a
o d :
—len(x+ x2+a)+C,aeR
Vx? +a
i 1
\/xz+de=5[x\/x2+ﬁ+[3]nlx+\/x2+B|+C]

Dinh i :

Mot ham s6 f(x) xdc-@inb.lién tucitrong=(a b) thi c6 nguyén ham
trong khoang dé.
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Phép doi bién
Néu biét ring J' g()dt = G(1) + C thi -
J‘g(w(x))(o'(x)dx =G(o(x))+C

trong d6 g(t), w(x), ®'(x) l1a nhitng ham lién tuc.

Trong nhiéu trudng hop, ta thudng thuc hién phép déi bién t = o(x).
Khi d6 biéu thic dudi ddu tich phan tré thanh f(x)dx = go(x)w'(x)dx.
Néu G(t) 1a nguyén ham cua g(t) thi :

_[f(x)dx - _[ g(1)dt = G(w(x)) + C

Phép tinh tich phan timg phan
Gia sir u, v 1a hai ham s6 kha vi va cé cic dao ham u', v' 1a hai
ham s6 lién tuc, khi dé :

Iudv =uv - J.vdu

® Tich phdn cdc phan thite hitu tf

Mot phan thic hitu ti 12 mot ham R(x) c6 dang

by +bix +...+ b x™

R(x) = -
a, +a;X+...+a,X

a,, by, # 0 va m < n, thi R(x) dugc goi la phén thic thuc su.
Dinh li (dai s6) :

P(x) by +bx+..+byx™

Néu R(x) = : m<n,ay, by, #0.

(X)  aj+ajx+..+apx"
Néu Q(x) c6 dang

Qx) =a, ({S =D ...(x + px )" ...(x% +1x +5)"
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véia,b, ... e R;p —4q<0;/°—4s<0va

a+B+...+2(n+...+Vv)=n

thi c6 thé phan tich R(x) thanh téng cic phan thic t6i gian :

R(x) = 30 = i + Ay +...+
Qx) (x-a)* (x-a)*!
LAay, B B, .

X—-a (x- b)B (x- b)B“

Bp_i Mx +N M;x + N,
+ +ot + +ot

x-b (x? +px +q* (x2 +px+q)"'1

Mu—1x+Nu—1+ M Px+Q o +Pv—lx+Qv—l

2

+ Py 5
X° +px+q x“ +1x+s)Y (x“ +1x +5)

trong dé A, Al’ — AU.—]’ B, Bl’ - BB"I’ p—— M, N, Ml’ Nl’ Sy

My-1, Np-1, ..., P, Q, Py, Qq, ..., Py, Qy_1 1a céc hing s6 dugc
xdc dinh theo phuong phap hé s6 bat dinh.

binh Ii dai s6 trén suy ra ring viéc 14y tich phan mét phan thirc
hiru ti dan dén céc tich phan :

(X nix-al+C ;
Jx-a
r d 1
= 1k1+C,k>l;
‘(x—a) k-1 (x-a)*~
* Mx+N M —
2—+dx=7ln(x2+px+q)+ Mp 2P 5
TR T V4q-p? \/4q P’
I =J‘ dx = i X N 2n-3 L
(x? +a%)" 2m=Pa> (x5Gma) ! 2n-1) 42 B
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* Cdc tich phdan khéng biéu dién dwoc qua cdc ham s6 so cdp (tuy
ring ton tai nguyén ham)

: .
Ie'x dx, J.sinxzdx, Jcosxzdx, J'Slnxdx, 2(—,
X Inx

_[x"‘(a+bx")de, a b e B p, B WL hone phil 1
n n

nhitng s6 nguyén,

X .
je—dx, J‘smx dx, Icosx dx , n nguyén duong.
x" X x"

e Tich phan céc biéu thic dang :
J.R(x,\/m2 +x2 )dx, IR(x, \/x2 +a? )dx

trong d6 R(u, v) 12 biéu thirc hitu ti d6i véi u va v.

Véi jR(x, Va2 +x2)dx, ding phép déi bién x = atgt ;
Véi IR(x, Va2 - x?)dx, ding phép déi bién x = asint hay x = acost ;

Véi j R(x, Vx2 — o2 )dx, dung phép déi bién x =-5?
. COS

BAI TAP
1. Tinh céc tich phan :

2 3)
1. J.x2(5—x)4dx § 2. J(Ll+—y—2—+y—3de :
X X .

x+1 1
3, —\/de», 7 4 j[l——z-)\/x\/;dx;
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2X‘f-‘l _SX"l Ix
T L 6. .[e LT
10% e +1

8. |J1+sin2xdx (0<x<m);

- I\/l+x2 —\/xz—ldx )
- \/x4—l ,

9. j——d"q—, ; 0. [—=—
(5% — 22 12 -3x
dx * dx
. _[—————; 12, [ .
\/2-—3x2 '\/3x2-—2
. d
13. I(sinSx—sinSy)dx : 14. ... S— :
J 2 T
sin (2x+-)
4
15. - H 16. I d’,‘ ;
J1+cosx J1+sinx
e [F2R 18, [—9 _ .
J 2% J1 +x)Vx
2
r dx L dx
19. |——; 20. |——;
© X\/x2 +1 ° (x2 + 1)3/2
- X
21, I—__Z_XE_X?T H 22, ¢ dx -
(x= =1y J2+¢€*
r  dx * sinX
23. |—; 24. dx ;
Tet e " Veox?x
o o 2
gy f BB s 26. [ 4 s
“sin“ x + 2cos” x Ix7 +1
. n/2
27. |- 21 i 34! I—L;
N (x+2)(x +5)
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d
29. I 2x = 30. |sin? xdx ;
(x+a)*(x+b)”
. . X X
31. J-smxsm(x+y)dx ; 32, cos—2—c05—§dx
2. Tinh céc tich phan :
1. |arctgxdx ; ' 2. .l_+ COSX dx c
. Jsinx —1
3. il : 4. |We* -1dx ;
3
[ tg x o
. 6 4 X+2
5. |sin” xcos” xdx ; 6. |——————=—=dx ;
. “Vx2 ~5x +6
7. -—)-(E—X——— : 8. X\/—x2+3x—2dx "

"Vx%ex+2 , ’

9. sinzxcos3 xdx ; 10. —z—dx———i,

. Y(x“+2x+5)
5 . arctgx

11. |sin™! xsin(n + Dxdx ; 12. —&jﬁdx -
’ I+ x%y

Pt | dxz ; 1. | dxﬁ ;
“1+x Y1+x

15. {max(l, x2)dx ; 16. |(1+ x| =11-xhdx

3. Tinh céc tich phén :

L I;= I a5 ,n € N, tinh I, I}, I, va lap cong thiic truy ching
cos" x '

dé tinh I, ;

4 In=jx"exdx,neN; 3.I==HX+:dx;
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4. Ie'zx cos3xdx ; 5. Ixz Inxdx ;

6. J‘l_

Jx +3x
PAP SO VA GOI Y
(Khéng viét hing s6 C vao dép s6)
L1 95,3 15kt 30x° 1046, 1,7
3 7
2 3
2. yln|x|—l——-y— -
X 2x
1 2x  «x x—vx% -1
6. —e“" —e" +x ; 7. nf—— ;
2 x+\/x2—1
2 X
S —— 15. tg— ;
15(5x —2)/2 2
17. 2th: ; 18. dx)=-2 ; 2arctgyx ;
2 2Jx
1+\/x2+1
19. —-In|———
‘ X
i e 2 . 1 1
(chia tir va miu cho x“ vadéy d| — =-—dx) ;
X X
T, ey DL, o §
x* +1 x? -1

22.1In(2 + ") ; ,
23. arctg e (nhan tir va miu véi e*, dé y d(e*) = e"dx) ;

2 1 tgx
24. H 25. —arct (—)
\Jcosx 2 g J2
(chia tir va miu cho coszx, dé ¥ d(tgx) = ’; ) ;
cosf x
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(x2_1)

' s Jox=a(x-7)
26. =4 —
\/_arctgL x\/iJ (déy [1+ )dx d| x . );

( n+2 )
27. lnlx 2 441+x "+2J khi n = -2, ! —Inlx!| khin=-2;
n+2 \/—2_
2. 22x+a+b ; 2 ] |x+a|
(a-b)°(x+a)(x+b) (a—b)
30. }——lsin2x 2
2 4
31. %cosy—%sin(2x+y) 4 32. 3sin-’6£+%sin§i
1 2 . (x n).
2. 1. tgx ——In(1 + H 2. Inl —-1l-tg| =+—
xarctgx 2n( x“) nlsinx g2 2

(tich thanh hai tich phan I B j COSX_4x ; viet
sinx —1 sinx —1

. n
sinx = —cos[x+—) );
2

3. - 3 —Inlsinx| (viét cos3x =(1- sinzx)cosx);
2sin“ x

4. 2(\/e - —arctg\le - )(date -u +1);

5. L 3x—lsin2x—sin4x—lsin6x +1sin8x——1-sin10x
256 2 4 8 20

(dung cOng thic sin? x =l—_£;sﬂ va cos? x =%o_s§) i

. =In x—-— X° —5x+ X< —5x +

6 gl 2 ey N e

(viét x2 —5x +6= %[(ZX - 5)2 +dD=
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s \/x2 +x+2—%ln (x+%]+\)x2+x+2

8. ——]-. l +§-(2x—3)\l—x2+3x—2 +—3—ancsin(2x—3)
3 \ﬁ—x2+3x—2)3 8 16

(viét X 43x-2= ::-[1 ~2x=3D;

sin® x sin® x

9. -
6

(dat sinx = u) ;

1 . . . i a .
11. —sinnxsin" x (dung cong thic sin(n + 1)x = sinnxcosx +
n

- N

. 5 = . n-1 sin” x| sinnx )’
+ sinxcosnx ; déy cosxsin X = va cosnx = )
n n

12 x—1 earetgx

. 2\/1+x2
2 2

13. Viet — e I-x ,_x

# (l+x)(x2—x+l)—x2—x+l 1+x°

2

1+x

4 _ 4_
14. Viét l6= ("2 +4 4(" 21) =
1+x 2(x“+D(x7 —x“+1)

_ x*—x2 +1+x2 x2 -1
A+xH)x* =x2+1) x*—x%+1

1
2 (‘“—z]
1 " X X

1

Py 2 32

2l1+x% 1+(Hr 2,1,
2

x3 2
15.x, x| < 1'&—+=snex, |x|;>
|x| e x|



l
I6.—2—[(l+x)ll+xl+(l—x)ll—xl].

3. LI(x);11(x)=1In tg(%+3—] , Ih(x) =tgx ;
sinX n-2
I (x)= + I._»(Xx)
" m=1eos" ' x - -1 e
. 1 _
(Viét = nl_z ! 12 ,datu = cos2 nx) :

cos"x cos"“x cos”x

2.1, = x"e" —nl_;;

3
4. %c"zx(3sin3x _2cos3x) ; 5. %(31:1 x-1)

6. Datx=1°; 2/x = 3Yx +68x —6In(1+¥x)+C.
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Chuong 7
TiCH PHAN XAC DINH

7.1. Dinh nghia tich phan xac dinh
® Bai todn dién tich hinh thang cong

Cho ham s68 y = f(x), xdc dinh lién tuc trén khoang déng [a, b],
ngoai ra gia st f(x) khéng am trén [a, b). Xét hinh thang cong AabB
12 hinh gi6i han bdi 46 thi cia ham s6 f(x) (trén [a, b]) ; cic dudng
thing x = a ; x = b va truc hoanh Ox (hinh 7.1) ; ta dat van dé dinh
nghia dién tich S cla hinh thang cong AabB.

y4

/

xy

O a Xi X Xig Xi Xiig b

Hinh 7.1

Ta chia doan [a, b] thanh n doan nhé bdi cic diém chia :

(7.1) Xo SlAEXPExx LI [ &< .. J<x,=b.
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Céc diém chia x; (i = 0, 1, ..., n) dugc chon tuy ¥ mién la tuan
theo thit tr tang ddn va diém ddu x, trung véi a, diém cudi cung x,,
trung vai b, ta goi cich chia d6 1a mét phdn diém .7.

Bay gi0, tir cdc diém chia x; (i = 0,n)ta dung céc dudng théng x = x;,
nhu th€ ta da chia hinh thang cong AabB thanh n hinh thang cong nho
P_;x;xP; (i=1,n) (hinh 7.1), mdi hinh thang cong nhé d6 c6 diy
AX; : = x; — X;_; (i=1, n). Theo gi4 thiét, ham s6 f(x) lién tuc trén [a, b]
nén ciing lién tuc trén [x,_;, x;], (i=1, n), do dé dat duoc gié tri nhd nhat

m; (m; := min f(x)) va gid tri 16n nhdt M;(M; : = max f(x)),
X€ [X;_1.X;] Xe [x;_1.X;]

theo dinh 1f 3.2 chuong 3 :

my < f(X) < Mi’ Xi-1 <x< X
dodé:
(7.2) m;AX; < f(x)Ax; < MAx;, Xj—1 S X <X
Vé mit hinh hoc ; tich s6 m;Ax;, YA

M;Ax; chinh la dién tich caa hinh chit
nhat “trong" va "ngoai" c6 chiéu rong
1a Ax; va chiéu dai twong (ng la m; va
M; (hinh 7.2) : hinh thang cong nho thi i

P,_1X;-1X;P; luén bi cdc hinh chir nhat 0O x,, : x, X
trong va hinh chit nhat ngoai kep. Hinh 7.2

Goi lan luot S. va S 1a téng c4c dién tich cla cic hinh chit nhat
trong va hinh chif nhat ngoai, dé cho gon, goi S« 1a téng trong va s
12 t8ng ngoai, luén c6 bat ding thirc (tir 7.2) :

n n :
(1.3) Sw<SaBeE man V8 ERD MiAx;
i=1

=1
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Sau day ta néu mot s6 nhan xét vé téng trong va téng ngoai.

(1)’ Véi méi n da an dinh va véi mbi phan diém .7’ da chon thi S¢
va S 1a nhiing s& xic dinh.

(2) Véi phan diém .7 da chon, néu trong doan thit i [x;—, x;] ta 14y

thém mot diém chia x'; nita, véi x'; € (X;-1, X;) thi s& c6 hai hinh chit
nhat trong va hai hinh chir nhat ngoai

A
(hinh 7.3) va do tinh chat cua minf(x) Y

va maxf(x), tong dién tich cia hai M :

hinh chir nhat trong lon hon dién tich :

cii cia hinh chir nhat trong va téng m,‘._'_'_'_‘ TN

dién tich cla hai hinh chit nhat ngoai m: . >\/\\

hé thua dién tich cia hinh chir nhat A
ngoai cii, nhung bat dang thiac 7.3 van o] xi1 Xi X x

luén ding. Hinh 7.3

(3) Tir nhan xét (2) suy ra, néu tang n thi S« rang va S‘ gidm, do
dé, véi bat ki phan diém .#; luén cé hai diy s6 {Si")} don diéu tang
(va bi Srn) chén trén) v4i moi n, va day s6 {S:n)} don diéu giam (va
bi S chan duéi) véi moi n.

Theo dinh 1i 1.4 chuong 1 vé su hoéi t\u cua day don diéu ta két

luan rang khi m ting vo han va moi Ax; - 0, cé

(7.4) limS{™ =S va limSy) =S

n n

Do gi thiét va dinh Ii 7.2 chuong nay ta ¢6 S=S va ta néi ring
hinh thang cong AabB cé dién tich va ta dinh nghia dién tich S cua
hinh thang cong chinh-la-giéi-han-chung-dé—

S=S=S§
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Bay.gid, tir (7.2) va (7.3) c6 thé viét

n n n
(7.5) ZmiAxi SZf(Xi)AXi SZMiAXi
i=1 i=1 i=1

Mat khdc, néu goi A; = Ax; va A := max(Ax;) thi cdc hé thic (7.4)
i<i<n
c6 thé viét duéi dang :
n

n
7.6) lim) mAx; =S va lim Y MAx; =S
( x-»og' i 0L .

Do vay, né€u hinh thang cong AabB c6 dién tich nghia la néu
S =S=S§ thi tir bat ding thitc kép (7.5) va tir dinh !i chuyén qua gidi
han céc bat déng thuc kép (dinh 1i 3.2 chuong 3) ta ciing c6 :
n

im) f(x;)Ax;

(7.7 S=1
A (

Giéi han dang (7.7) c6 mét vai tro cuc ki quan trong trong giai
tich va trong cic ing dung da dang cua giai tich va bay gio ching ta
sé néu chi ti€t hon giéi han dang dé6.

Dé€ két thiic phdn dién tich hinh thang cong ta luu y ring gia thiét
vé tinh lién tuc clia ham sé f(x) trén khoang déng [a, b] 1a gia thiét ban
chat, con gia thiét f(x) khong am thi c6 thé bd qua vi néu f(x) am thi
luén c6 thé ddy truc hoanh xuéng dé thoa diéu kién f(x) khéng am.

* Dinh nghia tich phdn xdc dinh

Cho ham s6 f(x) xdc dinh va bi chan trong khoiang déng [a, b],
chia [a, b] thanh nhitng khoang nhé b&i mot phan diém .7 (7.1), trong

méi khoang nho [ xj=ysx;}-1dy-mot-diém-Ey-tuy-y:
xi"l < él < Xi (l - l, 2, gv ., n)
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va lap téng

(7.8) o= ) f(EAX;

i=1

voi AX; :=X; = X;—1 (i=1,n)

Di nhién téng o dinh nghia theo (7.8) 1a mot s6 xdc dinh ; s6 d6
phu thuéc s6 khoang nho n, phu thuéc §;, chon tuy y trong [x;—;, x;]
va phu thuéc cdch chon phdn diém #.

Néu khi n tang v6 han (n — ) sao cho Krrni:i)r(lki =A,A—>0; v
A= Ax; (i= i,—n) , 0 ¢6 gidi han (hitu han) I, va gi6i han I nay khéng
phu thuéc cdch chon diém &;, ciing khong phu thudc cich chon phan
diém #:

(7.9 }!1_1:10 o=1I

(n—>wo)

thi I dugc goi 12 tich phdn xdc dinh cia ham s6 f(x) 14y trén khoang

b
déng [a, b] va ki hiéu 1 jf(x)dx :

a

b
(7.10) I= [f(x)dx
a
Khi d6 ta ciing néi ring ham s6 f(x) khd tich trén [a, b], [a, b] 12
khodng ldy tich phan, a 1a c¢dn dudi, b 1a cdn trén cha tich phan, x 12
bién 56’14y tich phan, f(x) 1a ham s6 14y tich phan va f(x)dx 1a biéu
thic duéi dau tich phan. '

Véi cong thirc (7.7) va véi dinh nghia (7.9) dién tich S cta hinh
thang cong AabB la :
b
S =JlfGol 4
a
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. Chii y.
(1) Hé thic dinh nghia (7.9) c6 thé dién dat theo "ngén ngit € — &"

ciia khéi niém gi6i han : ¢ — I c6 nghia 12 vé6i moi € > 0 cho trudc,
tim dugc & > 0 sao cho

(7.11) A<8colo-I<e

(2) Trong dinh nghia, ching ta da gia thiét f(x) xdc dinh va bi
chan trong [a, b]. Khi d6, goi m = inf f(x), M = sup f(x), x € [a, b] cO:

(7.12) m < f(x) <M, x € [a, b]

(3) Ki hiéu m; := inf f(x) , (m; 12 cin duéi ding cua f(x) trong
x€[x;-1,X;]

[x;-1, X;] ; xem 1.3.6 chuong 1) va M; := sup f(x), (M; 1a can trén

diing cta f(x) trong [x;—1, X;l, X €[Xj—1, X;))

Tacé:
m; < f(x) < M;, x € [x;-1, X
n n
(7.13) s:= ) miAx; ;Si= ) MiAx;
i=1 i=1

lin luot dugc goi 1a tdng (tich phan) dudi va téng (tich phan) trén.
(Trong bai ton dién tich & trén, vi f(x) dugc gia thiét 1a lién tuc nén

m; tring v6i min f(x) va M; tring vé6i max f(x) (vdi x € [x;—1, x;]) va

tdng du6i chinh la téng trong, tdng trén chinh 13 téng ngoai). T
(7.9), (7.12) va (7.13) suy ra :

(7.14) s<o<S
Hon nita, téng dudi s va téng trén S con ¢ céc tinh chét sau :

(a) Khi tang s6 diém chia tronig phay di€m - thi tdng dudi tang va
téng trén giam.
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(b) Néu goi s|, S; la téng dudi, téng trén ng v6i phan diém 7},
$5. S, 12 tong dudi, t6ng trén dng véi phan diém 75, ¢6 : 5 < Ss.

Chimg minh.

(a) Dé khoi ruom ra, chi luu y cdch 1ap luan tuong tu nhan xét (2)
va (3) trong bai todn dién tich.

(b) Goi -7 1a phan diém thi ba, ¢6 dugc bang cich hop tap céc
diém chia ctia phan diém .| va phan diém ., va goi s, S 14n luot Ia
téng dudi, téng trén img véi phan diém -#, khi d6, theo (a) :

s;<svaS<S,

Nhung, di nhiéns <S,dod6ésuyras; <S,suyras; <S, W

(4) Tir tinh chat cha téng dudi va téng trén suy ra ring tap céc
téng dudi {s} ing véi cac phan diém .7’ khac nhau 12 mét tap bi chin
trén ; cu thé 1a bi mot téng trén bat ki S chan, do d6 theo ménh dé 1.2
chuong 1, tap {s} c6 cén trén ding I« :

L« := sup {s}
Tuong tu tap cic téng trén {S} bi chian duéi, do dé cé can duéi
ding I ’ .
I" := inf {S}
Hién nhién, ta cé :
(7.15) s<L<I'<S
Vi tat ca nhitng nhan xét trén, bay gid ta c6 thé tra 15i cau hoi rat
tu nhién 12 : dé ham s6 f(x) kha tich trén [a, b] thi f(x) phai thoa diéu
kién gi ?

7.2. Diéu kién kha tich

Dinh li 7.1. Véi nhitng ki hiéu da ding & trén ; diéu kién dt ¢é va
dii dé" ham s6' bi chan f(x) khd tich.trén [a, bl la.:

(7.16) it (9 L5\

-0
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Chitng minh.

"=" Gia sir ton tai tich phan (7.10), khi dé, theo nhan xét (1) ; c6
(7.11) nghia la c6
I-e<o<I+e

Mat khic theo b4t ding thirc kép (7.15) va theo tinh chét cua cén
trén ding va cdn duéi ding, suy ra :

I-e<s<S<I+¢
Tir d6 :

lims=1limS=1I
r—0 A—0

va (7.16) dugc chitng minh.
"&<" Bay gid gia sir c6 (7.16), khi dé tir (7.15) suy ra
s<1<S;I=liml = liml
K&t hop bit ding thic kép nay v6i bét dang thiic kép (7.14) ta c6
déng thoi :
s<I<Svas<oc<S

Hon nita vi lim (S—s) =0 (gia thi€t) nén ciing suy ra: |c I| <g
A—0

Bt dang thitc cu6i cung nay chu‘ng t6 ring f kha tich trén [a, b]. B
Néu ta ky hiéu
(717) W; = Mi —my,

; dugc goi la dao dong cua f trong [x;-;, X;] thicé:

—-§= Z(M -m;)AX; = Zm AX;

i1=1
va c6 thé viét diéu kién kha tich (7.16) dudi da_mg

(7.18) lmem_‘
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Bay gid, tir di€u kién kha tich (7.16) ta c6 thé tim cic d4u hiéu
kha tich cia m6t ham s& quen thudc.

Dinh1i 7.2. .

Néu f(x) lién tuc trong [a, b] thi f(x) khd tich trén [a, b].

Chitng minh.

Vi f(x) lién tuc trong khoang déng [a, b] nén theo dinh li 3.12
chuong 3 ; f(x) lién tuc déu trong [a, b], do d6 véi b4t ki € > 0 luén

tim dugc 8 >0 sao cho |x; —x;_;| < & v6i X, X; € [a, b] luén c6

|f(x;) - f(x;_1)| <€ nghiala ®; < € ; tir d6, ding (7.18) c6 :

n n
ZmiAxi < aZAxi =¢g(b—a)
i=1 i=1

Vi (b — a) 1a hing s6, € bé tuy ¥ nén (7.18) dugc thoa, do d6 f(x)
kha tich trén [a, b]. B

* Dinh i 7.3

Néu f(x) bi chdn trong [a, b] va c¢é mot s6 hitu han diém gidn
doan trong [a, b] thi f(x) khd tich trén [a, b].

Dé d& ning né, ching ta khong ching minh chi tiét dinh 1i ndy ma
chi goi y céch chitng minh. Truéc hét, dé ¥ ring chi cdn chimg minh
cho trudng hop khoang [a, b] chita mét di€ém gi4n doan tai x = x' (?),
sau d6, véi € > 0 cho trudc, chia [a, b] thanh 3 khoang [a, x' - €],
[x' — €, x' + €] va [X' + €, b] r6i 4p dung tinh ch4t lién tuc déu cua f(x)
trong cic khoang déng [a, x' — €], [x' + €, b] d€ xay dung céc hé thirc
thu6c loai (7.18) ; trong khoang [x' — €, x' + €] chi chita mét s6 hiru
han diém chia cia phan diém .#nén viéc chitng td hé thirc (7.18) gén
nhu hién nhién (?).

Dinh i 74.

Néu f(x) bi charva don diéu 1réng @, b] thi khd tich trong [a, b].
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Chitng minh.
Gia sir f(x) don diéu tang trong [a, b], khi dé :

®; := M; —m; = f(x;) - f(x;—)

Bay gio cho truéc € > 0 ; dat & := — % W f(x) don diéu tang
f(b) - f(a)

nén f(b) — f(a) > 0.
Khi d6 chi cdn Ax; <8;,i=1,n, luén cé :

D wiAx; <8 [f(x;) - f(x;_1)]=3[f(b) - f(a)] =&
i=1

Nhu thé€ f(x) thoa (7.18), do d6 f(x) kha tich trén [a, b]. Trudong
hop f(x) don diéu giam ciing ching minh twong tu.

* Vai thi du

1
(a) Tinh Ixzdx.
0

Vi f(x) = x2 lién tuc trong [0, 1] nén f(x) kha tich (dinh 1i 7.2), do d6 :

[x*dx = lim ig?Axi

max Ax; —0 i1

Theo dinh nghia kha tich ; c6 thé chon &; € [x;—q, X;], tuy y va &

day ta chon §; = i.l ; AX; =1——9-=l (chia [0, 1] thanh n khoang
n n n

nhé bing nhau), khi d6 maxAx; — 0 tuong duong véi n — «, do dé :

L, x IV L 1 &,
6[x dx = lim 2[1;) .;z lim ——3—§1

n—w T n—o

a*lpntn + 1Yo +\) =1}
= lim i =—
n=xoq 6 3
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(xem bai tap s6 11, 2 chuong 1) :
1
Ixzdx =l.
3
0
b
(b) Tinh |sinxdx
a
Vi f(x) = sinx lién tuc trong [a, b}, nén f(x) kha tich trén [a, b], do
d6 c6 thé chon phan diém sao cho
b-a . —

Xo=a,..,X;=a+ih,v6i h := : T

Khi d6 max Ax; = Ax; =h.

Néuchon & :=a+(i-1)h;i= 1,n theo dinh nghia (7.10), c6 :
b
Ism xdx = lim Z(smé )h

n—)()
a

n
Pat o, := ) (sin&;)h, c6 :

i=1
G, =[sina +sin(a + h) + sin(a + 2h) + ... + sin(a + (n—=1)h)]h

Nhén ca hai v€ dang thic trén véi 25ing va dung cong thic

lugng giac : 2sinusinv = cos(u — v) — cos(u + v), suy ra

o, = -.h

2sin-Il
2

. 3\

cos(a—%)—cos(b—%}

= h. (Vila &/nh = b)

2sin—
2
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Cudi cling, thé gid tri o,, vao biéu thifc cdn tim gidi han, duoc :
b

h
Isin xdx = lim 2 cos(a—ﬂj—cos(b—hj
h—0 . (h) 2 2
a sin i

b
jsin xdx =cosa—cosb (?)

a

* Chii y.

(1) Qua hai thi du, ta thdy ring néu chi dung dinh nghia dé tinh
tich phan thi khéi lugng tinh todn ciing nhu cich tinh todn rat cong
kénh va da dang vi khong c6 mot cong thirc du téng quat dé goi y
cdch tinh cac gidi han, chinh muc 7.4 sau s€ cai thién tinh hinh nay.

(2) Tro lai hai thi du trén, ta dé dang thay :

1 1 1 1
Néu [x2dx =2 thi [2dt= [y2dy = [u2du=1
Jrog fPas pres e
Ciing vay
b
Néu Isin xdx =cosa—cosb thi

a

b b b
Isintdt = _[sin vdv=..= Isin ydy =cosa —cosb
a d a

b
Tit hai thi du d6é c6 thé két luan : J-f(x)dx (néu ¢b) thi chi phu
d
thudéc céc can a, b va ham s6 1ay tich phéan f(x), khong phu thuéc
bi€n s6 tich phan :

b b b
(7.19) jf(x)dx x jf(t)dt TAY: jf(u)du
d a d
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(3) Khi dinh nghia tich phan ta xét ham s6 f(x) trong khoang déng
[a, b], tirc 1a ta da gia thi€t a < b. Bay gid né€u b < a ta dinh nghia

b b
(7.20) J’f(x)dx . [f(x)dx
a a
va khi b = a ta dinh nghia :

a
(7.21) _[f(x)dx =0

a

7.3. Cac tinh chit cua tich phan xac dinh
Dé khoéi phai nhéc lai nhiéu 14n, trong cdc ménh dé du6i day khi

B
néi dén tich phan jf(x)dx chiing ta déu hiéu 1a f(x) dugc gia thiét
a

kha tich trén [a, B].
* Tinh chdt 1. (Khéng chimng minh).
(i) C6 thé dua thira s6 1a hing s6 ra ngoai d4u tich phan :

b b
(7.22) IC.f(x)dx =C jf(x)dx
b b
(7.22') Dic biét J'c.dx = J'l dx=C(b-a)
a a

(ii) Tich phan cua t6ng hai ham s6 bing tng hai tich phan :
b b b
(7.23) j'[f(x) +g(x)ldx = jf(x)dx + Ig(x)dx
a a a
® Tinh chdt 2.
Cho 3 khoang déng [a, b], [a, c] va [c, b], néu f(x) kha tich trén

khoang c6 d6 dai dai nhdt thi ciing kha tich trén hai khoang con lai va:

b c b
(7.24) jf(x)dx - jf(x)dx + _[f(x)dx
a a C
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Chitng minh.

DAu tién gia sir a < ¢ < b va f(x) kha tich trén [a, b]. Xét mot phan
diém .# trong d6 diém c duogc chon lam diém chia, khi d6 :

b c b
ZcoAx = ZmAx + Z(oAx
a a [+

vio=M-m>0; Ax > 0 nén néu vé€ trii ding thic trén dén t6i
khong sé kéo theo hai téng v€& phai dang thirc d6 dén t6i khong, néi
khic di, theo dinh 1i 7.1 f(x) kha tich trén [a, b] thi ciing kha tich trén
[a, c] va trén [c, b]. Mat khéc, hién nhién c6 :

b c b
D f(E)Ax =) fE)AX+ D f(E)Ax

Chuyén qua gi6i han, cho A — 0, suy ra (7.24).

Bay gio, gia st b < a < ¢ va f(x) kha tich trén [b, c] ; khi dé6 theo
phin di chimg minh : f(x) kha tich trén [b, a] va trén [a,c] vacod:

C

C a
[eoodx = Jfoodx+ fFeodx
b b a
Chuyén vé ding thic trén va ding cong thic (7.20) suy ra (7.24). 1
e Tinh chdt 3. (Trong tinh chit nay : a <b).
b
(i) Néu f(x) 2 0, x € [a,b] = [f(x)dx 20

a

b b
(it) Néu f(x) < g(x), x € [a, b] = If(x)dx < Ig(x)dx
a a

(iii) N€u f(x) kha tich trén [a, b] = If(x)! kha tich trén [a, b] va

(7.25)

b
jf(x)dx

b
<ol dy
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(iv) Neum < f(x) <M, x € [a,. b] =

b
(7.26) m(b — a) < If(x)dst(b-a)

a
Chitng minh.

(i) Hién nhién.

(i1) Chi can ap dung (i) cho hiéu g(x) — f(x).

(iii) Trude hét, ta ching minh tinh kha tich cua If(x)l ; néu trong
khoang [x;_;, x;], 1dy 2 diém bat ki x', x", c6 (bat dang thic (1.25)
chuong 1) :

“f(x")l—lf(x')”s|f(x")—f(x')|
Do d6, néu ki hiéu w? la giao dong cua ham s6 If(x)l trong

khoang [x;—1, x;], thi theo dinh nghia (7.2) c6: (oT <w;,dodé:

0< ZO)TAXi < Zﬁ)iAXi

Vi f(x) kha tich trén [a, b] (theo gia thi€t) nén ) wAx; — 0
(dinh 1i 7.1), kéo theo Z(DTAxi — 0, do d6 Ifl kha tich trén [a, b].

Cuéi cung, bat ding thic hién nhién (vi Ax; > 0)

D fEnax;|< D JfE)|ax;

kéo theo (7.25).

(iv) Chi can dp dung (ii) cho m, f va M va 4p dung (7.22"). B

® Tinh chat 4.

(i) Binh li trung binh thit nhat.

Gid su f(x) khd tich trén [a, b], (a < b) va gid sitm <f(x) <M, vdi
X €[a,b], khidétontai p:

b
(7.27) Jf(x)dxzp(b—a), RIBINEM.

4
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Ddc biét néu f(x) lién tuc trong [a. b, 16n tai ¢ ;¢ € [a. b]

b

(7.28) Jfodx =fexb-a).
a

Chitng minh.

Gia sir a < b, dung bat déang thirc (7.20), c¢6

m <

b
|
W ‘If(x)dx <M

a

1
b-a

b
vadat p:= .[f(x)dx
a

a
Néu a > b, ta xét tich phan dang If(x)dx va diung cong thic
b
(7.20) ciing suy ra (7.27).
Bay gio gia su f(x) lién tuc trong [a, b], khi dé, theo dinh 1i 3.8
chuong 3, m = min f(x) ; M = max f(x), x € [a, b], va theo hé qua 3.1
chuong 3, suy ra tén tai c € [a, b],saochof(c)=p;m=<p< MR

* Nhdn xét.

(1) Céng thiic (7.28) ¢6 mot y nghia hinh hoc thi vi. That vay, gia
st f(x) = 0, khi d6 vé trai (7.28) chinh la dién tich hinh thang cong
ABCD (hinh 7.4) va vé€ phai y4
chinh 1a dién tich hinh chi
nhat ¢6 chiéu rong la (b — a) D
va chiéu dai la f(c). N6i khdc M
di, t6n tai mot hinh chir nhat
c6 chiéu dai la tung do f(c)
cia mo6t diém M nam trén flc)
cung DC cua d6 thi L. ¢6 o) L B
hoanh d6 c & giira a va b, sao Q1 \va c b
cho dién tich hinh ch& nhatdé Hink 7.4

xy
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bang dién tich hinh thang cong ABCD c6 chung diay AB. Chinh vi gii
tri f(c) trung gian d6, cong thirc (7.28) mang tén dinh li trung binh.

(2) So sénh cong thirc (7.28) va céng thirc (5.2) chuong 5 :
f(b) — f(a) = f'(c)(b - a)

c6 thé néi rang néu f(x) c6 moét nguyén ham 1a F(x) (nghia 1a f(x) = F(x))
thi (7.28) c6 dang :

b
jf(x)dx =F'(c)(b-a)

b
Chinh hé thic niy goi ra lién hé giiia tich phan jf(x)dx va gid tri
a
cu thé clia nguyén ham F(x), trong muc 7.4 ta sé nghién ciu quan hé dé.

(ii) Dinh li trung binh thit hai.

Gid su :

(1) f(x) va tich f(x).g(x) khd tich trén [a, b].

(2) m <f(x) <M.

(3) g(x) khéng doi ddu trong [a, b] : g(x) >o(g(x) <0).
Khi dé :

b b
(7.29) J'f(x)g(x)dx =n _[g(x)dx mSu<M.
a a

Ddc biét, néu f(x) lién tuc trong [a, b], ¢6 :

b b
(7.30) jf(x)g(x)dx =f(c) Ig(x)dx, as<c<bh.

Chitng minh.
Trude hét, gia sl g(%)-=>0 vaa,<b; khidé, tir gia thiét (2) ¢6:
mOP= f(x)§@) BNIg(x)
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Ap dung tinh chét 3 (iv) suy ra :

b b b
m Ig(x)dx < If(x)g(x)dx <M jg(x)dx
a a a
Mait khéc, vi g(x) > 0 (a < b) nén dung tinh chat 3(i), co :

b
J' g(x)dx 2 0.

a
Néu tich phan nay bing khong thi hién nhién c6 (7.29) vi khi do

b
jf(x)g(x)dx =0.

a

b
.Ne’u Ig(x)dx >0,suyra:

a

b

If(x)g(x)dx
- =M, 4 € [m, M]
Ig(x)dx

do d6 c6 (7.29).

Bay gid, dé ¥ ring han ché g(x) 2 0 va a < b la khong cin thiét vi
khi déi can tich phan hoac d6éi ddu cua g(x) trong biéu thitc trén ddu
bing vin khong thay déi. _

Pic biet khi f(x) lién tuc trong [a, b}, cing 14p luan nhu phén
tuong tng trong dinh li trung binh th{ nhat, suy ra (7.30). [

7.4. Cach tinh tich phan xéc dinh

Néu f(x) kha tich trén [a, b], f(x) ciing kha tich trong [a, x], X € [a, b]
(tinh ch4t 2 muc 7.3, néu by gio thay can trén b bai bién x thi ta co
tich phan

(1.31) DGO [(TMUX\E END)

a
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®(x) la mot ham phu thuée can trén x, va dé phan biét can va bién
s6 tich phan ta viét bién s6 tich phan 1a t (xem nhan xét (2) muc 7.2).
Ham d(x) cb cac tinh chat sau.

Dinhli7.5. |

(1) Néu f(t) khd tich trén [a, b] thi @(x) lién tuc doi vai x € [a, b).

(2) Néu f(x) lién tuc tai t = x thi @(x) 6 dao ham tai x va :

(7.32) ®(x) = flv)

Chitng minh.

(1) Cho x mot s6 gia Ax = h sao cho x + h € [a, b], khi dé6, theo
dinh nghia (7.31) ¢6:
x+h x+h

X
O(x+hy = [ f(tydi= J'f(t)dt+ j f(t)dt (cong thic (7.24))
a a X

do dé :
x+h
(7.33)  ®(x +h) - D(x) = J’ f(t)dt = ph, (cong thic (7.27))
’ X

VGi u & gilta m' va M' 1a hai can dudi va trén cua f trong khoang [x, x + h]
(xem hé thirc (7.2) trong chi y (2) phdn dinh nghia tich phan xac dinh).

Néu bay gi cho h — 0, hién nhién cé :
®(x + h) — d(x) > 0 hay la D(x + h) - D(x)
va diéu d6 ching to6 tinh lién tuc cua O(x).
(2) That vay, tu (7.33) suy ra :

D(x + h) —D(x) N
h

Mait khéc f(t) lién tuc tai t = x nén véi € > 0 tuy y tim duoc 6 > 0
sao cho khi |h| < 6 cé

f(x) =€ < f(t) < fOHI+ BRE [x, x + h]
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Vim' :=inf f(t), M' :=sup f(1), t € [x, x + h] (xem ménh dé 1.2
chuong 1) c6:

f(x)—e<m' <M <f(x) +¢
Ngoai ra, vi pthoa : m' < u < M' nén suy ra :
» f(x) — e < p < f(x) + € hay la [u—f(x)|<e
Do dé :

O'tx)e T DB F =P i o= ). M
h—0 h h—0 4

* Nhdn xét.

Két luan (2) cha dinh 1i ¢c6 mot y nghia quan trong vé li thuyét
ciing nhu ung dung. Néu f(x) lién tuc trong toan khoang [a, b] thi n6
kha tich (dinh li 7.2) va, hon nira, tai bat ki x € [a, b] cong thirc
(7.32) ding : Khi dé dao ham cua tich phan (7.31) theo cdn trén x
luén bdng ham sé'ldy tich phdan trong khodng ldy tich phdn dé.

Néi khdc di, ching ta da chiing minh dinh 1i 6.2 chuong 6 :

Mot ham f(x) lién tuc trong khodng [a, b] luén ¢6 nguyén ham
trong khodng dé va mét trong cdc nguyén ham dé dwogc biéu dién
dudi dang 7.31.

Dinh i 7.6. (Lién hé giita tich phan xdc dinh va nguyén ham).

Néu f(x) lién tuc trong khodng déng [a, b] va néu F(x) la mot
nguyén ham ciia f(x) (luén ton tai nguyén ham nay, theo nhdn xét
trén) trong khodng do thi

b
(7.34) [fxdx = F(b) - Fa)
a

Cong thic (7.34) dugc goi la cong thic Newton-Leibnitz (doc la

Niuton-Lainit) va ciing thudng duoc viét dudi dang :

b
jf(x)dx =1Fx) b

a
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Chitng minh.

Vi F(x) 1a m6t nguyén ham cia f(x) trong [a, b] va tich phan (7.31)
ciing 1a mét nguyén ham cua f(x) trong [a, b] nén theo dinh li 6.1 (2)
chuong 6 ¢6 :

(7.35) P(x) =F(x) + C, x € [a, b]
v6i C 1a mot hdng s6 cong.

Tir déng thic (7.35) suy ra :

®(a) =F(a) + C
nhung ®(a) = 0 (xem (7.21)), suyra: F(a)=-C.

Bay gid trong (7.35) cho x = b s€ suy ra (7.34). B

Cong thirc Newton — Leibnitz cho cich tinh tich phan xdc dinh
b
If(x)dx, khong cén phai tré vé dinh nghia, mién la biét mot nguyén
a
ham F(x) cuaa f(x), nhu vay, néu chiing ta da quen véi cic ki thuat tim
tich phan b4t dinh da hoc & chuong 6 thi vé nguyén tic cé thé tinh
duogc cac dang khac nhau cua tich phan xac dinh.

* Thi du.

(a) Tro lai hai thi du trong muc 7.3, dé dang thdy :

1
2. 1 3t 1
Ix dx = 3% '0 =g
0
b
. b
Ism xdx = —cosxlal = cosa — cosb

a

b
(b) J‘x“dxzu_HIa s G (n=-1).
a
b
d b
© [<5=Inx|=tb=ins (2510, b 3 0)
a
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(d) Dung tich phan x4c dinh, tim gi6i han

n n n
I:=hm[ >+ 7ttt 2:’
nso| 2 412 p?4+2 n“ +n

. n n n
Goi . I, =

i 41 n2+22 n“+n

thi c6 thé viét I duéi dang :

n n n
2 2 2
[[=—o4 4+ 0 4 4+ 0
1) 2Y n)
(1) (2] (3
n n n
5. 1 + L +.ot L
_n 1 2 sne 2
aERECRIEC)
n n
Xét ham f(x) : = e , ham s6 nay lién tuc trong [0, 1], do d6 kha
1+ x>
; . g 1-0 1 . .
tich trén [0, 1] ; ding phan diém déu Ax; = — =g Vvacic diém chia :
1 i .
xo=0;x1=;1—,...,xi=;, i=0,n;

dx [
limI,=1I= 5 arctgx| = —.
n— 1+x 4

0
100x

(e) TinhI = I i —coes2xdx
0
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.
Tacd | — cos2x = 2sin"x, do dé

1007

I= \/5 I lsin x|dx
0

‘n 2n 3n 4n
=\/§ (I|sinx|dx+ Ilsinxldx)+( jlsinx|dx+ Ilsinx|dx)+

0 n 2n 3n
PIn 1007
st J' Isin x|dx + I Isin x|dx)
98n 9PIn
n 2n n 2n
=50\/§ I|sin xldx + I lsinx|dx | = 50\/5[ Isinxdx— Isinxdx]
0 n

0 n
= 50\2 [(cosO — cosm) + (cos2m — cosm)] = 200\/5
1
(f) Tinh I(a) : = lex —aldx, o la tham s6.
0
X—a néu x>a

Vii|lx-a|= .
a—Xxnéux<a

Do d6 I(a) phu thuéc vaoa < O hoac0 <o < 1 hoac a > 1.

Véia<0,x>a,tacd:
1
1 «o
I(a) = (_)[x(x—a)dx =373

Véi0<a<l,tacéd
a 1

I(a) = J.x|x—a|dx+ jxlx—oddx
0 a
a 1 ' (13
=(.)fx(a—x)dx+ J.x(x—a)dx=§—a+—3-.
a
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Véia>1l,x<a,tacd:
1 |

a |1
I(a) = JxIx —aldx = Ix(a—x)dx By

3
0 0

(g) Tinh cac dao ham :

b b
- T ood .o
(1) ix Ismx dx, (i1) b sinx“dx ;

a a

b x>
o B s B . N R
(iii) E;J.smx dx va (|v)-&- J-smt dt.

a
] i d ’ . 3
(1) Vi a, b la hang nén T sinx“dx =0
a
” = d 8 .2 L2
(ii) Theo cong thirc (7.32) T sinx“dx = sinb

a

b a
(i11) Vi Isin x2dx = — Isin x2dx
a b

Dung céng thic (7.32)
d i .2 . 3
— |sinx“dx = —sina
da
a
7 u
(iv) Patu = x* ; ®(u) = jsintzdt.
a
Do d6 diing (7.32) va dung dinh 1i dao ham ham s6 hop c6 :
XZ
d ¢. 2, Id
I Ismt dt = e

a a

u

) d . d du . 4
nt-dt =— @ === (D — = 2XS ;
st T (u) du( (u)) Ix Xsinx
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7.5. Phép ddi bién trong tich phan xic dinh

Tuong tu tich phan bat dinh, trong tich phan xic dinh, ngudi ta
ciing dung cic phép di bién thich hop dé tinh tich phan.

Dinh li 7.7 (D6i bién x : = ¢(1)).
b
Xét tich phadn If(x)dx, vai f(x) lién tuc trong [a, b].

a
Gid su thuc hién phép déi bién x = ¢(t) thod :
(1) @(t) ¢6 dao ham lién tuc trong [a, B]
(2)pa)=a; P =h

(3) Khi t bién thién trong [a, B] thi x bién thién nhung khong ra
ngoai khodng lién tuc cua ham s6 f(x). Khi dé

b B
(7.36) f Fixyde= f Flo®]o'()dr
[/} a

Chirng minh.

Gia sir F(x) 12 m6t nguyén ham cta f(x) trong [a, b], khi dé F(q(t))
s€ 12 mét nguyén ham cua f[(o(t)]e'(t) trong [c, B] (ménh dé 6.1
chuong 6). Mat khac theo c6ng thitc Newton — Leibnitz cé

b
jf(x)dx = F(b) - F(a)

a

p
v [flom]o'@a=Eom]l) = Flo(@)) - Flp()] = Fb) - Fea)
a

So sanh hai ding thic trén suy ra (7.36). B
* Nhan xét.

(1) Ca ba diéu kicnchadinb. |i"déu khopgth€]bo qua duge. Diéu kién
(1) dam bdo tén taitich phan vé phai he, thic (7.36) ; diéu kién (3)
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dam bao ham s6 hop fl¢(t)] duoc xdc dinh véi moi t € [a, B] ; va
diéu kién (2) da dugc ding khi chitng minh céng thirc.

(2) Thuan lgi cla cong thirc (7.36) 13, sau khi déi bién khong can
phai tré vé bién cii.

* Thi du.

2
(a) Tinh I:= j 4—x%dx

0
it x : = 2sint ; co 4-x2 = 2cost, —%Sts% ;
2sinc=0=>a=0;2sinB=2=>PB= ; dx = 2costdt.
Cic diéu kién cua dinh li déu thoa, do dé

1l

L
=4 2J'cos tdt =4 I(m—z—t)dt=2[t i“;—ﬂ

d

Nl:l

(=)

B L
2 2
(b) Cho I, : = Icos"xdx ;1 r= J-sinn xdx, n € N. Chiing minh
0 0
raing I, =J,.
T : : T
That vay, dat x = E_t ; cosx = sint, dx = —dt, khix=0=t= 5

khi x = g = t = 0. Do d6, diing (7.36) ¢6 : .

T

0 0 2

I,=- Icos" (—;— = t) dt=-— jsin“ tdt = jsinn tdt=7J,
n Tt 0
2 2
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(c) Ching minh rang néu f(x) lién tuc trong [-a. a] thi :
0 néu f(x) 1é

.37 f(x)dx =4 ®
( ) _'[ s ij(x)dx néu f(x) chan

0
That vay, theo cong thirc (7.24) ¢6

a 0 a
If(x)dx = If(x)dx + jf(x)dx
-a -a 0

Trong tich phan thit nhat ciia vé phai ding thic trén, ta thuc hién
phép doi bién x = -t ¢

0 0 a a
j.f(x)dx - jf(-t)dt = If(—t)dt = jf(—x)dx
—-a a 0 0
Dodo:  [foadx= [ [fx)+f(-x)]dx
—-a 0

Tu dang thic cubi cing nay dung tinh chat ham s6 chdn, 1é va
dung tinh chat 1 (i) suy ra (7.37).

Dinh li 7.8 (Déi bién t : = @(x)).
h P
Xe:r tich phan J-f(.\')d.\', voi f(x) lién tuc trong [a, b].

d
Néu phép doi biént : = ¢(x) thod :
(1) @(x) bién thién don diéu ngdt va 6 dao ham lién tuc trén [a, b]

(2) flx)dx tro thanh g(t)dr, trong dé g(t) la mér ham sé lién tuc
trong khodng déng [p(a), o(b)] thi :

h @(b)
(7.38) |/ o= j otrid
d ~la)
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Chitng minh.

Gia sit jg(t)dt = F(t) + C, khi dé :

jf(x)dx = faydt = Floe) +C

Do dé :
b o(b)
b o(b)
[fxax = Floe0)]|, = Flo(b)] - Flo@] = F® oy = Jeam
a o(a)
* Thi du.
x
= 2 COs X
(a) Tinh I= j 5 dx.
o l+sin”x

P4&i bién t = sinx, ham s6 t = sinx don diéu trén [0, —;—]

Dung (7.38) c6:

dt _E.
gt T4
0
: dx
(b) Tinh I= j' . (0 < 0. < 7).
X< —2xcosa + 1
) - 1 )
Vi 0 < o < 7 nén ham s6 f(x) : = — lién tuc trong

x“ —2xcosa +1
[1, 1] ; thuc hién ddi bién t = x — cosa ; dt = dx va

1-cosa
dt 1 I=Tcosa 1 + cosa
I= = arGtg vy + ar¢tg —;
2 sino sinia

2 + %o sina

—1-cosa
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2Q

2sin” —
Vi l—.cosot= 34 g, l+-COSG.= tgg
sina 5 & e 2 sina 2
2 2
Il (o © a s
Do dé : I=— (——+———)= :
©c0 sina\2 2 2/ 2sina

7.6. Phép lay tich phan timg phan
Gia sir u(x) va v(x) la nhimg ham s6 c6 dao ham lién tuc trong [a, b].
Khi dé6:
d(uv) = vdu + udv
LAy tich phan ding thic nay trén [a, b] dugc :

b b b
Id(uv) = Iudv + Ivdu
a a a
Vi _ tj[d(uv) = (u.v)|: nén :
b b
(7.39) Iudv = (uv)|: - Ivdu

a a
Cong thirc (7.39) duoc goi 1a cong thiic tich phan ting phan.
Thi du.

€
(a) Tinh I= jln xdx.
1

€
Taco:1= xlnx'?—jdx =elne-1.Inl-(e-1)=1
1

L
2

(b) Tinh Jo:= [sin"xdx, neN.
0

2

o .. n7l N " . n-
bat u = sin” | xva d(=cosx) =] dv, \¢éEdul = (n— 1)sin™ " xcosxdx

Va V = —COSX

274



Dung cong thirc (7.39) duoc

U9

= &
. . 2 . n—
J, =(—cosxsin4" hol” + J-(n —1)sin™2 xcos®xdx
0
0

z ) & r
2 2 2

= (n=1) [sin" 2 x(1 -sin® x)dx = (n—1) J-sin"—2 xdx — jsin" xdx
0 0 0

hay J,= (n-DJ,2 —(n - 1)J,
Suy ra céng thic truy héi :

(7.40) Jo=—3.

E T
2 ” 2
Dic biét, c6 Jo= Il.dx=—2-;ll= Ismxdx=1
0 0
Hé thitc (7.40) ching t6 rdng mudn tinh J; phai bi€t J,_,, muén
tinh J_, phai biét J,_4,..., cudi cing phai bi€t J, hoac J; tuy theon
chin hay 1. Chang han, v6i n chidn (n = 2m), c6ng thic (7.40) cho :

2m-—1
Jom == Jam—2

2m-3
J2m—2 = 2m - 2 J2m—4

3
Jy==1]
4 4 2

1 Ion
12—510—5.5
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Nhan vé véi v€ cic dang thic trén, suy ra :

_@m-)@m-3).3.1 n
(7] Tom = 2m2m-2)..42 2

Néu dung ki hiéu :
1.3..2m -3)2m - 1) : = 2m - )!!
(doc 1a (2m — 1) giai thura cach) va
2.4..2m - 2)2m : = (2m)!!
(doc 1a (2m) giai thira cach) thi c6 thé viét (7.41) duéi dang :

_(2m -1} ud
(7.42) Jom ——(Zm)!! >

Tuongtuvéinlé :n=2m+ 1, cé

(2m)!

(.45 Tame1 = Qm+ DN

Dung thi du (b) trong phdn dinh 1i 7.7, c6 thé viét gon

bid T 1NN
z 3 (“(n)?'".g Kkhi n chén
(7.44) jsin" xdx = j cos"xdx = N
0 0 fa— D! khi n 1é
!

7.7. Tinh gan ding tich phan xac dinh

Nhu da bi€t, cong thitc Newton — Leibnitz cho cach tinh tich phan
xdc dinh clia cdc ham s6 kha tich mién 13 biét nguyén hdm cua céc
ham s6 d6. Tuy nhién, chiing ta ciing di biét c6 nhiéu ham s6 so cdp
nhung khong thé biéu dién nguyén ham ciia ching duéi dang cic ham
s6 so cdp, ngay ca khi c6 thé biéu dién dugc nguyén ham duéi dang
cdc ham s6 so cdp ngudi ta ciing tim céch tinh gdn ding tich phan xic
dinh mién la dat do.chinh.x4c.thich-hgp.va.cich-tinh don gian.

Muc nay sé€ giGi thiéu hai cong' thirc/titith 'gin ding tich phan xac
dinh : céng thic hinh‘thang va cong-thw&Simpson.
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* Cong thuc hinh thang.
Gia st can tinh tich phan

b
(7.45) I:= [food
a
trong d6 f(x) 12 mot ham s6 xac dinh lién tuc trong [a, b].

Dung hé phan diém déu, chia [a, b] thanh n doan con bang nhau
boi cac diém chia :

|

xoz-a,xl=a+h,...,xi=a+ih,...,xn_=_b; i=0,n
(7.46) h:= AKX = X; = Xj-p = b;a, i=Ln
Tai c4c diém chia, ta tinh : f(x;) va dat :
(7.47) f(x) =y, i=0n
Néi khéc di, ta c6 bang gia tri tuong Ung (x;, y;) :
X l a=Xx, X X Xp=b
y | Yo Y1 Yi Yn
Tacé:
b Xj X2 Xn
(748) [ f(odx= Jfo0dx+ Jfo0dx+...+ | fooax
a Xo Xy Xn-1

Pé tinh tich phan & v€ phai cua (7.48) ta thay ham s6 ldy tich
phan f(x) bdi cic da thic noi suy bac nhédt Lagrange L(x) trong cic
khoang [X,, X;1, [X{» X2l s [Xp-1> Xp) (dI nhién trong cic khoang
khic nhau, cé cic da thic noi suy khic nhau).

Chéng han trong [X,, ){l], dung céng thitc (2.6) va (2.7) chuong 2

" tachd:

(7.49) SOOI (x) =padl Tt ¥1/1(¥)
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trong d6

lo(x) = XX—XI

(7.50) o™X
II(X)= X—Xo

X1 —Xo

Xy X
Nhu the, ta da xép xi [ f(x)dx bdi [L;(x)dx :

Xo Xo

X X,
(7.51) [foodx~ [L00dx
X X

o o

trong d6 L,(x), ham s6 dugi d4u tich phan & v& phai (7.51) thoa céc
cong thuc (7.49) va (7.50).

Thuc hién phép d6i bién x = x, + ht ; dx = hdt, khi x =x, = t=0;
khi x =xj,c6x;=x,+h=x,+ht=>t=1.

Khi d6
X, +ht —x X, +ht—x,—h
I,(x)=-2 1-Zo = =—(t-1
R = — -1
LX) = X —Xo =x0+ht—xo=t
X] —Xo h
L](x) = yolo(x) + )’1’1(X) = yo(l - t) + y]t
Do dé

Xy 1
ILl(X)dX = hj [yo(1 —t)+yt]dt=h. YoVl ;'YI
Xo 0

Tu (7.51) c6 cong thirc x4p xi

|
e e o B
(7.52) j o diains

Xo
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Nhan thdy vé phai cia (7.52) khong phu thudc céc can ldy tich

phan x,, x; ma chi phu thudc f(x,) = y,, f(x;) = y; (xem (7.47)) nén,
c6 thé suy ra :

X2
jf(x)dx i %y—z

X)
(7.53) 7
xn

j f(x)dx = h 1112—*&

an—l

Tir céc hé thic (7.48), (7.52) va (7.53) suy ra cong thirc x4p xi
8 +

(7.54) [foodx = l1[192—y“+y1 +ys +...+yn_1]
a

Goi biéu thitc & vé€ phai (7.54) 1a I, c6:

(7.55) I~Ip= h[y“;y“ +Y1 +)’2+---+)’n—1]v

_b—a
" n

h

. Y4
Cong thic nay dugc goi la

céng thirc hinh thang, Vi néu
f(x) > 0, x € [a, b] thi cic Ve
biéu thitc & vé€ phai cua (7.52)
va (7.53) chinh la dién tich

clia c4dc hinh thang cé chiéu Yo (Wi Yn-1 | Yn
cao h va cic diy lan luot y,, .
yl, ceny yn (h]nh 7.5) O XO x1 Xn-1 Xn =X

Hinh 7.5

279



C6 thé chitng minh dugc ring néu xap xi I bai I theo cong thirc
(7.55) thi :

(7.56) II-Ig < %hz(b—a)
trong d6 M, : = max|f'(x)|, x € [a, b].
] dx
* Thi dy. Tinh gén diing 1= [ ——.
o 1+x

1

Ta da biétl = arctgx| 0

= arctgl = % do dé, néu da biét s6 = thi cé

I1=0,78539816
Néu ding (7.55) va chia [0, 1] thanh 10 khodng bang nhau, ta c6 bang

X f(x) = l 5
(1+x%)
0,0=x, 1,0000000 =y,
0,1 =x, 0,9900990 ~ y,
0,2=x, 0,9615385 ~ y,
0,3=1x3 0,9174312 = y3
0,4=x4 0,8620690 = y,
0,5 = x5 0,8000000 ~ y4
0,6 = x¢ 0,7352941 = yq
0,7=x4 0,6711409 ~ y,
0,8 = xg 0,6097561 = yg
0,9 =xq 0,5524862 ~ yq
110= X10 0,5000000= Y10
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Dung c6ng thitc (7.55) ta dugc

I =~ I3 =0,7849815 véi sai s6 twong d6i 0,054%

* Cong thic Simpson.

Khi xay dung céng thic hinh thang ching ta da xdp xi f(x) bai
cic da thirc ndi suy bac nhat, bay gid ta s& x4p xi f(x) boi cic da thirc
noi suy bac hai, do dé trong méi khoang x4p xi cdn dén ba niit, vi thé
phai chia [a, b] thanh 2n khoang bing nhau béi cic diém chia

a=X,<X]<X3<..<X;<..<Xp,=b

b-a
2n

(7.57) xj=a+ih,h=

Tai cdc diém chia x; ta tinh f(x;) va dat

(7.58) f(x;) =y;
Khi d6, ta cé6 :

b X2 X4 X2n
(7.59) I= jf(x)dx: j f(x)dx + j f(x)dx + ... + j £(x)dx
a Xo X2 X2n-2
X2
Dé€ tinh If(x)dx ta xap xi f(x) bai da thitc ndi suy Lagrange bac
xo
hai L,(x) va ding cong thirc (2.8) va (2.9) chuong 2 tacé :
(760) Lz(X) = yolo(X) + YIII(X) + y212(X)
vé6i
( (x = x1)(xX—X3)
l -
o) = g x)(Xo —X2)
(X —xo)(X=X2)
7.61 LH(x)=
(hR0 1= G = xe )i —x2)
Sy B2 ]
/ =
- %7/ X }Xp ey
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Tacéd:

Xo X9
(7.62) [foxdx = JLaxydx

Xo Xo

trong dé Ly(x) dugc tinh theo (7.60) va (7.61).
D€ tinh tich phan & v€ phai clia (7.62) ta thuc hién phép ddi bién
X =X, +htvacédx = hdt, ing x, lat =0, tng x5 lat=2, khi dé:

o) = 2.~ 1)t -2,
ll(X) = —t(t = 2),

1
= —t(t —
l(x) 2(t 1)
do d6 :

X3

2
ILz(x)dx hj[y°(t-1)(t-2) yit(t—2)+ 22 St~ ):ldt

Xo 0
2 3y y
2
hé[[( )t +( 2°+2y1—72)t+y°]dt

va cudi cung :

Xz
h
(7.63) Jf00dx =30 +4y1 +y2)
xo

Tuong tu, suy ra :

4
h
If(X)dx =3 (2 +4y3+Y¥4)
X2

(7.64) )

h
_[ f(x)dx z5()/2.1—2 Y21 +Y2q)

(X2n-2
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Cu6i cung, tir cic cong thic (7.58), (7.63) va (7.64) suy ra

h
(7.65) I=I= 3lyo +yan) +4ly1 +¥3 +ot Yon-1) +

+2(y2+ Y4+ - ¥ Y22
b-a
2n
Cong thirc (7.65) dugc goi la cong thirc Simpson.
Ngudi ta ciing chiing minh dugc rang
4

v6i h =

h
7. -1/ < — (b -
(7.66) IT-1I| <My 180 (b—a)
véi My:= maxlf(4)(x)| ;X € [a, b].

Thi du.

LAy lai thi du trong muc cong thic hinh thang, véi n = 10 ta tinh
dugc I = I = 0,78539815 véi sai s6 tuong d6i 0,000002%.

e Chii y cu6i cung vé tinh gin ding tich phan. Viéc diing cic céng
thitc hinh thang va Simpson chi thuc su thudn loi khi bi€t dugc cic
gid tri f(x;) = y; (céc hé thic (7.47) va (7.58)) nhung rat ti€c la trong
thuc t€, khong phdi lic nao ciing c6 thé tinh dé dang va chinh xdc gia
tri ham s6 f(x) tai bat ki diém x = x;, chinh dé khac phuc khé khan
d6, hién nay ngudi ta dang c6 ging phat hién cic phuong phip s6
hiéu qua hon.

7.8. Mét s6 itng dung hinh hoc cua tich phan xac dinh

7.8.1. Tinh dién tich hinh phdng

* Trudng hop bién cia hinh phing cho trong hé toa d6 Décéc. Tu
bai todn dién tich hinh thang cong, ta da bi€t dién tich cta hinh thang
cong gi6i han bdi cic dudng thing y = 0, x = a, x = b va cung d6 thi
ham s6 lién tuc f(x) >01a S:

b
A= If(x)dx
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b
Néu f(x) <0, x € [a, b] thi S = - [f(x)dx
a
Do dé6, trong moi trudng hop véi f(x) lién tuc trong [a, b] taco:
b
(1.67) s= [ lfeolax
a
Trudng hop hinh phing gi6i han bdi cdc dudng thing x =a, x = b,
y = f(x), y = f5(x) v6i f}, f, 1 hai ham s6 lién tuc trong [a, b] (hinh 7.6)
thi dién tich S duogc tinh theo c6ng thirc

b
(7.68) s= [ |fi0-f00]dx
4 yA
y4 _ d .
y=t,(x)
“ x=oly)
(o]
o] a b x o) X
Hinh 7.6 Hinh 7.7

Tuong tu, néu phuong trinh duong cong cho dudi dang x = @(y), ¢(y)
lién tuc trong [c, d] thi dién tich hinh phing giéi han béi cic dudng
y=c,y=d, x =0 va dé thi x = ¢(y) dugc tinh theo cong thitc (hinh 7.7) :

d
(7.69) s= [ loy)dy

C

Truong hop duong cong cho duéi dang tham s6

{x = q(t)
y =w(t)
thi dién tich hinh thang eong citing|dugg tinh theo cong thic (7.67)
trong d6 y = f(x) duge thay boi y = wi(t) -dx-duoc thay bai dx = ¢'(t)dt

284



con hai can a, b dugc thay boi hai can méi ty, t, 1an luot la nghiém

cua cac phuong trinh

a=0(t)); b=o(ty)
tuc la

t
(1.70) s= | lv®oe'®|a

Y

trong d6 @(t), w(t) va ¢'(t) 1a cdc ham lién tuc trong [t;, t7].

* Thi du.
(a) Tinh dién tich cua elip (hinh 7.8) :
2 2
x_2 + y_2 =1.
a b

Vi 1€ d6i xing, cong thic (7.67) cho :

ya

a _
S=4Il_a)- a2_Xde C
0

ab .x b [ )2
=4(—2—arcsm;+z a” —x ).0

= wab (thi du (b) muc 6.2 chuong 6). Hinh 7.8

Ciing c6 thé tinh S theo cdch biéu dién tham s6 cia phuong trinh

= t
elip {x 3OSt ) < t < 2. Khi d6, diing (7.70) c6 :

y = bsint ¥
L bl
S= dsb fsin? it = dab [L 2 ot = mab 2
= ajsmt -aj 3 = S
0 0 3 \
(b) Tinh dién tich cha hinh gom giita rﬂ?
hai duong cong y2 = _2pX— = 2py, 0) 2p X
p > 0 (hinh 7.9).
Hinh 7.9
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2
3 day : f;(x) = \2px ; fp(x) = %5 do d6, ding (7.68) c6

2p 2 3 3 iz
2 P 4
> I {42‘”“%)“":(342"*2 ‘%s)‘o =3P

(c) Tinh dién tich hinh gi6i han bdi dudng cycloide

X = a(t —sint)
y = a(l —cost)

0 <t < 2x va truc hoanh Ox (hinh 7.10).
y A

Hinh 7.10

Theo c6ng thic (7.70) c6 :

2n 3 1 ’n "
_ (.20 Y| < SRR _
S= (!a (1-cost) dt =a (Zt 2snnt+4sm2t)|0 3na

* Trudng hop bién cha hinh phing cho trong hé toa do cuc.

Gia sir dudng cong giSi han hinh phéng cho trong hé toa do cuc.
Nguoi ta goi hinh quat cong 1a mét hinh gigi han bai hai tia di qua
cuc va mot dudng cong ma moi tia di qua cuc cit dudng cong dob
khong qua mot diém. D€ tinh dién tich cia hinh quat cong gi6i han

bai hai tia ¢ = a, .= B.(a.<.B).vacung AB.ciia duong cong r = ()
trong do6 r(¢) l1a mot-ham sé.lién ke trofig-[ed, B] (hinh 7.11), ta chia

géc AOB thanh n gée nhe, ki hicull A, Ti = 1.n.
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Nhu th€ hinh quat d6 duoc
chia thanh n hinh quat nhé cé

dién tich AS,, i = 1,n (hinh 7.11).

Gia stt OKL 1a hinh quat nho
thit i, dién tich clia né x4dp xi bing
dién tich hinh quat tron OK'L' c6
cling géc & tam Ag; va c6 ban kinh
r=r(9) ¢; < @i <9 + Ag;
nghia la

AS; = %rz((p'i)Acpi Hinh 7.11

Do dé6 dién tich hinh quat cong da cho x4p xi béng
n
1 3. .
(7.71) igir @A,

X4p xi cang t6t néu n cang lén, Ag; cang nho, do dé dién tich S
ctia hinh quat, theo dinh nghia tich phan x4c dinh la

. Phuong trinh duong tron béan
~ kinh R trong hé toa d6 cuc lar =R,
- do d6 diing (7.72) c6 (hinh 7.12) :

B
72)  S= [Ae)o y
o Thi du. ///
(a) Tinh dién tich dudng tron c6 //
e - )

S=l

™ |

.
2

4 Ide(p e Hibh 7.12
0
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(b) Tinh dién tich gi6i han béi dudng hinh tim r = a(l + cosg), a > 0
(hinh 7.13).

Dung coéng thic (7.72) ¢6 :

b1
S= 2.%6"a2(1 + coscp)zd(p

n
=a® J'(l +2cosQ+ cos> ¢)do
0

>f 3 : 1 . n 3 i
a (§(p+2$m(p+zsm2(p)|0 = yma’. Hinh 7.13

7.8.2. Tinh d¢ dai duong cong phdng

Cho ham s6 y = f(x) lién tuc va c6 dao ham lién tuc trong [a, b),
g0i cung AB 1 dé thi cua f(x), x € [a, b]. Ta sé& dinh nghia dé dai s
cua cung AB va tinh s (hinh 7.14).

Ya
M.
Mo=A Mit - Mr-1
M1 MnEB
§
a b
Ol xo x4 Xi1 Xi  Xng Xn X
Hinh 7.14

Lay trén cung AB nhilng diém My (x,, f(xg)), M, (xy, f(x})), ...,
M;(x;, f(x})), .., Mp(x,, f(x,)) v6i x, = a ; X, = b. Ta goi do dai s la

gi6i han cua d6 gi-dudmggapkhic MM Z"MLM; ... M, khi s8
canh cua duong gip khe tang v&ihan $as-cho da dai canh 16n nhét
cua né dan t6i khong, nghia 13
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n
(773) s = lim ZMi—lMi

)‘—)Oi=l

trongdé A : = max M, |M;

1<i<n

Mi_]Mi l1a dO dai dO@ﬂ Mi“]Mi

Hién nhién ta cé :

(7.74) M;_iM; = {(8x;)? +(Ay; 2
VoI AX; 1 = X — Xj—1 5 Ay; = f(xp) = f(xj-)-
Theo cong thic Lagrange (cong thitc (5.2) chuong 5), ¢6
Ay; = f(x)) = f(xj=1) = F()AX;, Xj) < §; < X
Thé gid tri Ay; vao (7.74) ta dugc :

M- M; = y1+£2(E)Ax;
n
Suy ra: s = lim Z\h + f'z(éi)Axi

A—0 i1

Vi £(x) lién tuc nén /1+£'2(x) lién tuc véi x € [a, b] nén ham s6

J1+f 2(x) kha tich trén [a, b] (dinh 1i 7.2), do d6 luén ton tai d6 dai s,
va theo dinh nghia tich phan xic dinh, ¢6

b
(1.75) s= _[\/1 +£2(x)dx

Trudng hgp dudng cong cho duéi dang tham s6
x=x(1),y=y(),t € [a, B]
thi tir (7.75) chi can iy di b HHLIhAYETR) bk )y(—?t; ,
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ta c6 cong thic :

B
(7.76) s = Nx'z(t) +y2(t)dt
a

Trudng hop dudng cong cho trong hé toa d6 cuc

r=1(9), ¢ € [o, B]
ta chi cdn dung cong thitc (5.22) chuong 5 :

X = r(@)cos®, y = r(¢)sin@
va coi X, y dugc biéu dién theo tham s6 ¢ ta dugc
x'(@) = r'(¢)coso — r(@)sing
y'(¢) = r'(¢)sing + r(p)cose

, 2 2 2 2
Do dé : (@) + YT (@) =17(9) + ' (9)
Khi dé6 cong thic (7.76) tré thanh :

B
(1.77) s= [Vr2 @)+ (g)dp

a
* Chu y.
Néu s 1a d¢ dai cung AM, 1a d6 thi ctia ham s6 f(x) lién tuc cling
v6i dao ham f '(x) ; trong d6 A(a, f(a)) 12 mot diém c6 dinh va M(x, f(x))

thi cong thitc (7.75) cho
X
s = N1+f'2(t)dt
a
Tir d6, theo céng thitc dao ham theo c4n trén (7.32) ta cé

% =y1+f2(x)
suy ra:
(7.78) ds = /1 + £2(x)dx

d ,
Vif'(x)=y = % nén.co.thé viét(7.78)-dusi-dang

(1.79) ds)*=(d%)” + (dy)?
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Truong hgp dudng cong cho dudi dang tham s6, (7.79) 1dy dang

(7.80) (ds)” = [x2(1) + y*01n’

Hai cong thic (7.79), (7.80) thudng dugc goi 1a cong thiic vi phan cung.
* Thi du.

(a) Tinh d6 dai cung parab6n y = —2—15x2 , p > 0 14y tir gbc toa do

- dén diém M c6 hoanh d6 x.
Cong thic (7.75) cho :

X 2 :
e P P
=2p 2 +p +plnx+\/x +P

(dung céng thirc & thi du (h) muc 6.3 chuong 6).

(b) Tim d6 dai duong tron ban kinh R.

Phuong trinh dudng tron trong hé toa d6 cuc la x =R, 0 < ¢ <2,
do d6 dung céng thic (7.77) c6 :

T
2
s=4. de(p = 27R
0
(c) Tinh d6 dai duong cycloide
x =a(t—sint) ;y=a(l —cost) ; 0 <t<2n
Dung céng thirc (7.76) c6 :

n 2n

t
Ia\/a —cost)2 +sin’t dt =2a Isinidt
0 0

»
]

= —-4acos—|
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7.8.3. Tinh thé tich vdt thé
* Vat thé bat ki.

Cho mét vat thé giéi han boi
mo6t mat cong va hai mat phing
X =a, X =b, a < b (hinh 7.15).

Gia sif ta biet dien tich Scia N\, N N .

thiét dién cla vat thé tréetn métmat O a\| x'\J E\l BN x
2 » P a i X

phang vuéng géc véi truc Ox la i

S = S(x) ' Hinh 7.15

trong d6 x 12 hoanh d¢ ciia giao diém cla mat phéng cit truc Ox, gia
sir S(x) 12 mot ham s8 lién tuc trong khoang déng [a, b]. Ta sé dinh
nghia thé tich vat thé néi trén.

Chia [a, b] thanh n doan nhé béi céc diém chia :

A=Xy,<X;<..<Xj—1<X;<..<x,=b

Qua méi diém chia x;, i = O,n ta dung mot mat phang vuéng géc
véi truc Ox, cdc mat phang d6 chia vat thé thanh n vat thé nho.

Trén mi doan [x;_;, x;] 14y mot diém &; tuy ¥, dung hinh tru ding
gi6i han bdi cdc mat phing x = x;_;, x = x; VA mit tru c6 duong sinh
song song véi Ox, di qua bién cua thiét dién vat th€ di cho bai mat
phing x = &; ; thé tich cta hinh tru d6 1a S(E)Ax;, AX; 1 = X; — X;.

Thé tich cia tat ca céc hinh tru d6 ing v6i moi i, i= 1,n la
n .
(7.81) D S(EDAX;

i=1

Giéi han clia tong (7:84) khin —, +x sao cho max Ax; — 0 duoc
goi 1a thé tich vat thé da cho.
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Theo dinh nghia tich phan xic dinh, gi6éi han d6 chinh Ia
b

I S(x)dx, tich phan nay chic chin tén tai vi S(x) dugc gia thiét lién
a
tuc trong [a, b]. Vay, néu goi V 1a thé tich vat thé néi trén ta dugc

b
(7.82) V = [S(dx
a
« T du.
Tinh thé tich cha elipx6it (hinh
7.16) :

Cit elipx6it bdi moét mat phing
vubng gbéc véi truc Ox tai diém cé
hoanh d¢ x € [-a, a] s€ dugc mot
thiét dién 12 mot elip c6 phuong trinh
2 2

2
z

-y—+——=1—— Hinh 7.16
"02

b2

[(S]
(8]

y z

(Al ([ a2y
-3 o)

Theo thi du (a) muc 4p dung cong thiic (7.67), dién tich elip d6 1a

x2)
S(x) = mbe Ll - a—zJ

hay 1

Do dé, diing céng thitc (7.82) ta c6 thé tich V cta hinh elipxoit 12

V= 2i[S(x)dx = mbc ]‘(1 —52—} dx
—-a a

—a

a 3
27nbe 2mbefi;ang x7 |12 4
=— I(a2——x2)dx=—7—[a x——3-)|0=-§1tabc
a7 4 a
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: ty
* Vit thé tron xoay.

Gia sur phai tim thé tich cua vat
thé tron xoay tao bdi hinh thang
cong AabB gi6i han boi dudng [
y = f(x), x € [a, b], truc Ox, cic O X
dudng thang x = a, x = b khi quay
n6 quanh truc Ox (hinh 7.17).

Hinh 7.17

Gia sir f(x) lién tuc trong [a, b], khi d6 moi thiét dién vuéng géc véi
truc Ox déu 1a mat tron c6 tam nam trén Ox va c6 ban kinh 12 y = f(x)
nén dién tich S(x) cua thiét dién iing v6i hoanh do x la

S(x) = 1ty2 = nfz(x)
Do d6, dung cong thirc (7.82) ta suy ra céng thirc tinh thé tich ctia
vat thé tron xoay :
b
(7.83) V=n [f2(x)dx

a

Tuong tu, né€u hinh thang cong
CcdD gi6i han boi duong x = ¢(y),
y € [c, d], o(y) lién tuc trong [c, d],
truc Oy va c4c dudng thing y =c ;
y = d (hinh 7.18) thi thé tich vat
thé tron xoay tao bdi hinh thang
cong d6 khi cho né quay quanh
truc Oy duogc tinh theo cong thirc

d
(7.84) V=n I(pz(y)dy Hinh 7.18
C
* Thi du.
7 2 y2
Tinh thé tich gua vattron xoay tao bagi elip : 5 +5 =1 khicho
a~ b

elip quay quanh true Ox.
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2 b’
O day f2(X) =y’= —(a% - x%) do dé, dung cong thitc (7.83) ¢

a2

a 2 a

b
V=mn j—z(az —x2)dx = Zn% I(az —xz)dx

a a

-a 0
bz( 2 XBJ a 4 2

—21ta—2 a X—T l() =§1tab .

7.8.4. Tinh dién tich mdt tron xoay

Xét cung AB , d6 thi ctia ham s6 y = f(x), x € [a, b], véi f(x), f '(x)

lién tuc trong [a, b], cho cung AB quay quanh truc Ox va xét vat thé
tron xoay tao thanh (hinh 7.19).

v4

Xi.1

Hinh 7.19 Xi
Ta sé dinh nghia dién tich mat tron xoay nay va tinh dién tich dé.

Trudc hét xét trudng hop f(x) = 0 : Lay tréh cung AB nhitng diém
Mo = A(aa f(a))v Ml(x]! f(x]))a LX) M](xp f(xl))’ seey Mn = B(b7 f(b))v
trong d6 x;, 1 = 0,n-tuan.theo.thir.tit.:

a = XGPS WESH/< Xi4f Ao < Xp=b
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Khi quay quanh Ox day cung M;_M; sinh ra mét mat nén cut c6
dién tich xung quanh la
KMi_lMi[f(Xi_]) + f(xl)]
trong d6 (xem (7.74))

Mo M; = {1+ £2E)Ax;, & € X, X;]

Do d6, dién tich cia mat tron xoay sinh ra bdi duong gip khic
AMM,... B khi quay né xung quanh truc Ox bing

. "
(7.85) Y. my1+£2(E;) [f(xi—) + f(x)IAX;

i=1
Gidi han cla téng (7.85) khi n = + sao cho maxAx; — 0 duge

goi la dién tich S ciia mat tron xoay duge sinh ra bdi cung AB quay
quanh truc Ox.

Luu y ring téng (7.85) khéng phdi 1a téng tich phan cia ham
26(x) 1+ f2(x) vi trong cdc s6 hang cla téng dé6 ing véi khoing

[X;-1, ;] hién dién ba diém x;_, &; va x; clia khodng [Xi-1, x;]. Tuy
nhién, ngudi ta ciing chimg minh dugc ring gi6i han cta téng (7.85)
bang gidi han (gidi han lu6n ton tai vi theo gia thiét f(x), f '(x) lién tuc

trong [a, b]) clia téng tich phan ctia ham s& 2f(x) \,1 W (x) . Vay,tacéd:

S=  lim  m) 1+£2&) [f(ximy) + f(x)IAX;

max Ax; =0
d i=1
= lim ZnZ FE W1 + 2 (E))Ax
max Ax; >0

hay la :

b
(7.86) S=2x If(x)\,/l 42 (%) dx
a
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Néu f(x) c6 d4u bat ki ta dinh nghia :
b

(1.87) s =2n [|fx)| J1+£2(x)dx
a

Trudng hgp dudng cong cé phuong trinh x = ¢(y), ¢(y) lién tuc
trong [c, d] thi dién tich mat tron xoay sinh ra boi cung cta dé thi
x = ¢(y) quay quanh truc Oy la

d
(7.88) s=2x [loen|y1+02(y)dy
(o}

y4

® Thi du. Tinh dién tich cia vong xuyén
sinh bdi dudng tron x2 +(y- b)2 =g (b>a) b 2
quay quanh truc Ox (hinh 7.20).

Dién tich clia vong xuyén bing téng hai
dién tich sinh bdi hai nira duong tron khi
quay quanh Ox : nita duong tron trén cé o X
phuong trinh

y=b+ a? - x? Hinh 7.20

va nira dudmg tron dudi cé phuong trinh
y=b- va? - x? »
XZ

32 —X2

Trong ca hai trudng hop c6 y'2 =

Dung cong thirc (7.86) ta duoc :

a f 2
S=2xn I(b+\/a2—x2) 1+ 2x 2dx+
Lo a® -x
a 2
+2n j(b-\]az-xz) 1+ 2" - dx
a —X

= 4xab J'\/_____ = SRabj\/.__ = 8abmrarcsin -—| = 41: ab
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7.8.5. Hai so doé itng dung tich phan

Trong cdc (ng dung hinh hoc néu & trén, khi dinh nghia va lap
cdc cong thirc chiing ta da theo moét phuong phép goi ia phuong phip
lap téng tich phan.

So d6 dung phuong phép téng tich phan nhu sau : Gia sir cdn tinh
moét dai lugng A(x) phu thuéc mét dai lugng x khéc, gia sir x bién
thién tir a dén b ; ngoai ra, gia sit A(x) thoa tinh chdt céng hiéu véi
nghia : néu chia [a, b] thanh hai khoang [a, c] va [c, b] thi dai luong
A ing Vi [a, b] bang dai lugng A ing vdi [a, c] cong véi dai lugng A
ing vdi [c, b]. Véi nhitng gia thiét trén, khi c4n tinh A ta ti€n hanh
nhu sau :

e Chia [a, b] thanh n phin bdi phan diém

(7.89) Xo=a<X;<X3<..<Xp=b

* Phan tich dai lugng A thanh téng cia n s6 hang

(7.90) A= Zn:Ai
i=1

trong d6 A; 1a dai luong A tucmg'li'ng trong khoang thit i : [x;_, X;].

* Tim moét ham s6 f(x) sao cho c6 thé biéu dién gin diing

(7.91) Ai = G — Xi-1), §; € [xj—p, X]
sao cho khi Ax; := x; — x;_; cang bé thi xdp xi cang t6t sao cho khi
dung (7.91) pham sai s6 bé thua A;.

. Thé biéu thic v€ phai cha (7.90) bdi biéu thirc x4p xi

(7.92) A= ) f(E)AX;
i=1

* Dung dinh nghia tich phan, viét

b
(7.93) A= j £Gx)dx

a
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Trong cic iing dung da dang cua tich phan, néu tién hanh theo
nidm budc trén, mbi budc tng véi mot "nhiém vu todn hoc", xay dung
céac hé thic tir (7.89) dén (7.93) di nhién dua vao cac hiéu biét co ban
vé dac thu cha dai lugng A cin tinh, so dé tng dung nay con dugc
goi ngan gon 1a so dé tich phdn.

Bay git ta xét hé thic (7.91), c6 thé hiéu biéu thitc vé& trii cla
(7.91) 1a hiéu cha gid tri A tai x; va gid tri A tai x;_;, nghia Ia hiéu
A(x;) — A(X;-1) va chinh la dai luong A dugc gia ting thém khi x
bién thién tir x;_; dén x;, vi th€ ta ki hiéu biéu thirc v€ trii ctia (7.91)
la AA, nghia la

(7.94) AA = f(&;) Ax;, &; € [x_1, X;]

bat x = x;—; ; x + Ax = x;, &; = & thi AA c6 dang
(7.95) AA = f(§)Ax
Trén kia, trong budc thit ba, ta da yéu cdu do chinh x4c ctia cong
thic xdp xi (7.91) 1a : sai s6 khi dung (7.91) khong vuor qud (x; — x;—1) ;
do vay, thay vi biéu dién x4p xi (7.95) c6 thé viét (xem (4.3) chwong 4)
AA = f(x) Ax + o(Ax)
Do dé, thay vi dung (7.94) ta dung

(7.96) dA = f(x)dx
Vay, n€u biét dA (vi phan clia A) thi c6 thé viét ngay
b
A= [f(dx

a

ma khong cdn qua cdc budc ng vé6i céc cong thic tir (7.91) dén
(7.92). So d6 nay thuong dugc goi la so dé vi phan.

* T6m lai, c6 thé-tinh-A-theo-so-d6-vi-phan-:
* Ldy x € [a, b] y/ldy x/+ dx,

e Tinh gid tri A taixvataix + dx:
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* Tim phan chinh bac nhét dA cia AA.

* Lay tich phan cioa dA tira dén b.

* Thi du. '

Luc ddy giita hai dién tich cing d4u e, va e, dat cich nhau mot

khoang r dugc cho bai cong thic :

s )
F=S%2
l'2
Gia sir dién tich e; dugc dat c6 dinh & géc hoanh do O, hay tinh cong
clia lyc ddy F san ra do dién tich e, di chuyén tir diém M, c6 hoanh d¢
r; dén diém M, c6 hoanh do ry trén truc hoanh Ox (hinh 7.21).

x4]-dx r2

X
L M S v 4

Hinh 7.21

Goi A(x) la cong cta luc ddy F sinh ra do e, di chuyén tir M, dén
M c6 hoanh d6 x ; cho x s6 gia khd bé dx ; vi dx kh4 bé, trong

khodng [x, x + dx] c6 thé coi luc ddy F nhu khéng d6i va bing %,
' X

do d6 cong cha luc ddy lam cho e, di chuyén tir x dén x + dx 12 vi
phéan cong dA, va

dA = SL-%2 gy
x2

Vay cong cta lyc ddy F san ra khi e, di chuyén tir M, dén M, 1

2
y T | ) 1 1
A= |dA 2 |==2-dx =reren1yreins = L.
I I 2 1P2\/| ) Q=2 P
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7.9. Tich phan suy rong

Trong phén 7.1 chuong nay ching ta dd xay dung khdi niém tich
phan xdc dinh trong truong hop cic can ldy tich phan la hitu han va
ham s6 14y tich phan 12 bi chan, bay gio ching ta s€ mo réong sang
trudong hop : can 14y tich phan 1a v6 han va trudng hop ham s6 14y tich
phan khéng bi chan va khi dé ta c6 khai niém tich phéan suy réng.

7.9.1. Truong hop cdn ldy tich phdn la vé han

Gia sir ham s6 f(x) xdc dinh trong khoang [a, +0) (di nhién a hitu
han), nghia 1a f(x) xdc dinh v6i moi x > a va kha tich trong bat ki
A
khoang hitu han [a, A] ; khi d6, nhu da biét tich phan If(x)dx c6
a
nghia véi bat ki A > a.
Néu ton tai
A
(1.97) lim j f(x)dx
A—+o :

thi gi6i han d6 dugc goi 1a tich phdn suy rgng cliia ham sé f(x) trong
khoang [a, +0) va ki hiéu 1a :

+00 ‘
(7.98) [ fooax
a
Khi d6, ta ciing néi rang tich phan (7.98) hdi tu va viét
+00 A
(7.99) [foodx = 1lim  [fCadx
5 A—+0 .

Néu khong tén tai gidi han (7.97) thi ta néi ring tich phan (7.98)
phan ki.
Tuong tu (7.99) ta ciing dinh nghia dugc tich phdn cia ham s6
f(x) 14y tir —o dén a :
d d
(7.100) fEeodxss Tl [i6dex (A’ <a)
A'—-0 e

—a0
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va tich phan cua ham s6 f(x) tir —oo dén +o :
+a0

A
(7.101) J'f(x)dx = lim jf(x)dx
——®

= Ao+ A’

vGi gia thié€t f(x) kha tich trén bit ki khoang hiru han [A', A] va véi
nhitng khdi niém trén, c6 thé viét

+00

+a0 a
(7.102) jf(x)dx = jf(x)dx + j f(x)dx, Va

Tich phan suy rong trong v€ trdi (7.102) héi tu khi ca hai tich
phan vé& phai (7.102) hoi tu.

Qua céc dinh nghia trén ta thdy rang tich phan suy réng 12 gi6i han
cla tich phan xac dinh (hiéu theo nghia théng thudng) khi cho can tich
phan dan téi v6 cung, do viy, ciing rat tu nhién, muén tinh tich phan
suy rong nguoi ta dung cong thic Newton — Leibnitz (cong thic
(7.34)) dé tinh tich phén, sau dé cho can tich phan dén téi v6 cung.
Chéng han, dé tinh tich phan dang (7.98) ta tinh (cong thiic (7.34) :

A
[fe0dx = F(A) - Fa)

a

Néu tich phan (7.98) héi tu, di nhién ta c6 : lim F(A) la hiu
A+
han va ta viét

lim F(A): = F(w)
A—+0
va khi doé cé thé viét
+a0
N +a0
j f(x)dx = F(+) - F(a) = F(x)
a
d

Véi cic tich phan dang (7.100) va (7182} ciing duoc tinh tuong tu.
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* Thi du.

dx T
+o0

——eme e e t = t — t 0 = —

(a) J' l > arctgx ‘ arc g(+00) arctg )

dx 0 s
(b) Il+x2 =arctgx|_Oo =—arctg(—oo)=—2—
_w
+00° 0 +00
dx dx dx T T
C = + =—+—=1
()Inxz I1+x2 Il+x2 2 2
— —0 0
mdx
(d) Tinh I:= Ix—a(a>0).
a
Véia#1cod
+00 éua < 1
mdx 1 l—a+°° .
—_— — X = al—a
x¢ l-a a néu o > 1
a o —

= 400

mdx +00
Véio=1co j-:lnx
X a

a

Vay I hoi tu khi o> 1 val phan ki khia < 1.

+00 +a0
) I= j e~ ginbxdx (a>0),J:= j e2X cosbxdx (a > 0)
0 a
asinbx + bcosbx _,, |*+® b
I=- 3 3 € \ =
aZ +b 0 a2 4+p2
3 bsinbx —acosbx _, ‘+°o B a
aZ + b2 0 a2 + b2
+a0 40
(f) Cé4c tich phan Isin xdx, Icos xdx--khong-hodi tu vi sinx va
a a

cosx khong xac dinh khi X = #00.
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* Sit hoi tu cua tich phan suy réng ¢é can la vo cung.
Truong hop f(x) 20.

Gia st f(x) = 0 va kha tich trén [a, A], v6i a, A hiru han (a < A);
khi dé tich phan

A
(7.103) D(A) = [f(x)ax
a
1A m6t ham don diéu tang d6i v6i bi€n A, do dé theo dinh i 3.3
chuong 3 suy ra:
Diéu kién it c6 va di dé tich phan suy rong (7.98) hoi tu 1a tich
phan (7.103) lu6n bi chan trén khi A tang :

A
(7.104) J' f(x)dx <L (L 1a hing s6).
a
Néu khong thoa (7.104) thi tich phan (7.103) c6 gia tri 1a
Tir diéu kién (7.104) va tir tinh don diéu cua tich phan suy ra:
* Dinh li 7.9 (tiéu chudn so sdanh).
(1) Cho hai ham sé f(x) va g(x) khd tich trén moi khodng hitu han
[a, A] (a <£A)va

(7.105) 0 <fix) <g(x),x 2a

Khi dé
+0 +0

Néu Ig(x)dx hoi tu thi If(x)dx héi tu.
a a

+00 400
Néu j f(x)dx phan ki thi j g(x)dx phdn ki.
d a
(2) Gid sit f(x) va g(x) la hai ham s6 khd tich trén moi khodng hitu
han [a, A] (a £A). Khi dé :

Néu tén tai gidi han

(7.106) lim ﬂﬁ:k (ORW H)

x>0 g(x
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+a0 400
thi cdc tich phan suy réng I f(x)dx va J‘ g(x)dx sé cang tinh chat,
a a

nghia la cung héi tu hodc cuing phan ki.
Chitng minh.
(1) Dé nghi coi la bai tap.

(2) That vay, theo dinh nghia gi6i han (7.106) suy ra, véi moi € >0
bé tuy y, véi x kha 16n, luén cé

f(x)

k—-e<—=<k+¢
g(x

hay (k — €) g(x) < f(x) < g(x) (k + €) (vi |x| > 0)
'Ap dung (1) vao bAt déng thirc kép trén suy ra (2). H
Hé qua 7.1.
Cho f(x) va g(x) la hai ham s6 duong khd tich trén [a, +c0)
Khi dé :

x—0 g(x

fx) T T
1) Néu lim 222 =0 va néu j' g(x)dx hoi tu thi J‘ F(x)dx hoi tu.
a

a

+00 40
2) Néu lim —f(—'\z= +00 va néu Ig(x)dx phdn ki thi J-f(x)dx
x—>0 g(x)
a a
phdn ki.
Chitng minh.

Dé ching minh phin 1) ta d€ y ring theo gia thi€t, Ve > 0 cho
trudc, c6 thé chon ¢ > a sao cho v6i x > ¢ ludn cé f(x) < gg(x), tir do,
theo fiéu chudn so sinh-ta suy ra két luan cia 1). Phan 2) cling duoc
chiing minh twong tif, d& nghi bar doc’coi 13°bai tap!
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* Thi du.

Xét su hoi tu cua céc tich phan :

3
+00 s o
x2dx
a)lJ:= I 3 2; b)K:= jl+x2’
1‘\/ 1+x 1
+0
L= jx e *dx; O0<reR,s>0
0

Véi J, dé y ring véi x > 1 luén ¢6 :

1
J1+xJ31+x2

Diing thi du (d) muc truéc va tiéu chudn so sanh, suy ra J hoi tu.
Véi K, dé y ring

1

1
L 2
xZ x3  x6

3
. X2 1
lim i — | =400
x40 1+x%2 X

Diing (d) & thi du truéc va hé qua 2) suy ra tich phan K phan ki.

Véi L, dé y rang
r.—SX r+2
lim [”2 }: lim 2 — =0

Xx—o+o| X~ x—+wo eSX

Dung thi du (d) va hé qua 1) suy ra L héi tu.
Truong hop f(x) ¢6 ddu tuy y.

Truong hop f(x) c6 dau tuy y, c6 dinh Ii :

* Dinh li 7.10. (Khoéng chitng minh).

+a0 400
Néu J‘ | £ ()| & Rgitrtiy j FO)dx. hai (.

a - a
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+o0 +o0
Khi dé, ta néi rdng I f(x)dx hoi tu tuyét déi, con néu I f(x)dx

a d

400 +00
héi tu nhung Ilf(x)ldx phdn ki thi ta néi jf(,\‘)d.\' ban hoi tu (hoi
) a a
tu khéng tuyét déi).
Véi cac tich phdn dang (7.100) va (7.101) ciing ¢6 nhitng ménh dé
twong ty.
7.9.2. Truong hop ham sé'ldy tich phdn khéng bi chdn
Bay gid xét truong hop ham s6 f(x) khéng bi chdn trong khoang
déng hitu han [a, b] ; cu thé hon gia sk f(x) bi chan va kha tich trong
khodng déng bat ki [a, b — n] v6i 0 < 1} < b — a nhung khéng kha tich
trong bt ki khoang dong dang [b — 7, b], f(b — 0) khéng gi6i ndi va
b dugc goi 12 mot diém hdt thuong.
Néu t6n tai gi6i han

b-n

(7.107) lim j f(x)dx
n—0

thi gi6éi han d6 dwoc goi 1a tich phdn suy rgng ciia ham f(x) 14y trén
b
[a, b] va ta néi ring tich phan J'f(x)dx hoi tu va viét
a
b b
(7.108) jf(x)dx : = lim
' n—0

a

-n
j f(x)dx

Néu gi6i han (7.107) khong tén tai hodc bing o thi ta néi ring

b
tich phan jf(x)dx PHARKL,

a
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Tuong tu, néu f(x) bi chin va kha tich trén moi khoang hitu han
[a + 11, b] nhung f(a + 0) khéng bi chan va f(x) khong kha tich trong moi
khoang hitu han [a, a + n'], diém a I diém bat thudng, ta c6 dinh nghia

b b
(7.109) Jfoodx := tim [ f(xdx
n-0 -,
a+n
Néu f(x) khong bi chan tai c, a < c < b ; nghia la f(c + 0) khéng bi

b
chan ta dinh nghia tich phan suy rong If(x)dx bai biéu thic

b c b
(7.110) J’f(x)dx = j'f(x)dx + jf(x)dx

Tich phan suy rong & v€ trii ding thitc (7.110) héi tu khi va chi
khi ca hai tich phan suy rong & vé€ phai hoi tu.

o Thi du.
0 0
@ | 8 _ - fim | B =Y 1)

—l'h x2 n'—0 e 1= x2 n'—-0

= ; (diém —1 12 diém bt thuong).

(ST

-y
dx
b li —— = Li i - -
()I,——x nlmo Jm r‘1m0arcsm(l n)

(diém + 1 la diém bat thudng).

dx ,
¢) [——=— ; cic diém 1 Ia diém bat thuomg vi
(c) Im cdc di€ém 1 1a diém bAt thudng vi

I j\/l—x '[\/1

X
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(d) Xét su hoi tu cua tich phan suy rong :
b

dx
I=J‘m (a<b,a>0)

a
3 day x = b 1a m6t diém bat thuong.
Véio=1,tacéhd:
b-n

lim J' _u5 = lim [—-1—- n*2 4 - (b- a)l‘ajl
-0 J (b-x)* nooLa-1 —-a + 1
‘ _a\-a
=T 1 g gl
l-a a-1n50
(b—a)l-®
Dodé: T=4 j_g "mx<l
+00 khi o0 > 1

Véia=1,tacéd

lim
n—0

L dx
_[ = lim[-(Inn - In(b — a))] = +o
: b-x n—0

Do dé6 1 =I—dx—— hoéi tu n€u a < 1, phan ki néu a > 1.
(b-x)*

b
(e) Twong tu tich phan I

S x-a)

(a<b,a>0)héitunéua<l,

phan ki néu a > 1.

1
() Xét su hoi tu cua tich phan1: = I Fx) dx, trong dé f(x) la .

0V1"'X2

ham s6 lién tuc trén/f0, 1]. P rang'lla mot tich phan suy réng loai
c6 diém bat thuong 12 % = 1 nhimg ta c4.448 YT v& mot tich phan thudng
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bang cach déi bién. That vay, c6 dinh c trong (0, 1) va dat x = sin@ trén
[0, c] vacd
1

f(x) T fx)
dx = lim dx
J\/l—xz o1 (!-\/l—xz
k1
arcsin ¢ 2
= lim j f(sin 0)d6 = J’ f(sin 0)d0
c—1- 0 0

Vi ham hgp cua f 1a ham sin 1a lién tuc, do d6 f(sin0) bi chan trén
[0, g} va tich phan cu6i cung la mét tich phan thuong (khong con l1a
tich phan suy rong nira).

 Tuy nhién, mét cich téng quit c6 thé dua mot tich phan suy

b
réng loai .[f(x)dx v6i a (hitu han) 12 mot diém b4t thudng vé mot
a

tich phan suy rong c6 cén 14y tich phén la v6 han. That vay, thuc hién

phép déi bi€n u(x) = i hay x(u) = a + % Khi x = a*, u > 40

va u(b) = b 1 i ngoai ra x'(u) = —Lz , do vay ta duoc
- u

b ﬁ i { +00 f[a + l)
If(x)dx = f(a + —) (-—]du = I K s du
, 1

b-a

u? u?

Dat a'l =b1

— 0 va c6 dinh ¢ > a'¢, khi u bién thién trén [a', c]

|
thix=a+ 3 bién thién trén [a + %b} va theo gia thiét trén khoang

f (a + —)
nay () bi chan y4'kha tich v3 nhu e ="~ bj chan va kha tich
u
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+00 f(a + l)
s u
trén [a'}, c] va tich phan I =it
1
b-a
c6 cin v6 han, va tich phan g6c ban ddu hoi tu khi va chi khi tich
phan sau héi tu.

du la mét tich phan suy rong
u

(__

1
(g) Véi p > 0 ; tich phan _‘- h; x) dx la tich phan suy rong véi
0

X

diém b4t thudng a = 0, thuc hién phép d6i bién u = % ta dugc

1 (-Inx) e
dx = Iup‘z ln udu
xP

0 1

Ban doc c6 thé ding céch 14y tich phan timg phdn va thdy rang
tich phan sau hitu vé6i0 < p < 1.

Véi nhan xét va thi du (g), ta c6 thé phét biéu ma khéng ching
minh cdc ménh d€ vé sur hoi tu cha tich phan suy rong loai c6 can
hitu han 12 diém bét thudng tuong tr cdc ménh dé trong muc 7.9.1.

Dinh li 7.10 (tiéu chuén so sanh).

(1) Cho f va g la hai ham s6 khéng am, khd tich trén (a, b] vdi x = a
la diém bat thuomg sao cho f(x) <g(x) véix € (a,c] ;a < c < b. Khi dé

b b
Néu f 2(O)dx hoi tu thi f F)dx héitu ;

a a

b b
Néu f f(x)dx phan ki thi f g(x)dx phan ki.

d a

(2) Gia sit f va g Aa hai ham sd dviong\kha tich trén (a, b] cing c¢é
diém bat thuong x = &, Khi do
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Néu ton tai gidi han

lim M=k, (0 <k < +00)
x—at g(-\')

b b
thi tich phan suy réng f f(x)dx héi tu khi va chi khi f g(x)dx héi tu.
a a
Hé qua 7.2.
Cho f va g la hai ham sé dwong, khd tich trén (a, b] cing cé diém
bat thuong x = a. Khi dé

x—at g(x

b b
D Neéiw tim L2 =0 va neu f g(x)dx hoi tu thi f f(x)dx hdi tu.
a a

b b
TN TR T —— f gCOdx phin & thi f F(x)dx
a a

x—a* 8(x)
phan ki.
® Thi du.
Xét su hoi tu cua céc tich phan
Tt
L dx F
@1:= [r—=; ®7:= [(gxPdx;
oV1-x? 0
1 +0
(e)K:= Ixa‘l(l - x)b-ldx : dL:= pr’le"‘dx.
0 0

. 1 1
Véi tich phan I ta dé y ring < , 0<x<1dodé,
$r-x2 $h-x
diing tiéu chuin so sénh, suy ra tich phan I hoi tu. Khi x = 0 thi tich
phan J c6 di€m bat thudng 12 x = 0 khi p < 0 va J c6 diém b4t thudong

BRE= ; khi p > 0, tuy nhién trong ca hai trudng hop ta luén cé

1
o p P =
lim [(tgx) t p] 1

x—0 X
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vai: lim|(tgx)P : ———— | = lim :
x._).TZE (E _ X)P x_)ﬂ (COS X)p (n X)p
2 2
3-)
= lim | (sinx)P.—2 = 1,

<A ()

Do d6, dung thi du (d) va (e) & muc trén va dung phan 2) cia dinh
1i 7.10 suy ra J hoi tu khi |p| < 1 va J phan ki khi |p| > 1.

Bay gio xét tich phan K ; véi a < 1, diém x = 0 1a diém bat
thuong, v6i b < 1 diém x = 1 1a diém bét thudng. Phan tich K thanh
1

1 2 1
hai tich phan, ching han I = j + j tuong tu céc thi du trudc, tich
o o0 |

2
phan thi nhédt chi hoi tu khi 1 — a < 1, nghia la khi a > 0 con tich
phan thit hai chi hoi tu khi b> 0. Vay K chi héi tu khia>0,b> 0.

Cuéi cung, xét tich phan L ; v6i p = 1 thi L chinh la trudng hop
riéng cua tich phan trong thi du & muc 7.9.1, do vdy L h¢i tukhip>1;
v6i p < 1 thi x = 0 la di€ém b4t thudng clia L. Phan tich L thanh hai tich

1 4o
phan:L = I + I trong d6 tich phan thit nhét hoi tu khi p > 0 (vi so véi
0 1

p) va tich phan thit hai hoi tu véi p bét ki vi véir > 1 taluén c6 :
-

xr+p-1

=0;
_X—>® xT x—o eX

lim [xp"le"‘ :l} = lim

+a0
dung thi du (d) va hé qua trén suy ra j hoéi tu véir > 1.
|

V3y, tich phan L héi tukhip > 0.
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* Chii y cudi ciing vé tich phan suy réng.

Ciing nhu d6i véi tich phan xic dinh thong thudng, véi tich phén
suy rong ciing c6 thé thuc hién phép déi bién tich phan va phép ldy
tich phan ting phan. Chiing ta sé khéng di sau vao chi tiét nhitng vin
dé nay ma han ch€ trong mé6t s6 thi du c6t dé hiéu y tudng cilia
phuong phap va bié€t thém moét s6 tich phan suy rong khac c6 nhiéu
ing dung thu vi.

®* Thidu.

i dx

(a) Tinh 1= f

JN(x —a)b-x)

Tich phan suy rong niy cé hai diém b4t thuong x =avax=b;
thuc hién phép déi bién

2 i 2
X =acos @ + bsin"@
s& chuyén I vé tich phan théng thudng
T

2
2 j do =
0
+00
(b) Xét suhditucua I = jsin x2dx
0

Thuc hién phép ddi bi€n x = \/;, dx = # dt, sé dua I vé dang
t

CD.t
B

dé y ring c6 thé viét
T
+<]-Osint EJ-sint T
— dt = —
g e
2
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T
2
Vi lim 2 g 30 = 0ngn tich phéa [ hoi tw (), chi
t—0 \/— t—0 o
cin xét tich phan thi hai va c6
+Tsint i e _+]-0 d(cost)
n vt L vt
2 2
(dung phép 14y tich phan ting phén :
+00
_+°J'° d(cost) _ cost B 1 +]? df)
Voo i 2703
x 2 LANY)
2 2
cost 1 i
Vi [ < nen [ L dt hoi tu (céc dinh 1{ 7.9 ; 7.10)
t2 t2 g t2
Do d6 I hoi tu.
+00 d
(c) Tinh tich phan I = j -
0 1+x" -

Thuc hién phép déi bién x = % ,dualvé:
+00 +0 9 +0 9

T T

0l+x 01+t 01+x

Do dé, c6 thé viét
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Lai thuc hién phép d8i biénz : = x — —1-, s€ duoc

X
I=l+w P ——=arctg— | .
2 0 2°+2 2«/— 2!-= 242
. -
(d) Tinh tich phan I = je_xzdx (tich phan rat hay gap trong li
0

thuyét xac sudt).

Dé § ring véi x > 1, c6 e <e~*, do d6 I héi tu. Bay gi®s xét
ham s6 f(x) : = (1 + t)e-[ ; dung khao st ham s6 c6 thé thdy ring g(t)
dat gid tri 16n nhdtkhit=0:g. .. = g(O) =1;dovayvégit £0,c6:

(1+te ‘<1
Thay t bdi + x%, ta duoc hai bét ding thic
(d-x3eX <lva(l +xDe* <1

2
Suy ra 1—xice™® <

1+x2
Tir d6 :

, |
V6i0<x<1céd e ™ >(1-x%)"

Véix >0cé e'“"2 <——1—
(1+x2)"
Do dé :
1 . 1 2 +00 2 +a0 idx
I(l—xv) dx<je Mdx < Ie 5 dx < ..‘—2
0 5 o (T+x5)"
Mat khac
+@

p)
je*“" - @éi\bigapni = /nx)

2 y/n
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E
1 2
j(l —x2)"dx = IsinZ"H tdt =
0 0
(d8i bién x = cost va céng thirc (7.44)) va cubi ciing
T

2n!!
2n+ D!

+00 2

dx  r.o2p2. ., (@n-3)!'n
I———(1+x2)n = Ism tdt—_(Zn—Z)!!'E
0 0

(d6i bién x = cotgt va cong thiic (7.44)).
Tir cdc b4t dang thitc tich phan va cic ding thiic trén suy ra :
" "
2n! ole ‘/—— (2n-3)! E
(2n+1)” 2n-2)!1' 2
Do dé bmh phuong bét dang thic kép trén, duoc :

2 2
= [ o ] ) _ ZIE 2 =2 [(Zn =l } ( ) 2n-1)
2n+1 | 2n-D!"'| 2n+1 2n-1| 2n-2)!"!

Bay gio dung cong thirc Wallis (xem bai tap s6 10 chuong nay) :

[ 2t P
—= lim :
2 nowo| 2n-DH! 2n+1
ta suy ra hai v€ trdi va phai cia bét ding thic kép trén dén téi % khi

n— ©,dodéb:

s m NI
I“=—,vayl= — (viI>0).
R > ( )

TOM TAT CHUONG 7

* Dinh nghia tich phan xdc dinh

Dinh nghia

Cho ham s6 f(x) xdc dinh trong [a, b], chia [a, b] thanh n doan
nhé bdi cic diém chia .

Xo = Al]¥ES X)) <X - %< ... <Ix,=b
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bat Ax; = x; — X; - 1, A = max Ax;.
1<i<n

n
Lay & bat ki € [xi, xil, 1ap (&), khi d6 néu lim D fENAX; =1
A

i=1

(hitu han), thi I dugc goi la tich phan xic dinh ciua ham s6 f(x) 1dy

b
trong [a, b], ki hiéu 1a jf(x)dx :

n b
1= lim :Z;f(gi)Axi = ajf(x)dx

Khi dé, néi ring ham f(x) kha tich trong [a, b].
bat: m; = inf f(x); M;= sup - f(x)

Xelxip, Xl XE[X;_1» X;]

n n
s= ZmiAxi ;8= ZMiAxi thi
i=1 i=1
Piéu kién it c6 va di dé f(x) kha tich trong [a, b] 1a :

lim (S-s)=0
A0

Tir diéu kién trén suy ra :
Néu f(x) lién tuc trong [a, b] thi f(x) kha tich trong [a, b].
Ngoaira :

Néu f(x) bi chan trong [a, b] va cé m6t s6 hiru han diém gidn doan

trong [a, b] ; hoac f(x) bi chan va don diéu trong [a, b] thi f(x) kha
tich trong [a, b]. Cac tinh chat cua tich phan xac dinh.

Tinh chat 1.

b b
jc.f(x)dx s If(x)dx, C Ja bang 0, da¢ biét

a a
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b b
jc.dx=cjl.dx —C(b-a), Cla hing s6 ;

a a

b b b
_[[f(x)+ g(x)]dx = jf(x)dx # J'g(x)dx

Tinh chdt 2.
Cho 3 khoang déng [a, b], [a, c] va [c, b] ; néu f(x) kha tich trén
khoang c6 do dai dai nh4t thi ciing kha tich trén hai khoang con lai va

t]f(x)dx = }f(x)dx + l]‘f(x)dx
a a C

Tinh chdt 3. (Trong tinh chat nay a < b).
b

1) Néu f(x) 2 0, x € [a, b] = jf(x)dxzo :

a

b b
2) Néu f(x) < g(x), x € [a, b] = jf(x)dx < j'g(x)dx ;

3) Néu f(x) kha tich trén [a, b] = |f(x)| kha tich trén [a, b] va

b
jf(x)dx
a

b
< ﬂf(x)ldx ;

b
4) Néu m < f(x) <M, x € [a, b] thi : m(b—a)< J'f(x)dx <M(b-a)
a
Tinh chat 4.
1) Pinh Ii trung binh thi nhét :
Gia sir f(x) kha tich trén [a, b], (a< b) va gid st m < f(x) <M, x € [a, b},
khi d6 tén tai p : m < p < M sao cho

b
If(x)dx =1(b—a)

a
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Dac biét, néu f(x) lién tuc trén [a, b] thi ton tai ¢ € [a, b] sao cho

b

jf(x)dx =f(c)(b—a)

a

2) Dinh li trung binh thit hai :

Gia st e f(x) va tich f(x) . g(x) kha tich trén [a, b]
*m<f(x) <M, x € [a, b]
* g(x) khong déi d4u trong [a, b].

Khi d6, tén tai p: m < p <M sao cho

b b
If(x)g(x)dx =N Ig(x)dx
a a
DPac biét né€u f(x) lién tuc trong [a, b] thi tén tai c sao cho :
b b
If(x)g(x)dx =f(c) Ig(x)dx ;a<c<bh.
a a

® Cdch tinh tich phdn xdc dinh

Dinh Ii :

1) Né€u f(x) kha tich trén [a, b] thi ®(x) lién tuc d6i véi x € [a, b] ;
trong doé

X
O(x) = If(t)dt
a

2) Néu f(t) lién tuc tai t = x thi ®(x) c6 dao ham tai t = x va ®'(x) = f(x)

3) Néu f(x) lién tuc trong [a, b] va néu F(x) 12 mét nguyén ham
cua f(x), x € [a, b] thi

b
fee0dx = Eb)~ Fea) =Fool:

Cong thic trén thuong goi l1a cong thitcNewton—Leibnitz.
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» Phép doi bién trong tich phdan xdac dinh

P6i bién x = @(t) :

Gia su f{x) lién tuc trong [a, b], gia st phép déi bi€n x = @(t) thoa
man céic diéu kién :

1) o(t) ¢6 dao ham lién tuc, t € [a, B] ;

2)p(a)=a;0(B)=b; -

3) Khi t bién thién trong [a, B] thi x bién thién nhung khong ra
ngoai khoang lién tuc clia ham s6 f(x). Khi d6

b p
[foodx = [flemle )t

Péi bién t = @(x).

Gia sir f(x) lién tuc trong [a, b], va gia sir phép d6i bién t = @(x)
thoa man :

1) ¢(x) bién thién don diéu trén [a, b] va @(x) c6 dao ham ¢’(x)
lién tuc, x € [a, b] ;

2) f(x)dx tré thanh g(t)dt, trong d6 g(t) 1a mot ham lién tuc trong
[¢(a), 9(b)].

Khi dé thi :
b o(b)
jf(x)dx: j g(t)dt
a o(a)

* Phép Idy tich phdn timg phan

Gia sir u(x), v(x) 1a hai ham s6 lién tuc va c6 dao ham lién tuc
trong [a, b], khi d6 c6

b b
judv = (uv)lZ = Ivdu

a a
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* Mot cong thite thiomg ding

T b8 == H
2 2 (n—1D): —, véi n chan
. n T (n)"! 27
J-sm xdx = Icos xdx =
(n-D!" . 5
0 0 ,vdinle
(m)!!

e Tinh gdn ding tich phdn xdc dinh
Cong thirc hinh thang :

b
I= jf(X)dX,z h[lg—;hﬂﬁ +Y2+--tYnoo ] =Ir
a

trong do6 :

h=—o y; =f(x;) ; x;j=a+ih; i=in
n
Sai s6 &1 = |I — I thoa b4t déng thirc :
M, 2
Sr<—Z2h“(b-a
LTI
véi M, = max |f"(x)|

xela,b]

Cong thitc Simpson :

1= If(x)dx &

h
~ 5[(yo +Yon)+ 4y +Y3+ -+ Yon-1) +2(Y2 +Ys +o+Y2n-2)] =g

trong dé :

b-a ;y; =f(x;) i x;=a+ih;i=0,2n
2n

sai s6 85 =|I-1,| thoa bat ding thitc

h=

8, <l\;‘(‘) P o) Vor My == max [IfP(x))

i x€la,b]
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® Mot s6'ting dung hinh hoc cua tich phdn xdc dinh

Tinh dién tich hinh phdng

Dién tich S cta hinh thang cong gidi
han bdi cic duong thing x =a,x=b,y =0
va cung cua d6 thi ham s6 lién tuc y = f(x),
x € [a, b] dugc tinh theo coéng thirc
(hinh 7.22)

b
5= [ Ifoldx

Truong hop hinh phing gidi han béi
cic duong thdng x =a, x = b, y = f{(x) ;
y = £,(x), £;(x), fo(x) 12 hai ham lién

tuc, x € [a, b] (hinh 7.23) thi dién tich
S dugc tinh theo cong thirc

b
s= [ 10— f(x)|dx
a
Tuong tu, néu phuong trinh dudng
cong cho duéi dang x = @(y), ¢(y) lién
tuc trong [c, d] (hinh 7.24) thi dién tich
S dugc tinh theo cong thitc

d
s= [loldy

C

yA
a b .

o) 7 /// X
%S )
' y=f(x)
Hinh 7.22

yA *’/Sﬁ
Y
_
Z
4
Rl

0] a b X
Hinh 7.23

yA

d

c

@)

Hinn 7.24

Trudng hop dudng cong cho dudi dang tham s6 :

{x =¢(1)
y =w(t)
thi dién tich S dugc tinh theo c6ng thirc

L
S=Plvortoldt

i

X

323



trong dé ty, t; 14n luot 1a nghiém cia céc phuong trinh

a=Q(t); b= o(ty).

Cu6i cung, khi dudng cong cho

‘trong hé toa do cuc r=r(9), ¢ € [a, B],

dién tich S gidi han bdi cic tia ¢ = a,,

¢ = 3 va cung dudng cong lién tuc

r = (), ¢ € [a, B], thi S duge tinh
theo c6ng thirc (hinh 7.25)

B
S =% Irz((p)d(p Hinh 7.25
a

Tinh dé dai duomg cong phdng

Do dai s cua cung d6 thi cia ham s6 y = f(x) lién tuc va c6 dao
ham lién tuc x € [a, b] duoc tinh theo céng thic

§= f 1+f2(x)dx
[Vi+£200)

Trudng hop dudng cong cho duéi dang tham s6
x=x(1),y=y®);te [a, ]

B
thi dung cong thic: s= I x'2(t)+y'2(t) dt

Trudng hop duong cong cho trong hé toa do cuc

r=r(9); o € [a, B]

B
s= I\/rz(w)+r‘2(¢)d¢
a

Tinh thé tich ¢iia vat the.
Gia s biét diéntich S(x) cia thi&t dién-cia vat thé trén mat phang
vuong goéc vai truc Ox thi thé tich Vi eda'vat thé giéi han boi mot mit
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cong va hai mat phing x = a va x = b, a < b (hinh 7.15), dugc tinh
theo cong thirc

b
V= IS(x)dx

Dic biét, khi vat thé 1a vat thé tron xoay tao bdi hinh thang cong
AabB gidgi han bdi duong y = f(x), x € [a, b] truc Ox ; cdc dudng
thing x = a ; x = b khi hinh thang cong niy quay quanh truc Ox thi
thé tich V cda vat thé tron xoay dugc tinh theo cong thiic

b
V=n Ifz (x)dx
a
Tuong tu, n€u hinh thang cong quay quanh truc Oy cé cong thirc
d
v =n [0’ (y)dy
C
Dién tich xung quanh mdt tron xoay
Goi S la dién tich xung quanh cia mat tron xoay tao boi cung d6
thi ham s6 y = f(x), x € [a, b] khi cho cung d6 quay quanh truc Ox
thi S dugc tinh theo cong thirc

b
s =2n [ [f(x) J1+£2(x)dx

Néu quay quanh truc Oy thi

d
s=2n [ Joty)| y1+9(y) dy

* Hai so doé ity dung tich phan

Trong ky thuat, kinh-tékhi can tiph mot dai Juong A(x) phu thuéc
dai luong x khéc, nguoi ta thudng'dung tich'phin xdc dinh duéi dang
so dé tich phan hodc sad6 vi phan.
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So dé6 tich phan :

1) Chia [a, b] thanh n khoang nho :
Xo=a<X|<Xp<..<x,=b.

2) Phan tich A(x) thanh téng cta n s6 hang

AziAi
i=1

A, 1a dai luong A tuong ing khi x € [x; -, x;].
3) Tim mot ham f(x) sao cho c6 thé biéu dién gin ding

A= FE)(X — xi— 1) & € [X- 15 x{]

n
4) Thé A(x) bdi D f(&;)Ax;, AX;=xX; = X{;
i=1
b
5) Dung dinh nghia tich phan xac dinh, viét A = If(x)dx
a

So dé6 vi phan :
1) Lay x € [a, b], 1ap x + dx.
2) Tinh gid tri A tai x va tai x + dx.
3) Tim phén chinh bac nhit dA cua AA : AA = f(x)Ax + o(Ax)
4) Ldy tich phan chbadA tiradén b :

b

A= [fodx

a
® Tich phan suy réng
Trieong hop cdn ldy tich phdan la vé han
Gia sir ham s6 f(x) xac dinh v4i moi x > a va kha tich trong bat ki

khoang hitu han [a, A], khi dé néu
A
I (x)dxi= # (hitu hian)

A—+0
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thi I dugc goi la tich phan suy rong cua ham s6 f(x) trong khoang [a, +o0)
+0o0
vakihieula [ f(x)dx :
a
A +00

I= lim [f(x)dx = J' f(x)dx

A—+wm
a

+0

Khi dé, ciing néi riang tich phan If(x)dx héi tu.
a
Néu khong tén tai giéi han hitu han I thi néi rang tich phan

[ o]
If (x)dx phdn ki.

a

a a
Tuong tu j f(x)dx:= lim [f(x)dx, A'<a

A'—>+

-0 A’

+00 A

va jf(x)dx = lim f(x)dx

A'5-x 7

=0 A—>+x

Ddu hiéu héi tu : (tiéu chuin so sanh)
Cho f(x), g(x) 1a hai ham s6 duong kha tich trén [a, + o), khi d6
néu t6n tai ¢ > a sao cho f(x) < g(x) ; x € [c, +) thi:

+ +0
(1) Néu J' g(x)dx hoi tu thi J' f(x)dx hoi tu
a a
+00 +©
Néu [f(x)dx phan ki thi jg(x)dx phan ki.
a a
" . f(x) , N
(2) Néu lim . ——==k, 0 < k < +oo thi cédc tich phan suy rong
x—+o g(X)
+00 +00
If(x)dx va Ig(x)dx cungtinh e¢héf
a a
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Hé qua.

NP b - T .
Néu lim L) =0 va néu jg(x)dx hoéi tu thi jf(x)dx hoéi tu.
x—+x g(X)
a 4
+00 +X
e xe . TCX) I B :
Néu lim —= =+o00 vanéu j'g(x)dx phan ki thi If(x)dx phan ki.
x > g(X) ; h

Truong hop ham s6'ldy tich phdan khéng bi chdn
Gia sr ham s6 f(x) bi chan va kha tich trong khoang déng b4t ki
[a, b — 1], v6i 0 < 1 < b — a nhung khéng kha tich trong bat ki
khoang déng dang [b — n, b], f(b — 0) khéng bi chan, va b duoc goi
1a mét diém bdt thuong cia ham s6 f(x). Khi d6, néu
b-n
lim [ f(x)dx =1 (hiu han)
n—-0
a
b
thi néi rang tich phan suy rong jf(x)dx hoi tu va viét
a
b b-n
[fodx:= tim [ foodx
a n_>0 a

Néu khong ton tai gii han I thi néi rang tich phan suy rong
b
If(x)dx phéan ki.
a
Tuong tu, c6 thé dinh nghia tich phan suy rong khi nit trdi a cua

khoang (a, b] l1a diém bat thuong, hoiac khi ham s6 f(x) c6 diém bt
thuong tai x =c véi ¢ € (a, b).

* Ddu hiéu héi tu (tiéu chuén so sanh).
(1) Cho f(x), g(x)-la hai-ham sé/khong &m| kha tich trén (a, b] véi

x = a 1a diém bat thuong va f(x) < g(x),|x&(a, cl,a<c<b.
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Khi d6

b b
Néu Ig(x)dx h6i tu thi If(x)dx hoi tu.

a d

b b
Néu jf(x)dx phan ki thi J‘g(x)dx phan ki.
a a
. . f(x) R A
(2) Néu lim —==k, 0 < k < +o thi cdc tich phan suy rong
x—a* g(X

b b
If(x)dx va jg(x)dx cung tinh chat.

a a
* Hé qua.
£x) b b
Néu lim —=2 =0 vanéu jg(x)dx hoi tu thi If(x)dx hoi tu.
x—at 8(X) a .
£ b b
Néu lim —< = vanéu jg(x)dx phan ki thi If(x)dx phan ki.
x—a* g(x . b
BAI TAP
1. Dung dinh nghia tinh cic tich phan :
2 b 1 1
1. je"dx L2 I—Z—dx, O<a<b; 3. ja"dx (a>0)
X
1 a 0
2. Ué6c luong céc tich phan :
18
2 in2 ]} COS X
L, e Xdx ; ) dx
6[ 10 \J 1 + X4
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3. Tinh cac dao ham

3
)’2 y2 dx
l.—je'dt; 2.ie‘dt; 3, —
dy dx <
X

X X

dt

l+t4

4. Dung dinh nghia va céch tinh tich phan xac dinh tim céc giéi han :

1. lim 1+ : + l +.+ L , (@>0,>0);
n—w na+f na+2B na+(n-1)B

2. lim (,f1+ +,fl+ +. +Jl+—)
n—oo N

]
. s (1(2_>]
n—oo\ N n!

5. Tim céc gidi han :

sinx

X
I Jtgtdt I(arctgt)z dt
1. lim ———; 2. lim 2
x—+0 18X X—>+o x2 +1

jJsdet

6. C6 thé dung cong thic Newton—Leibnitz dé tinh c4c tich phan
sau day dugc khong ? Tai sao ?

T

1 2 4
1. J.fil : 2. |x 1—x2dx; 3. I de 5
3 0 0 (2+tg°x)cos” x

7. Tinh céc tich phan :

Y 2 2 .
k. jllnxldx ; 2. jf(x)dx néu-f(x)= X khi0O<x<l
1 0 2—-xkhil<x<?2

€
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1 X

l ——
3. J-\/9—4x2 dx 4. I(x3 -2x+5)e 2dx ;
0 0
5 I/J? dx ) 6 l_[ dx ]
" 2 ’ . g |
_”24x +4x+5 0,/(1+x2)3
R =
2 4
7. j 3 i 5= 8. Itg49d9 ;
03cos 0+4sin“ 0 0
S n
% l+sinx 5
9. J‘ln—v-——dx ; 10. Icos" x cos nxdx
1+ cosx 5
8. Chitng minh rdng néu f(x) lién tuc trén [0, 1] thi:
T 1
2 2 n 2"
1. If(sinx)dx = If(cosx)dx ;2. xf(sinx)dx=5‘[f(sinx)dx
0 0 0 0

S. Thuc hién phép déi biént = x + l, tinh tich phan
X

1 x+l
l+x——|e Xdx
X

[i=

(SRR Se—

10. Tir cong thic tinh J : = |sin" xdx (thi du (b) muc 6) va tir

C e A

bat dang thic hién nhién (?) :
n

2 2
Isinzn + L gde< J-sin2n xdx\< jsinzn 1 xdx
0 0 0

n

[SHE]
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ching minh rang :

T ) 2n"! |7 1
—= lim
2 n—)oc{(zn—l)!!] 2n+1
(Cong thirc Wallis).
11. Ching minh ring néu f(x) 12 moét ham s& lién tuc trén R, tuin
hoan, c6 chu ki T thi véi moi a, luén cé

a+T

.[ f(x)dx = TJ.f(x)dx
a 0

12. Tinh tich phan

3 ' 2
IM— dx trong dé f(x) = X1 (-1

S+ (%) x}(x -2)

13. Cho f(x), g(x) 1a hai ham s6 kha tich trén [a, b], gia si fz(x),
gz(x) va f(x)g(x) ciing kha tich trén [a, b]. Chitng minh bat ding thiic

(véia<b)
b Z (b b
If(x)g(x)dx] < [ Ifz(x)dx] Igz(x)dx]

(B4t dang thitc Cauchy — Schwartz).
14. Dung cong thic hinh thang va céng thic Simpson, tinh gin
ding céc tich phan sau va so sanh két qua :
2 dx ;
. J= Tox (chia [2, 5] thanh 6 khoang bang nhau),

nx
2

2.1= [Jcosx dX (chia [o, ﬂ thank 16 Khoing bing nhau).

C | A
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15. Tim dién tich hinh phang gidi han boi

. Pudng cong y = x° va céc dudng thing x =0,y = 4 ;

2. Puong parabén y = x> + 4 va duong thing x —y +4=0;

3. Parabon bac ba y = x> va céc duong thang y = x, y = 2x ;

4. Pudng tron x> + y2 = 4x va parab6n y2 =2X;

5. Puong hinh tim r2 = azcos2(p.

16. Tim thé tich clia vat thé la phan chung cta hai hinh tru x> + y2 =a’
v;‘1y2+zz=a2 (a>0).

17. Tim thé tich vat thé giGi han bdi mat paraboléit z = 4 — y ;
cdc mat phing toa do va mat phang x = a.

18. Tim thé tich vat thé tron xoay tao bdi hinh phing gi6i han boi
cic duong :

1. y2 + x — 4 = 0 khi quay quanh truc Oy ;
2.xy=4,y =0, x =1 vax =4 khi quay quanh Ox ;
iy= x%,y = 4 khi quay quanh dmg thing x = -2.
19. Tim d6 dai cia dudng cong :
1. 9y2 =43 - xz) gém giita cac giao diém cta n6 véi truc Oy ;
2.2y = x2 -2 gém giita cic giao diém cua né véi truc Ox.
20. Tinh dién tich mat tron xoay tao boi dudng axtoroit
X = acos3t, y= asin3t (a>0).
khi quay quanh truc Oy.
21. Xét su hoi tu va tinh (trong trudng hgp hoi tu) cdc tich phan sau :

1. (}xexdx : . O]-cosxdx |
0

—00
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X X

3. —_; 4. dx
_3{,<x2+1)2 J 4-x2

5 II dx ] 6 2 dx )
sVx1-x) Al —1F

2 sX

7. [xIn2 xdx ; 8. I =

0 > X -1

22. Xét sur hoi tu cua céc tich phan sau :

1 Tln(l + x) d

2

X
1
400 +00 2
3. j' I eo8= | dx, 4. j'l” dx,
X x3
1
1
dx
5. [, 6. -
(!eé/;—l th—X
7 IJ- x2dx J- x/—dx
03(1 ) ’ eSinx _
PAP SO VA GOI Y
Liee-1:21-1.3 al‘l
a na
n
2
2.1 fsje‘"‘"‘d <=
2" 2
~ cosx
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3 3x2 B 2x
\/l+x]2 \/l+xx

4.~ w2t B J' ; Téng S,, duoc viét dudi dang
B a + Bx

3.1. —e* ;2. &Y

1|1 1 1 1
S, = + +..+
n[a a+pB/n o+2B/n a+(n——1)B/n]

va xét ham kha tich f(x) = I - 2. 3(2J2‘ -
o + Bx 3

vietu,= ~ @ = Lo w2 2n)
nVY n! n

3.4
€

\/n+ln+2 2n
u, = I —
n n n

Zf(k) va din dén
n
lnu. = li ln(l + l) = —]—Zf(—lsj vai f(x) : =1In (1 + x)
» nk:l k p " = L}

n ﬂ(l+£), h¢ thic nay goi y
n

limu, = [In(l + x)dx .
0

1t2

4
6. 1. Khong, ham s6 khong xac dinh tai x = 0 ; 2. Khéng, ham s&
khong xdc dinh khix > 1 ; 3. Puoc.

7.1. 2 1——1—];2.2;3. 9arcsin-%+_\/§
e 6 3 2

§.1.1;2.



4 pg— 18 .5 T g 1

N TN AN S

n
gy (xem bai tap 2. 11 chuong 6).

_&.
3v

9.0;10

8. 1. Thuc hién déi bién x = % —t ;2. Thuc hién déi bién x = —t.

1 2
3 3 2 o
9. Ze2 —e.Vietl= |+ |;t=x +—tn chbiénkhix e |-, 1
2 ' lj lj = [2 }
2

t déng bién khi x € [1, 2].

2
t“ -4 -t
X € [l;l]:dx=———dt;

2 PN
2
\/t -4 +t
xe[1,2]:dx=———+—dt
212 — 4

10. Tir cong thirc tinh J va tir bét dang thic kép suy ra
" - — 2N
2n!! - (2n - D! L (2n - 2)!

(2n + DN 2n'! 2 (n-D!
mnt Pl = . P
suy ra . <—<|—| -—
@n-D!"| 2n+1 2 |[@n-D!| 2n
1 "ot Pl on
suy ra &
(2n+1)2n | 2n - D! 2n 2

a+T 0 T a+T
11. Viét J’ = J'+ J’ m j v véitich phan thi ba, thuc hién
a a_ 0 T
phép bién déi x = t+ Trbi diing tinh Lu&s hoan cua f.
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12. arctg 8 2n
27

13. Véi cic hing s6 a, B bat ki, ¢

b b b b
I(af +Bgldx = a® [fdx +2ap [fedx + B [gPdx =0

a d d da

vi (of + Bg)® = 0; a < b : Bat déing thic duoc suy tir tinh chit khong
am clia mot tam thirc bac hai d6i véi o (hoac B) c6 hé s6 binh
phuong khong am.

14.1.2,59; 2. 0,950

i5.1. 06 .0 1.3 3.4 0955 42
3 6 4

16. E a3
3

17. 1éa
3

18.1. 34 212 121 3. 128"
15 3

19.1.-23§;2.JE+1n(J§+J§)

20. — ma

21. 1. -1, 2. Phan ki, 3. % , 4. % ,5.m, 6. Phan ki, 7. % , 8. Phan ki.

22. 1. Phan ki HOCI 3 HOT T, 2 PRATKT]S. Hoi tu, 6. Phan
ki, 7. Phan ki, 8. Hgi tu.
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Chuong 8

CHUOI

8.1. Pai cuong vé chuoi so
8.1.1. Dinh nghia

Cho day s6 uy, uy, ..., up, ...

Biéu thirc

uy +U2+...+Un+...
(> o]
duoc goi la chudi s6'va duoc ki hiula ) u,, . Cdc s6 uy, uy, ..., Uy, ..
n=1

dugc goi 1a cdc s6 hang cla chudi s6, u, véi n téng quat duge goi la
50 hang téng qudt. Téng

n
S, = Zukzul+u2+...+un
k=1

dugc goi 1a tong riéng thit n cla chudi s6. Néu S, ddn t6i mot gidi han
[ ]
hitu han S khi n — o, ta néi rang chuébi s6 Z u, héi tu va cé tong S.

T

Hiéu R, =S - S, déde goi la phian'dirthi n'eda chubi s6. Néu chubi s6
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hoi tu thi R, — 0 khi n — o. Néu S, khéng dén t6i mot gidi han hitu
han khi n — o0, ta néi rang chudi s6 phdan ki.

o
Vi du. Xét chubi s6 Z aq" ~! vé6i a = 0. D6 1a mot cdp s6 nhan

n=1

n_]
vohancécéngb{)iq.Vdiq:tl,Sn=aq T

q_

Néu |q| < 1 thi qln—>0khin—>oo,dodéSn—>l—a—,khin—>oo,
-q
vay chubi s6 hoi tuvécéténgS=la .
-q

Néu |q| > 1 thi |q|" = © khi n — 0, do d6 S, — o khi n — o, vay
chubi s6 phan ki.

Néuq=1,S, =na, S, > o khi n — o, chudi s6 phan ki. Néu q = -1,
chudi s6 c6danga—a+a—a+..ViS,=0khinchin, S, =akhinle,

S, khong dan dén moét gidi han hitu han khi n — oo, chuébi s6 phan ki.

0
Tém lai, chubi s6 z aq" =1 héi tu néu |q| < 1, phan ki néu |q| > 1.
n=1

8.1.2. Diéu kién dt ¢6 ciia chudi sé hoi tu

o0
Dinh 1i 8.1. Néu chudi sé z u, hoi tu thi s6 hang téng qudt u,

n=1
ctia né dan t6i 0 khi n — .
That vay, S, = S, — | + Uy, dodé u, =S, — S _ ;. Néu chudi s6
hoi tu thi S, véi S} — p-ctmg-din 16 mot gidi-han hitu han khi n — oo,

dodéun=Sn—Sn_ld:‘intéiOkhin—)oo.



biéu kién u, — 0 khi n = o chi 1a diéu kién at c6. chu khong la

o x
diéu kién du dé chuoi Z u, hoéi tu. Chang han, xét chuoi s6 Z —

il fi=] 0

duoc goi la chudi diéu hoa. S6 hang tong quat cua n6é u, = — dan téi
n

0 khi n > oo, nhung chubi s6 ay phan ki. That vay

S S - 1 N 1 1 1 1 n l
2n. " h+4l n+2 7 2n 2n 7 2n 2n 2

Néu chubi s6 hoi tu thi S, va S, cing dan t6i mot gi6i han khin — o,

- . . 1
ticla lim (S,, —S,) =0, diéu nay mau thudn véi S, - S, >—.
n—wo 2

Tur dinh 1i trén suy ra rang néu u,, khéng dan t6i 0 khi n — oo thi chubi

a0
" o 1
sO Z u, phan ki. Chang han chuéi s6 1+ % + 4 PRS. il

6 2n
n=1

e 2 . n+1 1 .
phan ki vi sohz_mgtongquatun=—2——>—¢0khm—)co.

8.1.3. Tiéu chudn Cauchy

a
Dinh 1i 8.2. Diéu kién dt ¢6 va dii dé chuéi sé Z u, hoi tu la
n=1
vai moi s6 € > 0 cho truée, tim dugce s6 nguyén dwong ng sao cho khi

D
P>q2ngtacé IS, -S| = Z u,| <e&

n=q+1
That vay, chuéi s6 hoi tu khi va chi khi day cdc tong riéng S, hoi
tu. Theo tiéu chuan Cauchy ciia ddy s6 hoi tu (muc 1.3.5), diéu nay
xdy ra khi va chi khivSizmei s6.& > 0 chodnude, tim duoc s6 nguyén

duong n, sao cho khip>q=n, ta ¢
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P
S, = Syl=| D, us|<e®

n=q+1

o0

P6i voi chubi diéu hoa, Z e , ta thdy rang diéu kién cta dinh li
n

n=1
Cauchy khong dugc thoi man vi khong thé xdy ra bat dang thic
2n 1
Son = Sal = | D, —| <&, neén chudi diéu hoa phan ki.
k=n+1 k

8.1.4. Vai tinh chdt don gidn ctia chudi sé hoi tu
e o} o o]
a) Néu chuéi sé Z u, hoitu va cé téng S thi chuéi s6 Z au, ,
n=1 n=1
trong dé a la mét hing s6, ciing hoi tu va c6 tong as.
@ a0
b) Néu cdc chudi s6 Z ey s Z v, hoi tuva cé tong theo thit tw
n=1 n=1
(o o]
1a$,S’ thi chuéi sé Z (u, + vp) ciing hoi ty va c6 téng S+S’.
n=1
c) Tinh hoi tu hay phan ki ciia mot chudi sé khéng thay déi khi ta
hét di mot s6 hitu han s6 hang dau tién.

Q0
That vay, goi S, 12 téng riéng thi n cua chudi s6 Z u, . Khi dé tong

n=1

. o 0 n
riéng thit n clia chudi Z au, bang Z oaup = o Z u = asS,, tong
n=1 k=1 k=1
ndy din t6i oS khin =3
Tinh chét a) da duge chitng minh Ban déc¢\tu ching minh cic tinh
chatb) vac). B
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8.2. Chuoi s6 duong (hay chubi s6 c6 s6 hang duong)

Giast ) u, lamotchudi sSduong ViS,, =S+ Uy .Uy, 1>0,

n=1

taco S, , | >S,. Vay {S,} lamot day s6 tang.

Do d6 néu day s6 {S;} bi chan trén thi tén tai lim S, , chubi s6
n—ox
hoi tu, con néu day s6 {S} khong bi chan thi S, — o khi n — oo,
chuébi s6 phan ki.

8.2.1. Cdc dinh Ii so sanh

e 8} e8]
Dinh 1i 8.3. Cho hai chudi sé diong Z u, va Z v, - Gid su
n=1 n=1
e o]
Uy < vy, Vn>ny € N. Khi dé néu chuéi sé Z vy héiiu thi chuéi sé
n=1

a0 0 a0
Z uy, hoi tu ; néu chuoi sé Z u, phdn ki thi chuéi sé Z ¥y

n=1 n=1 n=1
phan ki.
That vay, do tinh chét c) cua chuéi s6 di néu & muc 8.1.4, ta c6 thé xem nhu
n n
n,=1.Dat§ = Z ug .S, = Z Vi - Vig <v,Vk> 1 nén § <S,. Néu
k=1 k=1

[o o}
chudi s6 D" v, hoituvacotdng S thi S, < S, dods S, < S. Vay chudi
n=1
[e o} x
D" u, hoitu vi o téng rieng S, bi chan trén. Néu chudi s6 > u, phanki

n=1 n=1

acC
thi lim S, =+o0,dg@6" lim S [ 4, &hb6i D~ v, phan ki.
n—x n— o n=1
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11 T
— >—, Vn 21 va chuéi s6 Z
n=1

n=1V0 y; n

[Ms
o
=
g
<P
"Sl

Chubi s6 1
n

phén ki.

(o o] [oo]
Dinh li 8.4. Cho hai chuéi sé duong Z u, va Z v, . Néu ton
n=1 n=1
tai gidi han hitu han

(8.1) lim 20 —k>0,

now vy,
thi hai chudi s6'dy déng thoi hoi tu hay phdn ki.
That vay, do (8.1) bat ddu tir mot s6 hang nao d6 tro di

k u, 3k
i — < —
2 vy 2

Néu chudi Z v, hoi tu thi vi u, < 5 Vg, chubi Z u, ciing

n=1 n=1
© ' k 0
h6i tu. Con néu chudi Z u, hoi tu thi viu, > = v, , chudi z v,
n=1 n=1

ciing hoi tu. l

[c o}
Chusi ) ln(l+l] ‘phan ki vi In (1+1)~l khi n > o va
Py n n n
— 1
chuéi — phan Ki.
nz=:1n ’

(98]
N
W



Chubi Z sin —— hoi tu vi sin T _ T khin > = va chudi
o 2" 2" 2"

8.2.2. Cdc quy tac khdo sdt tinh héi tu cia chudi sé

o
Quy tic D 'Alembert. Cho chuéi sé dicong Z u, . Néu

n=1

u
(8.2) i — b ]

n—>ow U,

thi chubi s6"hoi tu khi l < 1, phan ki khil > 1.

u
That vy, gid sit/< 1. Chone kha bé dé /+ < 1. Vi lim —*1 =,

n—ox un

ton tai s6 nguyén duong n( dé cho véin > n,

Up +1

<l+¢

Up

Ciing c6 thé xem nhu n = 1. Khi dé

u Up u -
u, = —4—. ...—2-u1 <(+g) .Uy
Up_1] U2 Uy

Vil + g < 1, chubi c6 s6 hang téng quat (I + €)" ' 1} héi tu, do

o 5}
d6 theo dinh Ii so sanh 1 chudi » u, hoi tu. Néu / > 1, tir mot s6
n=1
N . i . un + l . P - ’
hang nao dé tro di >1"dodé 1, > 1, s6 hang tdng quat
Un

khong dan dén 0 khiln =60, Chubi séphanrki. W
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(nH)*

Vi du. Xét chubi s6 Z ,ae R.Taco

n=1 n
) 1 n @_n —n
Unst _ [(n+D! l1 n~ _ _(+Dh'n (n+1)a—l(l+lj _
u, (n+1)“+ mH*  m+Dn+D" n

. l—n 1 , Un4
Khin > o, [ 1 +— — —, do dé
n

~l(n+1)°‘“.Dodé
e u, e

Up 4+

néu o > 1, lim =+o0, chubi s6 phan ki. Néu a < 1,

n—oom un

. Unsi 2o et A . Up+1 1 ,
lim —— =0, chudi s6 hoi tu. Néu a. = 1, - ——<1 khin—>
n—ow U, u, [

o, chudi s6 hoi tu. Vay chudi s6 hoi tu khi va chi khi o < 1.

©
Quy tdc Cauchy. Cho chuéi sé dicong Z u, . Néu

n=1

(8.3) lim Yfu, =1

n— o
thi chuéi s6 hoi tu khi l < 1, phan ki khil > 1.

Ban doc tu chitng minh quy tac nay.

: f 2" 1
Vi du. Xét chudil sO Z:—zsm2 a, 0 < a < 7" Ta c6
n=10

|19

2lnn

2 .9 .
Yup =— sin"a, nhung nf=e ™ — 1 khi n > o Vay
n"
. 12 B 2 I n -
lim n/un = 2sin o Néu sin a4 < —2- fite=1al o < Z , chudi hoi tu.

n— o
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. 7 1 . B | P
Néu snn7a>5t(xcléa>—g,chu6i phan ki. Néu sin 0.=E,tucla

x
T S o w 1 Edh
a = —, chuoi tro thanh Z —, no hoi tu.
4 2 T
n=10
Quy tdic so sanh véi tich phan. Gid sit ham so f(x) lién tuc, diong,
gidm trén khodng [1, +®) va ddn tdi 0 khi x — +0. Khi dé6 tich phan

40 o0
suy rong If(x)dx va chudi sé Z u, , trong dé u, = f(n), cing héi
1 n=1

tu hodc cung phan ki.
That vay, chia khoang (1, +o) bdi nhimg diém chia c6 hoanh do
nguyén. Vi f(x) giam nén Vx € [k — 1, k] ta c6 f(k) < f(x) < f(k — 1), do d6
k k k
m= [ foodxs [ foodxs [ fik-Ddx =u -
k-1 k-1 k-1

T\
>§

o} k-1 k X
Hinh 8.1

Bit ding thic kép d6 diing véi moi k > 2. Cong céc bat dang thic
képung véik=2,3,...,n,tacd

n
uy +uy L F U= If(x)dx Y, . +up

1
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0 n
Goi S,, 1a tong riéng thir n ciia chudi Z u, .batl = If(x)dx ,tacéd
n=1 1
S,-u;<I, <8, —uy
+00
Gia st tich phan j f(x)dx héi tu, ticc 12 tén tai gi6i han hitu han
1
I= lim I,.KhidyI <I,dodéS, <I+ u. Viday céc tong riéng thit

n— o

le o] +00
n bi chan trén nén chubi s6 Z u, hoi tu. Néu tich phan jf(x)dx
n=1 1

phan ki, titc 1a néu I, —» +3 khi n — oo thi vi S, 21, +u, >I, nén

o0
chubi s6 Z u, phanki. ®

n=1

o0
Xét chubi z La, o 1a mét hdng s6. Chubi dé dugc goi 1a chubi
n=10

oo}
: : d i
Riemann. Ta so sanh né véi tich phan J‘—: Ta biét rang tich phan
X
1
iy hoi tu khi o > 1, phan ki khi a < 1 (muc 7.9), nén chudi Riemann
hoi tu khi o > 1, phéan ki khi a < 1.

8.3. Chuoi c6 so hang véi dau bat ki
8.3.1. Hoi tu tuyét déi. Ban hoi tu
a0
Xét chudi s6 Z u, V6i céic s6 hang u, c6 ddu bat ki.

n=1

o] o o]
Dinh 1i 8.5. Néu « lutoi Z|un| 1161 e thi Cinadi Z uy cing hoi tu.

n=1 n =/l



x
That vay, vi chuoi Z luy| hoi tu nén theo tiéu chuan Cauchy
n=1

*
(dinh 1y 8.2), véi moi s6 € > 0 cho trudc, tim duge n, € N sao cho
khip>q=>ng tacod

i lug| <€

n=q+1
P p
Do dé Dol ) lug)<e.
n=q+1 n=q+1
a0
Vi vay, ciing theo dinh 1i 8.2, chudi Z u, hoitu. ®
n=1
.. , - = cosn ) o - |cosn| |cosn| |
Vi du. Xét chubi Z 5 - Lap chuoi Z 5— - Vi > &
n=1 N n=1 1 n n
= 1 — |cosn|
va vi chudi Z — (chu6i Riemann, a = 2) héi tu, chubi Z 5
n=10 n=1 1N

hoi tu, do d6 chudi dang xét hoi tu.

o o]
Chii thich 1. Diéu kien Y |u,| hoi tu chi 1a diéu kien dii dé

n=1

fo o]
chuéi z up hoi tu, chi khong phai la diéu kién at c6. Nhu sé thdy

n=| #!

o 8 b g
& dudi day, c6 thé chudi " ug hoi tu ma chudi Y |u,| phan ki.

n=1 n=1

x e o)
Dinh nghia. Chubi s6 Z u, duoc goi la héi tu tuyér doi néu Z l“n‘

n=1 n=1

v o9
hoi tu, 13 hdn hoi ry i€ " uy) hoi th hinng > ug| phanki.

o n=1
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Chii thich 2. Néu dung quy tic D'Alembert hay quy tac Cauchy

b s
ma biét dugc chudi Y |u,| phan ki thi c6 thé khang dinh ring chudi
n=|
x
Z u, phan ki. That vay, khi ay lu,l khéng din t6i O khi n — o, do

n=1
dé u,, ciing thé, vay chudi s6 phan ki.

8.3.2. Chuéi s6 dan ddu

Theo dinh nghia, d6 1a chubi s6 c6 dang + (u; —uy + u3 —uy + ...)
trong d6 uy, uy, us ... 1a nhitng s6 duong. R& rang ta chi can xét chudi
s6 dan ddu véi s6 hang dau tién duong : u; —uy + uz —uy + ...

Dinh li 8. 6 (Leibniz). Néu ddy s6 dwong uy, uy, ..., u,, ... gidm va
ddn t6i 0 khi n — oo thi chudi s6 dan ddv u; —uy + uz —uy ... hoi tu
va 6 tong bé thua u;.

Chitng minh. Néu n 1a s6 chan, n = 2m, ta c6
Szm = (Ll] = Uz) + (U3 = U4) + ot (u2m_l - uzm)

Vi diy s6 {u,} giam nén S, tang khi m tang. Mat khéc

Som =) — (ug = u3) — ... = (U = Upm—1) ~ U2
do d6 S, < u;. Vay day s6 {Syy} tang va bi chan trén, nén ton tai

gidi han lim Sy, =S, v6i S<uy.
n—o

Néunlé, n=2m+ 1, tacéd Sypeq = Som + Uy~ Viugny >0
khi m — o nén

lim S»m,y = lim Sy =S
n=.2 n—oX

Vay chubi s6 dan dauthoitu va ¢4 tong-be thuaju,. W
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_ E 1

Vi du. Xét chubi dan diu Z:(—l)n I _ N6 thoa cic diéu kién
n

n=1

[ o)
cua dinh Ii Leibniz, nén né hoi tu, nhung Z (-n"~ ! l Z
n=1 n=1
chudi s6 diéu hoa, né phan ki.
Vay chudi s6 dang xét ban hoi tu.
8.3.3. Vai tinh chdt ctia chuéi 6 hoi tu tuyét doi

Ta biét rang téng ctia mot s6 hitu han s6 hang c6 tinh giao hoan va tinh
két hop : né khong thay déi khi ta déi thi tu cha céc s6 hang cia né hay
khi ta nhém mot s6 s6 hang lai moét cich tuy y truéc khi cong. Nhung
diéu dé khong con diing nita d6i v6i cac chudi s6 hang c6 dau bat ki.

a0
. -1 I :
Vi du 1. Xét chubi s6 Z D" I Ta d3 biét chubi dé héi tu,
n
n=1
goi S1a téng cla né :

Lror o
S=lo—t

2 3 4 5 6
no1 1 S
Khi d6 chuébi Z (-1 — ciing hoi tuvacotong—z—
n

n= l

11111

5 Z 6 8 10

R 1 , 38
Do d6 chuoi Z\:( ) ( -t :\cﬁnghc}ituvécéténgT:
n n

n=1

S
2

3S 1 1 1 1 1
— =l =t ———+.
2 3 2 5 7 4
Nhung chudi & V& phai Tai suy ra duoc (if chudi xudt phat bang
cdch doi tha tu cda eac 86 hang' Vay khi'ta ddi tha tu cic s6 hang
cua nd, téng cha nd'dd thay ddi.
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) n-1
& (- )
Vi dy 2. Xét chudi Z—f—, dé 1a mot chubi dan dau ban hoi
n=1 n
tu. Viét né dudi dang

1 1 1

oo [y T -

1 1 1
Goi v, 12 s6 hang téng quat ( + - ]
v p .
\/4p—3 \/Zp—l \2p
Tacé khip —»>

2 1 1 ( 1 j
F ROl §, S
p
4 2p U V2
= 1
Do d6 chuéi s6 Z vp phén ki (chudi Riemann véi o = s ).
p=1

Vay tinh hoi tu clia chubi di thay déi khi ta déi thi tu cdc s6 hang
va nhém cac s6 hang lai.

Tuy nhién tinh giao hodn va tinh két hop van ding doi véi céc
chudi s6 hoi tu tuyét doi. Nguoi ta da ching minh dugc céc tinh chét
sau day :

e 0}
Tinh chat 1. Néu chudi sé Z u, hoi tu tuyét doi va c6 téng S thi
n=1
chudi s6 suy tir né bang cdch thay déi thit tw cdc s6 hang va bang cdch
nhém tuy y mor s6's6" hang lai ciing hoi tu tuyét déi va cé téng la S.
@
Con néu chuéi so Z u, han hoi tu thi ta c6 thé thay déi thit ne
n=1
ciia cdc 6 hang clia né=de~luolso, thu duge hor th va cé téng bdang
mot s6 bt ki cho tritée hode try nén' phan ¥
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s oC
Dinh nghia. Gia stt cho hai chuéi s6 hoi tu z M Z v, . Nguoi
n=0 n=0

N x*X
ta goi tich cua ching la chubi s6 Z w, , trong dé w = Z Uk Vo_k
k=0

n=0
s o
Tinh chdr 2. Néu hai chuéi so Z u, va Z vy, hoi tu tuyét doi va
n=0 n=0

¢6 tong S va S’ thi tich ciia chiing ciing hot tu tuyét doi va cotong S.S'.

8.4. Day ham so

8.4.1. Cdc dinh nghia

Dinh nghia 1. Gia st f|, f5, ..., f, ... 1a mot day cdc ham s6 xéc
dinh teén tap hop X c R. Diém x, € X dugc goi 1a diém hoi tu cia
diy ham s6 dy néu day s6 {f,(x,)} hoi tu. Tap hop nhiing diém hoi tu
cua diy ham s6 {f,} dugc goi la tap hop héi tu cua n6.

Nhu vay, n€u diy ham s6 {f,} hoi tu téi ham s6 f trén tap hop X,

thi tai méi diém x € X, v6i moi s6 € > 0 cho trudc, luén tim dugc

mot s6 n, € N sao cho
n2n, = |f (x) - f(x)]<e

S6 n,, phu thudc € va néi chung phu thuoc x. Trong trudng hop s0
n, chi phu thuoc € ma khong phu thuoc x € X, ta néi rang day ham

s6 {f,} hoi tu déu trén X t6i ham s6 f.

Dinh nghia 2. Ddy ham s6 {f,} duoc goi 1a héi tu déu trén X t6i

ham s6 f néu véi moisé-e> 0, im dugc mot s6 nj, € N sao cho

n'\2dg =8 (x) -HKEE. VX € X.
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Vé mat hinh hoc, day {f_} hoi tu déu trén doan [a, b) t&i f néu do

thi cua cdc ham s6 f (x) v6i moi n = n, déu nam trong "dai" € bao

quanh d6 thi clia ham s6 f(x) trén doan [a, b] (hinh 8.2).

yA

xy

b

@) a
Hinh 82

Vi du. Xét day ham s6 {f }, f, : R > R, x x". Néu Ixl < 1,

lim x® = 0. Néu Ixl > 1, lim x" = . Néu x = 1, thi x" = 1,
n—o n—>x

lim x" = 1. Néu x = —1, khong tén tai lim x". Vay tap hop hoi tu
n—o n—oc

ctia ddy ham s6 {f,} 1a khoang (~1, 1]. Trén khoang ay
) Onéu-l<x<l
Iim {f,} =
n—ao

Day ham s6 {f,} hoi tu téi O trén khoang [0, 1), nhung khong hoi tu
déu trén khoang 4y, vi v6i moi s6 n € N, luon tim duge x € [0, 1) sao cho

]l n€u x =1

n n
x =0l=Ix] > —.
| | = Ix| 5

Nhung day ham s6 {f,} hoi tu déu téi O trén moi doan [0,a] véia< |
That vy, cho truée s6 € < 0, luon tim duoc s6 n, € N, sao cho a™ <¢g
Khi dé ta c6 Vx € [0, al.¥a = ng

BEED x| S o3t
23-THCC -T2 353



8.4.2. Tiéu chudn Cauchy vé su hoi tu déu

Dinh li 8.7. Day cdc ham s6 xdc dinh trén tdp hop X {f,} hoi tu
déu trén X khi va chi khi véi moi sé € > 0 cho truoc, luén tim dugc sé
n, € N, sao cho

(*ym=n,, n2n, = If (x) - f(x)<e, Vxe X

Chitng minh. Gia st ddy {f,} hoi tu déu trén X téi f. Khi d6 ton

tai s6 n, € N sao cho
€
n > n, = [f,(x) - f(x)[ < 3 Vx € X
Do d6 n€u n 2 ny, m > n,, ta cé
€ €
If.(x) — f(x)| < 5% Ifn(x) = f(x)] < 5 Vx e X

Vivaytacé Vx € X, Vn 2n,, Vm = ng
Ifn(x) - fm(x)| s Ifn(x) - f(X)I + |f(X) - fm(x)l <E&.
Dio lai, gia st ddy ham s6 {f,} thod man diéu kién (*). Khi d6

v6i mbi x ¢6 dinh € X, ddy {f (x)} 12 mot ddy Cauchy, do d6 né hoi
tu. Ta ki hiéu f(x) = lim f,(x). Ham s6 f x4c dinh trén X.

n—w
Trong diéu kién (*), c6 dinh x € X va n > n, cho m — oo, ta dugc
If.(x) = f(x)| < &, ¥x € X, Vn 2 n,.
Vay day {f,} hoi tu déu tGi f tréen X. H
8.4.3. Cdc tinh chdt cua day ham s6 héi tu déu
Dinh li 8.8. Gid sit {f,} la mot ddy cdc ham sé'lién tuc trén khodng 1.
Néu day {f,} héi rudéu trénl & iam 56\ fthi f la mot ham s6 lién tuc

trénl.
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Chitng minh. Ta s€ ching minh rang véi moi s6 € > 0, ton tai mot
s00>0,saochovdix el, x+h el

th| <& = |f(x + h) — f(x)| < &.
Ta c6
[f(x + h) — f(x)] < [f(x + h) — f (x + h)| + If,(x +h) = f (x)] + [f (x) = f(x)].
Vi day ham s6 {f,} hoi tu déu tGi f trén I nén véi € > 0 cho truéc,

ton tai s6 n, € N sao cho n > n, kéo theo

[f(x + h) — f,(x + h)| < g

€
If(x) — f(x)| < 3
Ham s6 f, lién tuc trén I, nén tim dugce s6 8 > 0 sao cho

lh| <& = |f (x + h) — f (x)] < —g—

Do dé lhl <& = [f(x + h) - f(x)| <. &
Chii thich. Tt dinh i 1 suy ra rang néu day ham s6 {f,,} lién tuc trén
I'héi tu t6i mot ham s6 gidn doan trén do6 thi su hoi tu d6 khong déu.
Tro lai vi du trong muc 8.4.1. Day ham s6 {f,} xdc dinh bdi
f,: [0, 1] > R, x > x", hoi tu trén doan [0, 1] téi ham s6
Onéux € [0, 1)
I nén x = 1
Ham s6 4y gian doan, nén su hoi tu trén khong déu.

f(x)=

Binh i 8.9. Gid sit cdac ham s6'f,, lién tuc trén fa, b], day ham so

{fu} hoi tu déu trén [a, b] téi f. Khi dé véi x, € [a, b],

X X
jfn(t)dt hoi tu déu trén [a, b] 16 J' f(t)dt .

Xo Xo

n—o

b b
* Dic biét bt (Ode 7 ek
a 4a
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Chimg minh. Ham s6 gi6i han f(x) lién tuc trén {a, b] theodinh i 1,
nén né kha tich trén dé. Ta ¢6 Vx € [a, b]

X X X X
J' £ (t)dt - jf(t)dt = j[fn () - f(0]dt| < ja?la;(blfn(t)—f(tﬂdt.
Xo Xo Xo Xo
Vi {f,) hoi tu déu trén [a, b] téi f nén v6i moi s6 € > 0, luén tim
duge ng, € N, sao cho

€
n>n.= max |[f,(t)-f(t)| < —
° aSle| n(1) = £( )| b—a

X X
Dods  n2n,= | [f0dt- [fn)di| <e, Vx & [a,b]. W

Xo Xo

Dinh li 8.10. Gid sit cdc ham s6 f,, ¢6 dao ham lién tuc trén [a, b],
day ham s6 {f,} héi tu trén [a, b] 16i f, ddy ham s6 {f,} hoi tu déu
trén [a, b] téi g. Khi dé f c6 dao ham trén [a, b] va f(x) = g(x)

Ching minh. Cic ham s6 f, lién tuc trén [a, b], day {f} hoi tu déu
trén [a, b] t6i g, do d6 theo dinh 1i 8.9 ta c6 véi x € [a, b], X, € [a, b]

- :
lim | £ (de
X

n—w
%6

)]‘ g(t)dt.
X

- o

|

lim [f,(x) = f,(xo)] = (%) = fxo)-

n—o n—®

X
Nhung lim | [, (0dt
X

Lo

Vay  f(x)=f(xg)= jg(t)dt

X

Do d6 f(x) khavatrén fa, b] vafxy=g(x). B
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8.5. Chuoi ham sé
8.5.1. Héi tu va hoi tu déu

Xét chubi
(o &}
(%) z up,
n=1

ma cac s6 hang u, la nhitng ham s6 xac dinh trén tap hop X < R. Goi
S, 1a téng riéng thd n cha né.

Dinh nghta 1. Chubi ham s6 (**) dugc goi 1a hoi tu tai diém x, € X
néu day ham s6 {S,} hoi tu tai diém x,, dugc goi 1a hoi tu trén tdp
hop X néu né hoi tu tai moi diém cua X. Giéi han S cua day {S,)
duoc goi la téng ctia chuéi ham sé.

Vidu 1. Chuéi ham s6 1 + x + Nl R PR mot cdp 55

nhin vo han c6 cong boi x, né hoi tu néu |x| < 1.

Vay chubi ham s6 ay hoi tu v6i moi x € (=1, 1) va 6 tong (x) = ——

’

do dé

Ta cod

,
M8
o| @
g
>

Vi du 2. Xét chudi ham s6

|sinnx| 1
Rl .
n2 ~f X2 n2

o o}
ma chudi Z——7 (chudi Riemann, a = 2) hoi tu, vay chuéi ham s6
— n°
n=1

dd cho hoi tu tuyét déi véi moi x '€ R
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o0
1
Vi du 3. Chubi ham sO Z— 0i tu khi x > 1, phan ki khi x < 1.
n=1 N

Vay tap hoi tu cua n6 1a khoang (1, + ).

(e 0]
x"
Vi du 4. Xét chudi ham so6 Z— RO rang né hoi tu tai x = 0.
n!
—

Néu x # 0, ta ap dung quy tic D'Alembert vao chudi c6 céc s6 hang

x|
duong Z — ta duoc
n!

u l |n+ln!
T n+l

n—w U n—o (n 4+ )1|x|" n—>on+1

Vay chubi ham s6 dang xét hoi tu tuyét d6i Vx € R.

Dinh nghia 2. Chudi ham s& (**) duoc goi 1a héi tu déu trén X néu
day ham s6 {S_} hoi tu déu trén X. N6i céch khac, chubi ham s6 (**)
hoi tu déu trén X va cé téng 13 S néu véi moi s6 € > 0, tén tai mot s6
n, € N sao cho

n>ny =[S (x) - S(x)| < g, Vx € X.

[¢') _l)n—-l

Vi du. Xét chubi ham s6 — D6 13 mot chudi dan déu thoa
n=] X +n

man cédc diéu kién cua dinh 1i Leibniz, nén né hoi tu véi moi x € R.

Phéin du thit n clia né ciing 12 mot chudi s6 dan ddu nén cé téng vé tri

tuyét doi bé thua tri tuyét d6i ciia s6 hang d4u tién cla né, tic 1a
1 1
IS(x) = S,(x)| < 5 <
x“+n+1 n+!l

i
Néu < g (i€ 1a n€uy, >! St i -] <E.
- €un . 1 thifsi{x) 4 S(x)|<¢e



’ 1 X 1
Vay c6 thé chon n, = E[— ~ lj, phan nguyén cua — -1, ré rang
€ €

n, khong phu thuéc x € R. Do d6 chubi ham s6 dang xét hoi tu déu trén R.
8.5.2. Tiéu chudn héi tu déu ciia chuéi ham sé

Tir tiéu chudn Cauchy vé su hoi tu déu clia day ham s6, ta suy ra :

(e o]
Tiéu chudn Cauchy. Chudi ham sé Z u,(x) hoi tu déu trén tap X khi
n=1
va chi khi véi moi s6" € > 0, tim dugc s6 nguyén n,, sao cho khi p > ¢ > n,,
ta co
S,() = Sy(x)| < &, Vx € X.

& R 2 - e N A A’ z
Tiéu chudan Weierstrass. Cho chuoi ham sé u,(x). Néu ta 6

i[v]s

8 5
1

lu,(x)| <a, Yn € N, Vx € X va néu chuéi sé Z ap, hoi tu thi chuéi
n=1
ham s6°da cho hoi tu tuyét déi va déu trén X.

Chimg minh. Dinh 1i so sianh dp dung vao hai chudi c6 s hang duong

o0 [o o} [0 o}
Z |un(x)| va Z a, cho ta thdy rang chudi ham s6 Z u,(x) hoi tu tuyét

n=1 n=1 n=1

e o]
déi trén X. Vi chudi s6 z a, hoi tu, theo dinh li Cauchy, véi moi € > 0, tim
n=1
duoc n, sao cho khi p>q>n,taco
P

3, gy EE

n=q+l
Do dé
ISp(x) - Sq(x)l = luqﬂ(x) + .+ up(x)' < luq+1(x)l + ...+ Iup(x)| <

Saq+1 +“.+ap<8.
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Vay chubi ham s6 da cho hoi tu déu trén X theo tiéu chudn
Cauchy clia chudi ham s6 hoi tu déu. B

(e o]

i ) cosnx ) bl e =2
Vi du 1. Chudi ham s6 Z =g hoi tu tuyét d6i va déu trén R
n=1 n +X
vi ta co
|cosnx| 1
——2 2 < -7, Vn, VX € R
n° +x n

(e o)
1
va chubi s Z —2— hoi tu (chuéi Riemann, a = 2).

xn

nv/n

e o]
Vi du 2. Chudi ham s6 ) hoi tu tuyét d6i va déu trén [-1, 1], vi

taco
Ix|" 1

P W

=, 1 3
va chuoi s6 Z -5 hoi tu (chudi Riemann, o = —).
n=1 — 2
n2
8.5.3. Tinh chdt cua cdc chudi ham sé hoi tu déu

Vn, Vx € [-1, 1]

Tir céc tinh chdt cua ddy ham sé hoi tu déu, ta suy ra cic tinh chit
sau day cua chuéi ham s6 hoi tu déu.

Ta biét ring téng chia mét s6 hitu han cdc ham s6 lién tuc 12 mét
ham s6 lién tuc, dao ham (tich phéan) cta téng clia mét s6 hiru han
ham s6 bang tong dao ham (tich phan) cia méi s6 hang. DGi véi cic
chudi ham s6, céc tinh chat 4y néi chung khéng con diing nita, nhung
céc tinh chat 4y van ding d6i vé6i cdc chudi ham s6 hoi tu déu.

[e o}
Dinh li 8.11. Cho~chudi=hoans Z “Néiiicac s6 hang u, déu
n=

lién tuc trén khodng I, ¢hudi'ham sa Vit déu trén I thi téng ciia né
cing lién tuc trén [.
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Tur dinh 1i nay ta thay rang : Néu chudi haim sé ¢6 cic s6 hang lién
tuc ma hoi tu t6i mot ham s6 gidn doan trén X thi chudi ham s6 ay
hoi tu khong déu trén X.

Vidy. Xétchudi > x(1=x)" =x 3 (1= x)" . Chudi ham 3 (1= x)"
n=1 n=| n=1
hoi tu khi |1 — x| < 1, tie 1a khi 0 < x < 2. Véi x = 0 chudi ham s6 da cho

5 1
h6i tu va co tong S(0) = 0. V& 0 < x < 2, S(x) = x e =1 (cap so
—(1-x)
nhan). Vay chudi ham hoi tu trén khoang [0, 2) t61 mot ham gian doan

Okhix=0
S(X):{l khi 0 < x <2
Vay chudi ham hoi tu khong déu trén khoang [0, 2).

(s 8}
Dinh li 8.12. Cho chudi ham sé Z u, . Néu cac sé hang un,, déu lién
n=1
tuc trén [a, b] va néu chudi ham sé hoi tu déu trén doan dé toi S(x) thi

l]‘S(x)dx = }}{i un(x)}dx = i}un(x)dx.

a n=| n=1 a4

Chitng minh. S(x) 1a téng ctia mot chudi ham s6 hoi tu déu trén [a, b}
¢6 céc s6 hang lién tuc trén do, do vay S(x) lién tuc trén [a, b], nén
S(x) kha tich trén [a, b]. Xét hiéu

b b b
fseodx - [Saxax = jsm Sa(x)]d

Vi chudi ham s6 hoi tu déu trén [a, b], nén Ve > 0, tim duoc s6 ny

duong sao cho khin > n,

s x=c [a, b].

€

=
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b

b b E>
Do dé IS(X)dX - an(x)dx < -[b 5

dx =¢&.

d

b
Vay jS(x)dx = lim js (x)dx = lim Zn: J'uk(x)dx
a

g n—)oo n—)ook=l
b b
= Iul(x)dx +...+Iun(x)dx +....1
a a

a0
Pinh li 8.13. Cho chuéi ham sé Z u, hoitutrén (a, b) tdi S, cdc
n=1

s6 hang u, lién tuc ciing véi dao ham cua chiing trén (a, b). Khi dé
néu chuéi ham sé z u'y hoi tu déu trén (a, b) thi téng S khd vi trén

n=1
(a, b) Va ta ¢é

S'(x) = [Z un(x)]' = ) u'yh(x)
=1 n=1

sinnx 3 sinnx
. bat uy(x) = 3
n

. Vi

(e o]
Vi du. Xét chudi ham s6 z

1 1

lu,(x)] < —3 Vx € R, Vn, ma chubi s6 Z— h61 tu nén chudi
" n=1 n

ham s6 hoi tu tuyét d6i va déu trén R. Goi S(x) 1a tdng ciia né. S(x)

la mét ham s6 lién tuc vi la tdng clia mot chudi ham s6 hoi tu déu ma
cdc s6 hang déu lién tuc trén R. Theo dinh 1i 8.12

nv D 1 _ (="
IS(X)dX = Jﬁ N z Ismnxdx = Z#
0 on=1 n=1 n=1 I
=2
Z] 2m-1y*
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cosnx cosnx

Viu'(x) = ma chu01 ham s6 Z hoi tu déu trén R,
n n=1 n
2 5 B e e _ ~ cosnx
nén theo dinh 1i 8.13 ta ¢6 S'(x) = Zlu 1(x) = z .
n= n=1

8.6. Chuéi luy thira

8.6.1. Chudi luy thira. Ban kinh héi tu

Ta goi chudi luy thira 1a chudi ham s6 cé dang
[e 0}
Z apx" =ag+ax+ a2x2 +o+ax .
n=0
Vin dé co ban ddu tién khi khao sat mot chudi ham sé 1a x4c dinh
tap hoi tu ctia né.

a0
Dinh li 8.14 (Abel). Néu chudi luy thira Z a,x" hoi ty tai x = x, =0
n=0
thi né hoi tu tuyét doéi tai moi x vdi x| < |x,|.

o}
That vay, chubi s6 Z a,xg hoi tu, nén sé hang tdng quat a xg
n=0
din dén 0 khi n — oo, do d6 a,x" b chan, tic 1a |a,x3| < M, Vn,
véi mot s6 duong M nao dé. Ta c6

n

- n - n|

S0 = Sanst[ X
n=0 o

n
. n X
Vi ja x, | — <M
xO

Q o0}
hai chubi c6 s6 hang duong Z ’anxn‘, Z M —
n=0 =0

n

, Vn € N, 4p dung dinh Ii so sanh vao

Xo

, ta suy ra chudi

(e o)
oy thira " a,x" heiftutuyendol tilinoi théa méan [x| < |xl. B
n=0

‘)
(=)}
w0



&
Hé qud. Néu chudi luy thita Z anxn phan ki tai x = x; thi né
n=0
phan ki tai moi x thod man |x| > |x;|.
That vay, néu né hoi tu tai x = x5 V6i [X,| > [x] thi theo dinh Ii
Abel né sé hoi tu tuyét doi tai moi x ma [x| < |X,|, dac biét né hoi tu

tai x = x;, diéu nay trdi véi gia thiet. ll

[eo)
R® rang chudi luy thira »_ a,x" luén hoi tu tai x = 0. Tir dinh Ii
n=0

Abel, suy ra ring tén tai mot s6 R(0 < R < +) sao cho chudi luy
thira hoi tu tuyét déi trong khoang (—R, R) va phan ki trong cic
khoang (-, —R) va (R, +o). Tai x = -R va x = R chuéi luy thira c6
thé hoi tu, c6 thé phan ki. S6 R d6 duoc goi la hdn kinh hoi tu,
khoang (-R, R) dugc goi 1a khoang hoi tu cia chuéi luy thira.

Muén tim tap hoi tu cla chuéi luy thira, ta tim ban kinh hdi tu, tic
12 khoang hoi tu clia né, r6i khao sat su hoi tu clia né tai hai mit.

8.6.2. Quy tdc tim bdn kinh hoi tu cua chudi luy thira

N _
Dinh li 8.15. Néu lim [2n-1] = p (hodc lim Pﬂanl = p) thi bdn
n—

n—oo ‘anl

e o]
kinh héi tu R ciia chuéi luy thira Z a,x" dugc xdc dinh bdi
n=0
1 ,
= néu 0 < p < +o0
R=4P

0 néu p = +o

+0 néup=0

Q0
Chitng minh. Xét chubi s6 duong Z ‘anxn|. Ap dung quy tac

n=0
n+l}
| | alamax o
D'Alembert, ta cé ([ 1im IS (Y lim l n+ll.|x| = p.Ixl
NS AU o]
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xX = 4
Néu 0 < p < +, chudi Z 'anxnl hoi tuy, tuc 1a chudi Z a,x" hoi tu
n=0 n=0

1
tuyét doi néu pix| < 1, do d6 |x| < —. Néu p|x| > 1, tic 1a |x| > l chuéi
p

Zlanx"l phan ki vi s6 hang téng quat |anxn‘ cua n6 khong dan téi O khi
n=0

n—> o, do d6 chubi Z a,x" phan ki. Vay trong truomg hop nay R = l
n=() p

Ay
|, n+l‘
A 5 dn+lx _ n = = N
Néu p = +0, Vx # 0, lim =+m. Vay chuoéi luy thua
n—oo lanxnl

phan ki tai moi x # 0, do d6 R = 0.

. n+l
Néu p = 0 thi lim ld"” l =0<1, chudi luy thira hoi tu tuyét
n—o lanxn‘

doi tai moi x, do d6 R = +oo.

Ching minh tuong t cho trudng hop lim Y|a,| =p. B
n—o

2 3 n
. X
Vidu 1. Xét chubi lu§ thira x + 7+§— PR .
n
Ta cé lim la"+ll = lim LI 1, do d6 R = 1. Chudi da cho héi tu
n— an’ noon+1

= 11 l : n

trong khoang (-1, 1). Tai x = I, ta co chudi s0 1 + S+ ...+ .. e
& . Z X2 L l l

chudi s6 diéu hoa, né phan ki. Tai x = —1, tac chuoi s6 -1 + = ——?; + I

d6 12 chubi s6 dan dautheaman cée dieu kigngua dinh 1i Leibniz, n6

hoi tu. Do dé tap hoi 'tu cuachudi luy, thiadd cho lal-1 < x < 1.
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2x3 n

X X
Vidu2. Xétchubiluythiral + x + —+—+..+—+_.
21 3t n!
lans1| n! 1
Ta cé lim —— = lim ——— = lim =0
n—o |a l n—»oo(n+l)' n—oon+1

Do d6 R =+, chubi lu§ thira héi tu trén toan R.

n
Vi du 3. Xét chudi luy thira 7‘( +1)
n

Tacé lim Yjja,|= lim
n—on+1

khi |x| < 1, phan ki khi || > 1.

=1. Vay R = 1, chubi luy thira hi tu

Khi x = 1, ta cé6 chubi s6 Z( 1
n+

n=1

n
] . S6 hang téng quit

u, =L — 1 # 0 khi n - oo, vay chuébi s6 phan ki.

n e
n

(¢ o]
Khi x = -1, ta c6 chudi s6 Z(—l)"(
n=|
cta n6 khéng ddn t6i 0 khi n - oo, chubi s6 phan ki. Tém lai chudi
ham s6 da cho c6 tap hoi tu 1a (-1, 1).

n
0 ) , s6 hang téng quat
n+1

8.6.3. Tinh chdt ciia chuéi luy thita

(e 0]
Tinh chdt 1. Chudi lug thita )" a,x" hoi tu déu trén moi doan [a, b]
n=0
< ? - ? z
nam trong khodng héi tu ciia né.

That vay, 18y moys6 duong x , < R.(rongdd/R 13 ban kinh hoi tu ciia
chubi luy thira, sao che dean {-x_, Xo] cimfa doan [a,|b]. Vi x, € (-R,R)
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(o )
A XA n A 4 x ,
nén chudi s6 Z'anx(J‘ hoi tu. Véi moi x € [a, b], tacd ‘anxn‘ slanxg

,Vn.
n=0
o
Theo dinh 1i Weierstrass, chuéi luy thira Z a,x" hoitudéu trén [a,b]. B
n=0

Tir tinh chét 1 vira ching minh va cédc tinh chit cua chudi ham s6
hoi tu déu suy ra céc tinh chat sau day cta chudi luy thira.
o0
Tinh chdt 2. Téng cuia chuoi luy thita Z anx" la mor ham so'lién
n=0
tuc trong khodng hoi tu ciia né.
Chii thich. Néu chudi lu§ thira hoi tu tai ca mot trong hai miit cla
khoang hoi tu thi téng cta né lién tuc mot phia tai mut dy.
Tinh chdt 3. C6 thé ldy tich phan titmg s6 hang chudi luy thia
[« 8]
Z a,x" trén moi doan [a, b] nam trong khodng hoi tu cua no :
n=0

b [ee) o0 b
I Zanxn dx = Z Ianx"dx
a n=0 l‘l=()a
Pic biét ta c6 Vx € (-R, R)
o & a a
J- Zanx" dx =agx+Lx? 4.+ 0_x™ 4
2 n+l1
a n=0

chudi nay ciing c6 khoang hoi tu 1a (-R, R).
Tinh chdt 4. C6 thé ldy dao ham ting s6 hang chudi luy thita

(e o]
Z agx" tai moi diém ndm trong khodng héi tu cuia né :
n=0

0
n-1
Z a, f-r=ar2rrer 3(13.\'2 S 07 AU
n=0
chudi nay ciing la bt fuy thita cokhodrg hoi tila (=R, R),
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Lai dp dung tinh chat 4 vao chuoi luy thira nay, ta c6
o ) '
Z a,x" | =2a, +3.2a3x+...+n(n-Dayx" 2 +..
n=0 )
Ap dung tiép tuc tinh chat 4, ta thiy rang c6 thé 14y dao ham timg
s6 hang moi chudi luy hira vo s6 1an trong khoang hoi tu cta né.

2.6.4. Khai trién mot ham sé' thanh chuéi luy thia

o0
Dé dang thay rang chubi luy thire Z x" hoi tu tuyét déi trong
n=0

xhoang (-1, 1) ; tong cta nd la , d6 12 mot ham s6 so cdp. Van

-X
dé dat ra 1a v6i uiéu kién nao ham s6 f(x) cé thé khai trién thanh mot
chuéi luy thira.

* Gid sirham s6 f(x) c6 dao ham moi c4p trorg mot 1an can nio do
ctia di€ém x, va c6 thé biéu dién dugc duéi dang téng clia mot chudi
Iy thira trong lan can 4y, tuc la

(8.4) f(x) = a, +aj(x—x,)+ay(x —xo)2 Fotag (x=%x)" + o
frong d6 1,, ay, aj, ..., a,, ... ia nhitng hing s6. Theo tirh chét 4 cla
chudi 1uy thira, ta c6

[ f(x) = ap +2a5(x — x,) + 3aj(x — xo)2 + ...+

\n—1

+na (X - Xy

+ ...

8.5 T =220+ 3230k = xo) + .. + nfn — Dag(x - x)" 2+ ..

Theé x = x,, vao cc dang thiic trén, ta c6

fu(xo) a i f(n)(xo).

a5, = f(xo), A= f’(xo), 3.2 = oh - dp "
: n:
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Viay ta c6

8.6) 1) =) + “ Rl _x )+ LDy 24

N f(n)(xo)
!

(X =xo)" +...
Chudi luy thira d6 dugce goi la chuéi Taylor cia ham s6 f(x) & lan
can diém x,. N€u x, = 0, ta c6
f'(0 " (1)
(8.7) f(x)=1(0) + L +£—(—0)x2 +..,+f—(02xn +
1! 2! n!

Chubi luy thira nay dugce goi la chudi Mac Laurin cia ham s6 f(x).

Tém lai, néu ham s6 f(x) c6 dao ham moi cap va cé thé biéu dién
duoc duéi dang téng clia mot chudi luy thira trong mét 1an can nao dé
clia diém x,, thi chudi luy thira d6 phai la chubi Taylor cua ham s6 d6
trong 1an can ay.

* Bay gi0 ta xét xem néu ham so6 f(x) cé6 dao ham moi cip trong mot
1an can nao dé cua diém x,, thi véi di€u kién nao téng cua chubi Taylor
ctia n6 bing f(x). Néu chudi Taylor ctia ham s& f(x) hoi tu va c6 téng
bang f(x), ta n6i rang f(x) da duoc khai trién thanh chubi Taylor. Vay ta
c4n tim diéu kién dé cé thé khai trién ham s6 f(x) thanh chudi Taylor.

Theo céng thic Taylor & chuong 5, néu ham s6 f(x) c6 dao ham

dén cdp (n + 1) & lan can diém x, thi

f(x) = P(x) + R (X),.

i (n)
trong d6 P, (x) = f(x,) + : (x‘o)(x —x0)+...+f——('x—°)(x —xo)",
! n!
iy n+l
R = — (X — X, ,
n(0) =~y %)

£ 1a mot diém nao dé6 giita x, va x. Néu f(x) c6 dao ham moi cap &
lan can diém x,, thi ¢ thé tay.n troag cqngithic Taylor 16n bao nhiéu

cing duogc.
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Dinh li 8.16. Gid sit trong mét ldn cdn nao dé ciia diém x, ham s¢

¢6 dao ham moi ¢dp. Néu lim R,(x)=0 trong do
n—

f(n+l)(§)
(n+1)!

& la mgt diém nao do giita X, va x thi ¢6 thé khai trién ham sé f(x)

R,(x)= (x—xo)"*,

thanh chuéi Taylor trong lan cdn dy.

That vay, vi lim R,(x)=0 ; nén f(x) = lim P,(x), do dé

n—oo n—o
¥ (n)
f(x)=1(xy)+ f (x°)(x—xo)+...+f——(:(—°—)(x—xo)" +...
n!

Trong thuc hanh, khi khai trién moét s6 ham s6 so cdp ta thudng
dung két qua sau day.

Dinh li 8.17. Néu trong mot ldan cdn nao dé cia diém x, ham s6
f(x) ¢6 dao ham moi cdp, tri s6 tuyét déi cva moi dao ham dé déu bi
chdn bdi cang mét s6 trong ldan cdn Gy, thi ¢6 thé khai trién f(x)
thanh chuéi Taylor trong dé.

That vay, véi moi x trong 14n c4n 4y ta cé
{™x)|<M, vn e N
trong d6 M la mot hang s6 duong nio d6. Do d6

l(n+1)(§)l| B |n+l M

R
| (X )l +1)! (n+1)!

|n+1

x —x

0 n
N T 1w oa s X . L. . »
Nhung vi chuéi luy thira Z—' hoi tu véi moi x (xem vi du 2, muc
n!
n+l

n

8.5.2 chuong nay),ie = > TOKH W15 M. Vay ol
! 2 T+
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khin — o, do dé lim R, (x)=0. Theo dinh Ii 8.16, f(x) c6 thé khai

n—-,x

trién dugc thanh chudi Taylor trong mét lan cén cta x,,.

8.6.5. Khai trién mot s6"ham sé so cdp thanh chuéi luy thita

«f(x)=¢"

Tai moi x € R, ham s6 e” ¢6 dao ham moi cap va ciac dao ham ay
déu bing e*, do dé

£(0) = £0) = oo = £ (0) = e = L.
Vay chudi Mac Laurin clia ham s6 f(x) = " ¢6 dang
l+x+ —2+£+...+§—i+...
2! 3! n!
Gia st A 1a mot s6 duong bat ki. Tacé Vn € N, Vx € (-A, A)
If(“)(x)l —e*<ef =M

Do d6 theo dinh 1i 8.17 ham s6 f(x) = e” khai trién duoc thanh chudi
Mac Laurin trong 1an can (-A, A) clia diém x, = 0. Nhung vi A la s6 bat ki,
nén ham s6 e* c6 thé khai trién duoc thanh chudi Mac Laurin Vx € R :

2 n
(8.8) S LD, NI
12! n!
* f(x) = sinx
Ta co f(n)(x) = sin(x + ng) ,do dé

lf(")(x)‘ <1,VxeR,VneN
Vay ham s6 sinx c6 thé khai trién dugc thanh chudi Mac Laurin
véi moi x. Vi f(0) = 0, £1(0) = 1, £(0) = 0, £°(0) = -1, fY(0) = 0,
0) = 1, ... ta c6
e S g X7
(8.9) Sinx= xf§+—5—!+_..+(—]) (_E_n——l—)'+

— bkl K H D
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* f(x) = cosx
Tuong tu nhu trén, ta dugc

x2 x4 x2n

(8.10) cosx =1-— E+Z—...+(—l) !

+...

o f(x) = (1 + )%, o 12 mot s6 thuc bt ki.
Tacé f(0)=1,
£(0) = a(l+x)* oo =0,
£0) = aa— (1 +%)*%| g =a(a~1),

£M0) = a(a—1)a-2)... (c—n+1)

Do d6 chuéi Mac Laurin cua ham s6 (1 + x)cl c6 dang

gx - a(a—1) - - a(a -1)... (a—n+_1) <0
1! 2! n!
Dé tim khoang héi tu ciia chudi luy thira dé, ta tinh

1+ +...

lim |an+1| — B |a(a—1)...(a—n) ) n! |=
n—a [a| "—’°°| (n+1)! a(a—1).. (a—n+1)|
= lim 2281
n—o| n+1

Vay chudi luy thita nay hoi tu khi Ixl < 1. Ngudi ta chimg minh dugc
rang trong khoang hoi tu 4y, chuéi Mac Laurin ciia ham s6 (1 + x)" hoi
tu vé chinh ham s6 dy. Vay

(8.11) (1+x)°‘=1+ax+1(°;';1)x2+...+

D a(a—])...((l—n"'l)xn_’_m, -1<x<l1.

n!
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¢ f(x) = In(1 + x)

z £ =] - -
Ta c6 f°(x) = (1 + x) ', ta ldy tich phan ting s6 hang chudi lu§
thira 4y tir O dén x, ta dugc

X

dx X
I1+x:ln(l+x)‘0=ln(1+x):

X X X X
= Idx - dex + szdx+...+(—l)" Ix"dx + e
0 0 0 0

2 x3 4

. X o x"
B.12)In(1 +X) = X ——+———+ ..+ (=1)" 12 4 —1<x<]
2 73 4 Ul X

* f(x) = arctgx

Vi (arctgx)' = =1 ~x% &% —o® $ 5% = (= 1)"x Br g,
14+ x
tacéd
3 5 7 2n-1
) S 1X
8.13 arctgx =X — — +——— 4+ ..+ (- ——+...
B . 3 5 7 =4 2n-1

Vi chubi luy thira niy cling hoi tu tai x = +1, nén khai trién trén
ding trén doan [—-1, 1].

8.6.6. Cong thirc Euler

Cong thuc (8.8) khai trién ham s6 mii x ¢” thanh chuéi luy
thira cho phép ta mé& rong dinh nghia ham s6 mii vao mat phang phic.

Chudi ham so

2 n
2 2
1+ —+—4+...+—+
L n

. . . > ~ } . ~ . S P At A
hoi tu tai moi z € €, 1ong ela no theg dinbnghia lahamsomiz e .
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L. z X
Végiz=xe R,e"=e
Véiz=ix,x € R,tacéd

2.2 .33 n_n
B g E IR T i =
I 2! 3! n!
2 4 2n
___1_.x_+x__ (— )n L. +..
2! 4! (2n)!
: x2n+l
+i|x——+——+ (D"
3t 5! 2n+1)!
Vay .
(8.14) e = cosx + isinx
Do d6
(8.15) e " =cosx — isinx
Tu d6
ix | —ix ix _ —ix
(8.16) CcosX = —+e—, sinx = = - .e
2 2i

Cic cong thic (8.14), (8.15)., (8.16) duoc goi la cong thiec Euler.

8.6.7. Ung dung chudi luy thita dé tinh gdn ding

* Tinh xdp xi gid tri ciia ham s6 tai mét diém

Gia sir cdn tinh gié tri cia ham s6 f(x) tai mot diém trong mét lan
cén nao d6 cua x va gia sir trong 1an cén dy

(n)
f (xo)(x —Xo)" +..

(8.17) f(x)="f(x,)+ (10)(x— X))+ oot

Neéu ta tinh x4dp xi f(x) béi tdng cia (n + 1) s6 hang d4u cta chubi
(8.17) thi sai s6 pham phai la

(n+1)
|R (x)‘ _ 1()5:)( xo)n+1

§ nam gitta x va x,/Céng thite d6'che 14 ¢&ctt x4c dinh n dé phép tinh
xdp xi trén dat do chinh xac yéu caw
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Vi du. Tinh s6 e véi do chinh xac 0,00001.

Ta cé e = f(1), véi f(x) = ¢". Néu diing cong thic xdp xi

x2 x"

X
el —t— ot —,
12! n!

thi sai s6 pham phai la

voi 0 <E<1,dodo

Ro0] = 3 . Pédudo

1)‘

chinh x4ac 0,00001, chi can xac dinh n sao cho <0,00001.

(n+1)!
Thir truc ti€p ta thay rang, chi cdn 14y n = 8. Vay
ex~1+ l+i+...+l:2,718278
1 2! 8!
* Tinh xdp xi tich phdn
Néu ham s6 f(x) c6 thé khai trién thanh chudi luy thira trén mot
khoang nao d6 thi If(x)dx ciing c6 thé khai trién luy thira trén

khoang ay. L
2
Vidu. Xét ham s6 f(x) = e * .Tacé Vx € R
2 2 4 4 2n
T | e e e it i H 1P s
o2t 3! !
Do dé
X 3 5 7
J' de—x-}-— l(___x_
113 2!5 3!7
0
vataco
1
2 K 1 1
je_x B ]'1+ El 7+
0 ey 27 102157271317.3
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V€ phai la moét chubi s6 dan ddu thoa céc diéu kién cua dinh li
Leibniz. Néu ta giit ba s6 hang ddu dé tinh xdp xi thi sai s6 pham
phai bé thua tri tuyét d6i ctia s6 hang thir tu :

11

= <0,001
317.27 5370
Vay
1 .
2
e Cdxme —1—5=0,4644
3 2 327 2152

véi d6 chinh xac 0,001.

8.7. Chuoi Fourier

Trong co hoc, vat li, ki thuat dién, ... ta thuong gap nhitng hién
tugng tudn hoan. Ching dugc moé ta boi nhitng ham s6 tudn hoan
(xem muc 2.5 chuong 2). Nhitng ham s6 tudn hoan don gian nhét la
nhitng ham s6

Apsin(not+¢,),n=1,2, ...,

ching biéu dién nhimg dao dong diéu hoa véi bién do An, chukiT= —2£
n®

’ -~ v ~ . 2 rd
Néu cho mét ham s6 g(t) tudn hoan véi chu ki T = _n, c6 thé
®

khai trién né duéi dang

B (o o}
g) = Ay, + Y Agsin(not +¢,)

n=1
dugc khong ? Dat ot = x, ta ¢6 g(t) = g[i) := f(x). Khi d6 f(x) 1a
®

mot ham s6 tuan hoan chu ki 2x, khai trién trén c6 dang

o0
a, .
—2— + Z (apcosnx + b, sinnx),
n=}

trong d6 a, = 2A, 2y ="Agsing, , br=Brcoso,.
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8.7.1. Chuéi luong gidc

Ngudi ta goi chuoi lugng gidc 1a chudi ham s6 ¢6 dang
o 8]
(8.18) Ay + Z(ancosnx + b,sinnx)
n=|
trong d6 ag, ..., ay, by, ... 1a nhiing hing s6. S6 hang téng quat
e B maEat o e . -
uy(x) = ajcosnx + b sinnx la mot ham s6 tudn hoan chu ki ==, lién
n
tuc va kha vi moi cdp. Néu chudi (8.18) hoi tu thi tdng clia né 1a mot
ham s6 tudn hoan chu ki 2n. Ta ¢6

lup(x)| <|ay|+|by|, ¥n € N, Vx € R.

Néu {a,}, {b,} 1a nhitng d3y s6 sao cho

e} (e o}
(8.19) Céc chudi s6 Y |a,|, > |b,| hoi tu thi theo dinh Ii
n=1 n=1
Weierstrass chudi lugng giac (8.18) hoi tu tuyét doi va déu trén R.
Tuy nhién diéu kién (8.19) khong phai 1a diéu kién at cé dé
chubi (8.18) hoi tu. C6 thé ching minh ring néu cic day s6 {a,}, {b,}
giam don diéu va dan tGi O khi n — oo thi chudi (8.18) hoi tu tai

QO
x # 2kn. That vy, v6i x = 2kn thi ) bysinnx =0. Xét x = 2kn. Dat

n=1
n
S, = Zbk sinkx. Ta cé
k=1
X Z X
ZSmESn = Z 2by smEsmkx =
k=1
< 1 1
= Z cos| k—— x—cos(k+—)x by
2 2
k=1
X ] i ( I
= by cosE—bncos n+5 X+Z(bk“bk—l)cos\k"§lx

k=2
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Nhung <b,, ma b, — 0 khi n — o, con

1
by cos(n +—)x
A 2

‘ 1
(bk - bk—l )COS(k —E)X

n

2,

k=2

n
< Z |bk _bk—l =
k=2

n
= - (bx —bx_y) =b;—by > by khin>w
k=2

vi {b,} giam don diéu va dén t6i 0 khi n — co. Vay

L 1
z (bk = bk—] )COS(k —EJX

k=2
hoi tu c6 thé trir tai x = 2k.

8.7.2. Chuéi Fourier

* B6 dé. Véi moi p, k € Z ta c6 céc hé thirc

T

(8.20) j sinkxdx =0
-n
T
(8.21) Icoskxdx =0 néuk=0
-7
T
(8.22) Icoskxsinpxdx =0
-7
m P
(8.23) I coskxcospxdx = {0 ne‘u L
o nnéuk=p#0
m =
(8.24) | simioinpx 7+ {0 AERP
B roénk=p=0
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Bang céch dung céc cong thic lugng gidc

. |
coskxsinpx = 5[sm(p +k)x +sin(p — k)x]
1

coskxcospx = —2—[cos(k + p)x + cos(p — k)x]

. . 1
sinkxsinpx = E[cos(k —p)x —cos(k + p)x]

) 1

cos“ kx = 5(1 + cos 2kx)

sin’kx = -;—(l —cos2kx)
ban doc c6 thé chiing minh dé dang cac cong thitc (8.20) — (8.24).

* Gia st ham s6 f(x) tudn hoan chu ki 2x, kha tich trén [-=, ©t], c6
thé khai trién dugc trén doan [-=, ©t] thanh chudi luong gidc dang

8}
(8.25) f(x) = a?° + Z(ancosnx + b, sinnx)
n=1
Dé tinh a,, ta hay ldy tich phan tir —n dén 7 cia chudi ham & v€
phéi ca (8.25) va dé y dén cac hé thic (8.20), (8.21) ta cé

T bis
J-f(x)dx = J‘a?"dx =Ta,
-7 =T
Do d6
. l T
(8.26) a,=— [f(x)dx
. =T

Nhan hai vé€ ctia (8.25) véi coskx, k € N, roi 1ay tich phan hai vé
clia ding thic nhan duge tir —n dén nt va dé y dén cdc cong thic
(8.22), (8.23) ta cd dugc

s s
jf(x)coskxdx =T Icoxz Eedx-= Tay

-7 i3

379



Do do6

T
(8.27) ay =~ [ focoskndx  k=1,2, ...
T
-7

Dé tinh by, ta nhan hai v€ cla (8.25) V6i sinkx, r6i 14y tich phan

hai v€ clia dng thiic nhan dugc tir -t dén w, dé y dén céc cong thic
(8.22), (8.24), ta dugc

T T
If(x) sinkxdx = by Isinz kxdx = by
-7 =R

Do d6

T
(8.28) by = If(x)sin kxdx, k=1,2, ..
b
-7

Cic he s6 a,, a;, by, ay, by, ..., ay, by, ... dugc xic dinh theo cic
cong thirc (8.26), (8.27), (8.28) dugc goi 1a cdc hé sd Fourier cua
ham s6 f(x). Chudi luong giic (8.25) trong dé cdc hé s6 duge xic
dinh bdi (8.26), (8.27), (8.28) dugc goi 1a chudi Fourier clia f(x).

Néu f(x) 12 mot ham s6 chin thi f(x)coskx 1a chdn, con f(x)sinkx
l1a 1é, do d6

2 T
(8.29) ax == [fcoskxdx, by =0, Vk e N
0

Ciing vy, néu f(x) 12 mot ham s6 1 thi f(x)coskx la 1€, con
f(x)sinkx la chan, do d6

2 L
(830)  a=0,b = = [f(x)sinkxdx, Vk € N
=
0

Vin dé con lai bay gidrla xét-xem, ugi di¢u kién nao chudi Fourier
cta ham s6 f(x) héi tu va co'téng bang f(x), tirc 1a véi diéu kién nao
ham s6 f(x) c6 thé khattrién thanh'chaéi Fourier.
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8.7.3. Diéu kién du dé ham s6 khai trién dugc thanh chudi
Fourier

Dinh nghia. Ham s6 f : [a, b] & R duoc goi 1a lién tuc ting khiic néu
c6 thé chia [a, b] bdi mot s6 hiru han difm a=x, < x; <Xy <..<x,=b
sao cho trén méi khoang (x;—;, x;) ham s6 f lién tuc, c6 gisi han phai
hitu han tai x;—; va giéi han trdi hitu han tai x;. Néu f bién thién don
diéu trén mbi khoang (x;—1, X;), ta néi rang f don diéu timg khiic. Nhu
vay néu f lién tuc tirng khic hay néu f don diéu ting khic va bi chan
thi né lién tuc tai moi diém cua [a, b], trir mot s6 hiru han diém gian
doan loai 1.

Bédé 1. Néuf : [a, b] — R la mot ham s6'lién tuc titng khiic thi

b
lim If(x)cosaxdx 0, lim If(x)smaxdx—O

a——>oo a—)oo

Chitng minh. Chi c4n ching minh bd dé nay trong trudng hop f lién
tuc trén [a, b]. Khi d6 f bi chan trén [a, b], tic la ton tai s6 M > 0 sao
cho |f(x)| £ M, Vx € [a, b]. Ngoai ra, f lién tuc déu trén [a, b], tUC la

v6i moi s6 € > 0 cho trudc ton tai s6 6 > 0, sao cho Y(x', x") € [a, b]
Ix'—x"1<8& = |f(x")-f(x")|<e

Chia doan [a, b] bdi cic diém a = x, < X} < ... < Xp = b, sao cho
‘Xi —Xi_1|<6, i= 1, ceey N Khi dé

I(a) = .[f(x)cosaxdx = Z I f(x)cosaxdx =

a ll)(II

Xj

i j[f(x) (% )]cosocxdx+Zf(x ) jcosaxdx

== X4
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Do dé
n Xi n X
|I(a)|sz j |f(x)—f(xi)|dx +Z|f(xi)| I cosaudx| <
- el =l Xi-1
n n Xj
< sZ(xi ——xi_l)+ZM I cosaxdx
i=1 i=1

Xi-1

Vivéia>0,tacd

¥ 1 , 2
cosaxdx| = [—(sinox; —sinox;_1 )| < —
o} o
Xi-1
Do d6
’ 2M
1)) <22 4 e(b—2) <& (1 + b—a)néu a >
o

Vay I(at) = 0 khi o — 0. Hé thic sau duge chimg minh tuong tu. l
Hé qud. Néu f : R = R la mét ham s6 tudan hoan chu ki 2, lién
tuc ting khiic trén méi doan bi chdn [a, b], a,, b, la cdc hé s6
Fourier cua né, thi
lim a, = lim b, =0
n—o0 n—oo
B6 dé 2. Néu f : R = R la mét ham s6 tudn hoan chu ki 27, lién
tuc tieng khiic trén méi doan bi chdn, S, la téng riéng thit n cua
chuéi Fourier cua né, thi
: 1)
n sin|n+—|u
! 2
(8.31) Sn()=2= [f(x+u)——2—du
2n
-7

. u
sin—

Chitng minh. Ta cé

n
SL(x) =a—°+ Z (agoos Rk Heby sin kx)
z K=1
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Ap dung céc cong thirc (8.26), (8.27), (8.28) ta duoc

T T T
1 1 < _ .
Sp(x)= e j f(t)dt + - z coskx j f(t)cosktdt + sinkx I f(t)sinktdt
-7

k=1 -n -T

- ﬁ_j f(t)lil +23 cosk(x - t)}dt

k=1
. 1
n sin(n + —)a
Nhu =
ng 1+22 coska —
k=1 sin —
. 1
1 L sm(n+§)(x—t)
Do dé Sa(x)=5- [f® .
- sin

DPEi t — x = u trong tich phan & vé€ phai, ta dugc

{ = © sin n+1)u
S, (x)=— f(x +u)———=——du
n(0 =5 j_x( ) —
" 2
. 1
sin(n + —)u
Ham sé ul—-)f(x+u)—————u— 12 tudn hoan chu ki 2, vi vay
sin—
2
(= 1
§ 2 sin n+5)u
=— — = du. B
S, (%) o If(x+u) 7 u
-1 sm—2—

Hé qud. ta ¢6 ¥Yn € N

1
T sin(n +~) u
1 2

B g p——— Ty
(8.32) 5 j =
—T Sln_‘
2
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That vay, 4p dung cong thitc (8.31) vao ham s6 x > f(x) = 1. Cic he
*
s6 Fourier cianélaa,=2,a,=b,=0Vne N .Dod6 S (x)=1. 1 .
Dinh 1i 8.18. Néu f : R = R la ham s6 tudn hodan chu ki 27, khd
vi thi chudi Fourier ciia né hoi tu va cé téng bdng f(x), Vx € R.
Chitng minh. Tut cac cong thiec (8.31), (8.32), ta duoc

sin(n + 1)u
S(x) —f(x) = — j[f(x +u)— f(u)]——zdu =

sin—
2

1] 1
= 5 I ¢@(u)sin(n + E)Udu,

trong dé o(u) = fGx+u)—f(w)

sin —
2
Ham s6 u i @(u) lién tuc Vu # 0, cé diém gidn doan bo dugc tai
u=0,vi

lim @(u) = lim

u—0 u—0
Do d6 né thoa man céc diéu kién chia b6 dé 1. Vi vay

f(x + u)-—f(u)'2 —2f'(x)
u

T
lim [Sn x)- f(x)] = - lim I(p(u)sin(n + l)udu =0. 1
n—w 2n n—o - 2

Két luan cua dinh 1i 8.18 con ding véi nhitng diéu kién rong rai
hon. Ching ta thira nhén dinh 1i sau day.

Dinh 1i 8.19. Gid sitf : R = R la mot ham s6 tudn hoan chu ki 2,
thod man mot trong hai diéu kién sau trén doan [— 7, 7] :

—hodc f lién tuc titng khiic va ¢6 dao ham f llen tuc ting khiic

—hodc f don diéu ting khiic va bi chdn

Khi d6 chudi Fourier cia f hoi tu tai moi diém. Téng S(x) ciua né
hang f(x) tai nhitng-diém-ién-tue-cviaf-Fai-didm gidn doan ¢ cuaf, ta c6

S(c) = f(C+0)-;f(C—O)
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Cic diéu kién néu trong dinh I nay la diéu kién Dirichlet.

Vi dy 1. Khai trién thanh chudi Fourier ham sé f(x) tudn hoan chu
ki 27, bang x trén khoang ( — &, — 7).

Ham s6 f(x) thod man cdc diéu kién cta dinh 1i 8.19 nén c6 thé
khai trién dugc thanh chuébi Fourier. Vi f(x) 1é, ta cé

a,=0,n=0,1,2..

T

Tt
. 2 T
b, :—Ix51nnxdx: e J-cosnx dx
o T n n
2
=2 1" n=1,23..
n

. ¥4 : .
—2n/§ -7 11 / 31 / L
/ o) §/27t §/4n X

Hinh 8.3

Viay Vx#(2n+ 1) =

n + 1 sinnx

1 1 .
f(x) = 2(sinx — —sin2x + —sin3x — ...+ (= 1)
2 3 n
Chd y ring tai x = &, téng cha chudi bang
%[f(n +0)+f(n-0)]=0,
tai X = — w cling vay

Vi du 2. Khai trién thanh chubi Fourier ham s6 f(x) tuan hoan chu
ki 27, xdc dinh nhu sau :

b 1°.q <10

=
<o
a
=
!
=
A

X/ nfu O EsS=x <7
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D6 thi ctia ham s6 dugc cho & hinh 8.4

4n X
1 1| xsinnx |®
a, =— | xcosnxdx =— — — |sinnxdx |=
T 14 n 0 n
-
1 cosnx|T™ 1 ———néunlé
Lo 0 néu n chin

(9
1 1| xcosnx|® 1
b, =— I xsinnxdx =—| — +—jcosnxdx =
T 14 n 0 n
-7 0
1 €un 1é
— néunlé
1 o n .
=——Xxcosnx| =
F191) 0 .
—— néu n chin
n

Vay Vx#(2k + I)n, ke Z

nt 2(cosx cos3x cos5x )
f(x)———— IR i et b
1 3“ 5

(sinx sin2x  sin3x )
& & =k |
1 2 3
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Tai nhitng di€m x = 2k + 1), k € Z, tdng caa chudi bang trung

. p PP 2o 28 o dw T+
binh cong cua gid6i han phai va gidi han trdi, tic 1a bang L

.« 2 2

Vi du 3. Khai trién thanh chubi Fourier ham s& f(x) tuan hoan chu
ki 2=, biét rang f(x) = x khi 0 < x < 27.

yﬂ

2n

Hinh 8.5
Truéc hét, ta nhan xét rang néu ham s6 f(x) tudn hoan chu ki 2n
thi ta c6
a+2n n
[ foodx = [fxdx, va e R
a -7
Do dé6 khi tinh hé s6 Fourier cia mot ham s6 tuan hoan chu ki 2n,
ta c6 thé tha{y khoang 14y tich phan [- n, ©] bang khoang [a, a + 2],
trong d6 a 1a mét s6 bat ki.
Dé6i v6i ham s6 da cho trong vi du nay, don gian nhit la ta chon
khodng 14y tich phan [0, 2x]. Ta ¢6
2n
=— dex 2w
0

2n
1 cosnx
a, =— Ixcosnxdx =—

mn n

2m

0

2T

| XCOSHX
b, = —1— jxsinnxdx = —(— ]
\ T il

27 2
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Do dé, Vx # 2kn, k € Z

f(x)=n— 2[

sin X sm 2x 1 sin3x )
1 . 3
Tai c4c diém x = 2kn, k € Z, tdng ctia chudi ham bang =.

Vi du 4. Khai trién thanh chubi Fourier ham s6 f(x) chin, tuin
hoan, chu ki 27, bing n —x v6i 0 < x < 7.

yﬂ
VW
- O P It x

Hinh 8.6

- Vif(x)chiannénb,=0,n=1,2,...tacé

n 2
2 2( X ) :
a,=— |[(m—x)dx =— X —— =
0
7 sinnx
an=—j(ﬂ—x)cosnxdx— (m _x)smnx J.l el
T o "
5 0
0 néuchin
=——"_cosnx " —i(l—(_l)n)_ 4
nnz 0 1'[]’12 -—2— ﬂéu lé
mn
Do dé Vx e R

cos3x cos(2k + I)x )
7t By T
3 2k +1)
Chi y ring tacé Vx € R, Vk € N |

f(x)= e + ikcosx +
2 =

|cosk ¥ DK  VIE)
2+ 1) HUBE+1)?
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[e o}
ma chudi s Z hoi tu, nén chudi Fourier ciia ham s6 f(x)
k=1 2k + l)

hoi tu déu trén R.
Chii thich. N&€u ham s6 f(x) tudn hoan chu ki 2/, thoa c4c gia thiét

cla dinh 1i 8.19 trén doan [ - /, /], thi bing phép déi bién x'=—x
!

l
ta c6 f(x) = f(;x') : = F(x'), F(x') la mot ham s6 tudn hoan chu ki 27,

thoa cdc gia thi€t cia dinh 1i 8.19 trén doan [- =, ], nén khai trién
dugc thanh chubi Fourier

! a = , . ,
f(x)= f(;x ) = —29 + Z (apcosnx’ +b,sinnx’)

n=1

a0
a n7x . nmX
hay f(x)=7°+ ngl[an cos—1—+bn SmT)

T
-7

. n /
trong d6 i =—1- jf(—l—x'] dx'=; If(x)dx
s

T 1
By =l If(ix) cosnx'dx' = 1 jf(x)cosn—mdx, n=1,2,...
n 4 l /

19

1 1

= — f ) d e f d —12
I (n sinnx'dx = I(x)sm ] X, N

‘K

Vi du. Khai trién ham s6 f(x) tudn hoan chu ki 2, f(x) = x2 véi 1 < x < 1.

Hinh 87
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Vi f(x) 12 ham chin, nén b, =0,n=1, 2,...

i 2
- 29y = 2
a, —2Ix dx = 3
’ 0
! 4
a, =2 [x*cosnnxdx = (-1)" 55
3 n°n

Dodé Vx e R

1 4
f(x)= 5 ——2(cos1tx -

CcoS2TX N cos3nx )
s

22 32
Cong thic nay ding trén R.
8.7.4. Khai trién mot ham sé bt ki thanh chuéi Fourier

Gia str f(x) 1a m6t ham s6 thoa céc gia thiét cta dinh 1i 8.19 trén
doan [a, b]. Muén khai trién f(x) thanh chubi Fourier, ta xay dung mét
ham s6 tudn hoan g(x) c6 chu ki 16n hon hay béang (b — a) sao cho

g(x) =f(x), Vx € [a, b]

Néu ham s6 g(x) c6 thé khai trién dugc thanh chudi Fourier thi
téng cha chudi dé bing f(x) tai moi diém cta [a, b], trir tai nhitng
diém gidn doan cta f(x). R& rang cé nhiéu cich xay dung ham s6
g(x) nhu vay. V6i méi ham s6 g(x), cé6 méot chudi Fourier tuong ng,
do d6 c6 nhiéu chudi Fourier biéu dién ham s6 f(x). Néu ham s6 g(x)
chan, thi chubi Fourier ciia n6é chi gém nhitng ham s6 cosin con néu
g(x) 1¢ thi chubi Fourier ctia né chi gébm nhitng ham s6 sin.

Vi du. Khai trién ham s6 f(x) = % véi 0 < x < 2 thanh chudi Fourier
theo cdc ham s6 cosin va thanh chudi Fourier theo cic ham s6 sin.

Muén khai trién f(x) thanh chudi Fourier theo cic ham s6 cosin, ta
xay dung ham s6 g(x) chan, twan hoan'véi chiu'ki biang 4, bing f(x) = -;-
v6i 0 < x < 2. Vi g(x) cham(hinh 8.8), ta co
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YA
L
. 2
4 -2 o} 2 4 X
Hinh 8.8
b,=0,n=1,2,
2x
a, = J-de=1
0
2 2
X nmX X nnx|2 1 ¢ . nnx
a, = J.—cos——dx=—-sm— —— ISin——dx =
2 2 nw nn
0 0
0 néu n chan
=——(cosnt—1)= 4 ) . n=1,2,..
nznz( ) =y néun lé
n°m

Viay f(x)= 1 —i[cosB + icos3£ + LcoséE + ]
2 2 2 2

n2 5 52

rom , 3 TR 4 .
H¢ s6 cla s6 hang tong quat cua chudi ham iy la ————— nén
Rk +1)
chudi ham héi tu déu trén R.
Muén khai trién f(x) thanh chudi Fourier theo ho cdc ham sin, ta

. X
xdy dung ham s6 g;(x) 1é, tudn hoan véi chu ki la 4, bang f(x) =5

v6i 0 < x < 2. Vi g (x) 1é (hinh 8.9) ta ¢6
Yi

N|=

Xy

T A vien T
Hinh 8.9
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an=0,n=0, l, 2,...

2 2
X . nmx X nnx|2 1 17194
—sm—dx =——cos—| +— Jcos—dx =

nn 2 nxn
0 0
2 2
=< cosnm=(-1)"1 = n=1,2,.

nn nn

nx 1 . 27x 1, 3mx
Vay f(x)= [sm—;— - EsmT +§sm—5— - )
8.7.5. Ddng thitc Parseval
Gia st f : R > R 12 ham s6 tuidn hoan chu ki 2=, thoa céc gia
thié€t cia dinh 1i Jordan — Dirichlet. Khi d6 ta c6

(e o]
aq s
f(x) > + E (apcosnx + b,sinnx),
trir tai nhitng diém gidn doan loai 1 cta f(x). Binh phuong hai V&, réi
14y tich phén tr — n dé€n ©t ddng thic thu dugc. Ngudi ta chitng minh
dugc rang v6i cic gia thi€t néu trén, ta c6 thé nhan chudi Fourier ciia
f(x) v6i chinh né, c6 thé 14y tich phan ting s6 hang chudi ham s6 &
v€ phai. D& y dén céc cong thitc (8.22), (8,23), (8.24) ta dugc

T a2 0
Ifz(x)dx = —49.21t + nZ(aﬁ + b,21)
- n=1

hay
T 2 foe)
l oo _3% 1 3, 52
(8.33) ~ [ (x)dx—7+5nZ(an +b2)
-7 =
Diéng thic dé duge goi 1a Ddng thitc Parseval.
8.7.6. Dang phitc cua chudi Fourier
Gia str f : R = R 12 ham s6 tuin hoan chu ki 2=, thoa cic diéu

kién cua dinh li Jordan.—~ Dirichlet..Khi-dé-ta-cé

{0 - 5 —=s Z (apeosnx,£bsinnk),

n=1
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irir tai nhitng di€m gidn doan ioai 1 cha f(x). Dat
un(X) = a cosnx + b, sinnx
Ap dung cac cong thic

Inx —Inx nx —i : .
; e +e e™ —e™™ B —iby s B By i
(X =2y by = e g
2 2i 2
a
bat o, =—
2
a, —ib .
o, =—2——2= nfunzl
p
a_, +ib_
oLy, = "2 L néunc<-1

+00 .
Ta duoc f(x)= Z e

n=-o

P6 1a dang phic cia chudi Fourier. Chd y rang o_, =&, trong

dé o, va so phirc lién hop clia a, .

Néu n nguyén duong, do céc cong thic (8.27), (8.28), ta duge

¥
a, —ib 1 )
Gy = ﬂ_z__n = EEL If(x)cosnxdx -1
-7 -n
k1
=L If(x)c_inxdx
27 -
a

Cong thitc ay ciing ding khi n =0, vi a, 270

Néu n nguyén am, ta co

(

-7

b8
l it
=—1 | fege— dx
27w I

=7

n )
_[f(x)sinxde

o, =0_p :?ITEL jf(x)cos(—nx)dx+i If(x)sin(—nx)dx

393



Vaytacé Vn e Z

s
_ 1 —inx
(VR ——2—n If(x)e dx
-7

TOM TAT CHUONG 8
Chuoi sé hoi tu
[0 o]
Chudi s6 » u, dwoc goi 1a hoi tu néu téng riéng thi n
n=1

n »
S, = Z up din t6i moét gidi han hitu han khi n — oo, 14 phéan ki néu
k=1 ‘
n6 khéng hoi tu.

[+ o) .
Néu D u, hoi tu thi u, — 0 khi n > . D6 1a diéu kién c4n cia
n=1

st hoi tu, nhung diéu kién 4y khéng du.

o0
Chudi s6 _aq"™" véi a0 hoi tu néu |q| <1, phan ki néu |q>1.

n=1
Chudi sé c6 s6 hang duong
— Cac dinh i so sanh
w 1
Gia s 0 <u, <v, Vn 2 n,. Khi dé néu chui Y v, hoi tu thi chudi
n=1

oo} LY e
Z u, hoi tu ; néu chudi Z u, phan kithichadi Z v, phanki.
n=1

n=1 n=1
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—_ . oun )
Giasttu, 20,v, 20Vn, lim - =K, trong d6 0 < k < + .
n—oo V,

a0 e o]

Khi d6 hai chubi s6 Zun . ZVn cung hoi tu hay cung phan ki.
= n=I

— Cdc quy tdc khdo sat su hoi tu

Quy tdc D'Alembert. Néu lim n

n—oo  Up,

tukhi /< 1, phan ki khi / > 1.

1 _ (e o]
= [, thi chudi s6 Zun hoi

n=1

Quy tdc Cauchy. Néu lim Yu, =/, thi chubi Zun hoi tukhi /< 1,

n—oo
n=1

phan ki khi /> 1.
Quy tdc so sanh voi tich phdn. Gia sit ham s6 f(x) lién tuc 1ay gia
tri duong, giam trén khoang [1, + o) va dan téi O khi x— + . Khi
+0
dé6 tich phéan suy rong I f(x)dx va chubi s6 Zun , trong d6 u, = f(n)
1 n=1
cung hoi tu hay cung phan ki.

Chudi s6 véi cac so hang c6 dau bat ki

— Hoi tu tuyét doi. Néu chudi so u ‘ héi tu thi chudi s6

Zun ciing hoi tu. Ta néi rang chubi s n hoi tu tuyét doi.

n=1

1l MS i M8

[e o} [e o}
Néu chubi s6 Zun hoi tu nhung chubi s6 Z|un| phan ki, ta néi

n=1 n=1

e o]
rang chudi s6 ZUH ban hoi-tu.

n=1
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o
Néu chuéi s6 Z u, hoi tu tuyét déi va c6 téng S thi chudi s6 ma
n=1
ta dugc bing cach thay déi thi tu cdc s6 hang ciia né hoic bing céch
nhém tuy ¥y mot s6 s6 hang clia né ciing hoi tu tuyét d6i va cé téng S.

M8

Néu chudi s6 ) u, béan hdi tu, ta c6 thé thay déi thit tr cic s6

=3
Il
—

hang clia n6 dé chudi s6 thu dugc hoi tu va cé téng bang mét s6 bt
ki cho trudc hoac phan ki.

— Chuéi 56 dan ddu. Néu day s6 duong uy, u,, ..., U,,... gidm dén
va dén t6i 0 khi n — oo thi chudi s6 dan d4u
U; —up +uz —uy +...
hoi tu va c6 tong bé thua u.
Day ham s6 hoi tu
— Day ham s6 {f;,(x)} dugc goi la hoi tu t6i ham s6 f(x) trén tap
hop X c R néu Ve > 0, 3n, (¢, x), sao cho |
n2n, = |f,(x)-f(x)| <e.
Néu n, khong phu thuéc x € X, ta néi ring ddy ham s6 {f,(x)}
hoi tu déu trén X té6i f(x).
— Cdc tinh chdt cia dd@y ham s6 hoi tu déu.
Néu trén khoang I, cdc ham s6 f,(x) lién tuc va hoi tu déu téi f(x) thi
1) f(x) lién tuc trén I
b b
2) lim [f,(x)dx = Jtxodx, via, bl <1
a

n—o
a

Néu cdc ham $6 T, (x)-kha vi_trén I, day {f,(x)} hoi tu trén I téi
f(x), day {f (x)} hoi tu déu trén [ (6 2(x) thi g(x) kha vi trén I va
g(x)=f(x), Vx e I.

396



Chuoi ham sé héi tu

a0
— Chudi ham s6 »_u,(x) dugc goi la hoi tu trén tap hop X = R

n=1
n

néu day ham s6 {S_(x)}, trong dé S (x) = Z up (x), hoi tu trén X, 12
k=1 :
hoi tu déu trén X néu day ham s6 {S,(x)} hoi tu déu trén X,

Q0
-~ Néu Vn € N, Vx € X, lu,(x)! < a, va néu chuébi s6 Zan hoi
n=1

(o o}
tu thi chuéi ham s6 Z u,(x) hoi tu déu trén X.

n=1
— Cdc tinh chdt cua chudi ham sé héi tu déu.
Néu trén khoang I, cic ham s6 u,(x) lién tuc, chudi ham sé

[e ¢]
> uq(x) hoi tu déu tren I thi

n=l = ., 5 ro. PR
1) Tong cua chudi ham s6 dé lién tuc

b o b
2) IZ u,(x)dx = Z J.un(x)dx, Via,b] c 1

a n=1 n=1 a
eo]

Néu cac ham s6 u,(x) kha vi trén I, chubi Zun(x) hoi tu trén I,
n=1

o0
chudi )" u'y(x) hoi tu déu trén 1, thi

n=1

[ un(x)) = Zu’n(x), vx el
1 n=1

Chuoi luy thira

oy
2 X . s & 7 n
- La chuéi ham s ¢6 dang Z Aok
n=0
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a0
S6 R > 0 12 bén kinh hoi tu clia chui luy thita ) a,x" néu chudi
n=0
4y hoi tu tuyét déi véi Ixl < R va phan ki véi IxI > R. Tai x = £ R,
chuéi luy thira cé thé hoi tu hodc phan ki.

Néu lim l nel _ =p, hoic lim Yla, | =p thi R =
n—c0 |an| n—» p

— Cdc tinh chadt

Chubi luy thira Za x" hoi tu déu trén moi doan [a, b] nim
n=0
trong tap hop héi tu cua né.

(e o]
Téng cta chudi luy thira Z a,x" 12 mo6t ham s& lién tuc trong
n=0
tap hop hdi tu cia né.

C6 thé 14y tich phan ting s6 hang mot chudi lu§ thira trén moi
doan ndm trong tap hop hoi tu cha né :

(o e 5 e

n=0 =0 a

C6 thé 14y dao ham tung s6 hang mot chudi luy thira tai moi diém
nam trong tap hop hoi tu clia né :

m L
[Z anx"} =a; +2ayx + ...+ na x" 1 4 ..
n=0

— Khai trién mot ham sé thanh chudi luy thita
Ta néi rang ham s6 f(x) khai trién duoc thanh chudi luy thira trong mot

o0
khoang I néu tim dugc moét chudi luy thira Z apx" héi tu trén I sao cho
n=0

f(x)= Zanx", Vx'e I

n=0

398



— Khai trién thanh chuéi luy thita mét s6"ham s6 théng dung

X X2 n
:1+-—- —_— _ =
e 1!+2!+...+n!+...(R )
sinx = x X’ +XS + (=1 —_2n+1 (R
o ] i, s e e o e F s =0
31 5 (2n +1)! )
2 4 2n
4 X X
CosR= ] = —— e+ (1) .(R=
20 4! ) g R
A+x)* =1+oax+ i et - S Lt 2 el nl W
2! n!
R=1)
1 z 3
—_— =]l -Xx+X =X+ .+ ED"X"+..R=
o x X -D'x"+..R=1)
2 x3 Xn+l
In(l +x)=x— —+— — ...+ (-D" +...(R=1
2 3 D n+1 ( ,)
3 5 2n-1
X7 X _1X
arctgX =X - — 4+ +(-D"1 2 _ 4  R=1
g 3t T (=1 - ( )

Cong thuc Euler

X .
e cosx + isinx, Vx € R

el)( +e—lX ) el)( _e—IX
COSX = —2—'—, SInxX =

Chuoi Fourier

— Chudi luong gidc 1a chudi ham s6 c6 dang
a o 0]

-2 4 (a,cosx + b,sinx)
2 g n n

Néu né hoi tu, tdng cla n6é 1a mot ham s6 tuan hoan chu ki 2.
e o] 0
Néu céc chudi s6 Zlanl, Z‘bn| hoi tu thi chudi luong gidc hoi tu

n=1 n=J
déu trén R, téng cla né 1a mét ham 58 licn tactren R.
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— Néu f : R > R 12 mét ham s6 tuan hoan chu ki 2x, kha tich trén
[-m, =], thi cdc s6 ay, b, cho bdi cic cong thic sau duge goi la hé

s6 Fourier cua né :

L
va =-:; [fGocosnxdx, n=0,1,2, ...

-n

1
By = [feosinnxdx, n=1,2, ...
T -7

oo
Ze 1 . 4 - . .
Chubi ham s6 -2 + Z(ancosnx + bysinnx), trong d6 a,,b, la
n=1
cic hé s6 Fourier cta f dugc goi 1a chudi Fourier cua f.

— Khai trién mét ham sé thanh chudi Fourier

Néu f : R —» R 1a m6t ham s6 tuin hoan chu ki 2n, thoa moét trong
hai diéu kién sau trén doan [-=, 7] :

— hoic f lién tuc timg khiic va f' lién tuc ting khiic,

— hodc f don diéu ting khiic va bi chan,

thi chubi Fourier cia né hoi tu tai moi diém, téng S(x) cha chuébi
bing f(x) tai nhimg diém lién tuc cta f, bing %[f(x + 0) + f(x - 0)]
tai nhitng diém gi4n doan cua f. -

— Ddng thitc Parseval

Néu f thoa cdc diéu kién trén thi

L ag I 2, 2
o If (X)dX=T°+EZ;(an+bn)
e =

— Dang phitc cua chuéi Fourier

n=-o

+a0 ) 1 s )
f(x) FZmpies T b -V jf(x)e“'“"dx.
| gl
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BAI TAP

1. Khao sit su hoi tu cua cdc chubi s6 ¢6 s6 hang tong quat sau day :

&
2n” +1
a) up = —5—— 2) unlenz+n—n

n“+n+l
2
n- -1 2" +n
3) u, = arctg— g 4) vy, = ——
n-+1 - 3"43n+3

_ (n+D(n+2)

1
S)u z 6) u, =1 -cos—
" n“(n2 +3) " \/;
1
7) u, =ln(l + tg_zj , 8) u, =lSin =
. n n 2n
Jn(n+2 . 2+ cos
9) u, =# } 10y v, :—Jrc(?m (o> 0)
n“ +3Inn n

2. Cung cau hoi nhu bai 1.

g 1
R 2
1 n +\/; 1
1) u :—[e“—lj ; 2) u, =In tg—, n>2
" \/; X e n?
kK" a"
Nu,=— (k>0); 4) u, = (a>0,b>0)
nX n+b"
5) l 1 Insi 6} u Inn
u. =ln— - Insin— ; R
n \/; \/; n 2
1 1
0 \/_ I’H-’)
X - dx
7 u, = —_/—'—dx : 8) u, = j
(.)[ 1+X2 n X4+]
g 2
9) u, = cos E—j—n— ; 10) u, = na‘/E (a>0)
2 prtan+b

1) u, = i/n3 +an —\/112 +3 .
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3. Cic chudi s6 6 s6 hang tong quit sau day c6 hoi tu khéng ?

Tinh téng cta ching khi ching hoi tu.
1

1) u, = :
T@n=-D@2n+D
2n+1

3) up 2‘7—“—2 >
n“(n+1)
5) u, =arctg7; ;
n“+n+l
1
7) u, :ln(l ——2], n>2;
' n

1

9) u, = ln(2cos%— - l), ae (—g g]
2

10) u, =1In+ aln(n + 1) + bin(n+2)
4. Cung cau hoi nhu bai 1.
1

Duy,=————
" @2n-1)2%!
2
Nu, = n :
2% +n
n
5) nnz,a, ,a>0
n-+1
n—1 ninn
{22
2n—1
"2
9) u :(n.)
(2n)!

n2+n
2n+1
4) - :(_])n+l Rl
. n(n+1)
n
6)u, =——
" n4+n2+l
S ———I—
8) u, = ln(n+ :
COS—.COS ——
n n+l
2
2) u, = o
n!
4) u, = 2.4.6..n.(2n)
n

n
2n% -1
6) Un:[3n2 2]
. n° +

l n
8) u, = (arctg—)

n

n

10y v, =1g" [a + —b;j

O<ac< E.b>0
2


file:///nlnn

n* qn =
ll)un=[ n ) lz)un:-l(n!)
n+l (2n)!
31nn )" {ee] "
13) u =(l ————j ; 14) u, =
" 22 : nlnn

15) u, =sin(myn®+1) : 16) u,, =sin(l 4 njn
n
2 n
17) u, =(-D" i : 18) u, = l_”:l)_‘/'_—‘
(lnn)" l+n
_1\n 1\
19) u, = =B 20) u, = =D

n+(_l)n+| 2

SN T

21) u =\/n+(—1)" —\/;;

5. 1) Khao sat su hoi tu cua hai diy ham s6 {f}, {g,} xdc dinh

03
n

n-I
22) u, =ln{l g (b },a>0

X nx
+8n Ry 2 Rix

boi f,. : R, > R, x>
- * X +n 1 +nx

a) trén doan [0, 1]
b) trén khoang [1, +o).
2) Cho diy ham s6 {f,} xdc dinh bdi

n
X

f:10,2] > R, x > f(x) =

1+x"

a) Khao sat su hoi tu ctia diy {f,,}. Su hoi tu dy c6 déu khong ?

)

b) Ching minh rang - lim jfn(x)dx 3A
0

n—ox
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3) Chiing minh rang day ham s6 {f,} xdc dinh boi

n
X .
£ R, >R, x b f(x) = [l—;) néu x € [0,n]

0 néu x >n

hoi tu t6i mot ham s6 f. Su hoi tu 4y c6 déu khong ?
1 (2x+1)"

T heit
=1 { x+2

Q0
2 .
b) Ching minh ring chudi ham s6 Z Jnxe™ hoi tu déu trén R* .

n=I

[0 0]
6. 1) a) Ching minh rang chudi ham s6 Z

déu trén doan [-1, 1].

c¢) Khéo sit su hoi tu ciia chudi ham s6 Z( D"n7*
. n=1
2) Ching minh ring chubi ham s6 véi s6 hang téng quét

2
up(x) =(-1

nX+

héi tu déu trén moi doan [a, b], nhung khéng
n?
hoi tu tuyét doi.

7. Ching minh ring chudi ham sé Zne“"x héi tu déu trén
n=|

khoang [a, +oo) véi a > 0, nhung khéng hoi tu déu trén khoang [0, +).
Tinh tng cha chudi ham s6 Ay véi x > 0.

8. Cho cic ham so

n+l -
X In x <x <
X > U, (x) = néu0<x <1
néux=0

Qa0
1) Ching minh ring-ehuoi ham so Z(—l)n u,(x) hoi tu déu trén
n=0

doan [O, 1].
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2) Ching minh ring chudi ham s6 Zun(x) hoi tu khong déu
n=0
trén doan [O,1].

2 . N . : ]
9. Chirng minh rang ham s6 f(x) = Z—— xdc dinh, lién tuc
= n(n+x)

va kha vi trén R, .

1

o
10. Cho chudi ham s6 "
o l+x"
Khao sat su hoi tu cia nd. C6 thé néi gi vé su lién tuc va kha vi
cua né.
11. Tim mién hoéi tu cha cic chudi luy thira c6 s6 hang téng quat sau :

n n
1) un(x) = (D™ 2) u,(x) = (X:/?
3) un(X):[ el ) (x-x)"" ; 4) up(x) = (nx)"
2n+1
5) u,(x)=x"lnn ; 6) u,(x) = (5x')
n.
X D
7) up(x) = "y a>0; 8) u,(x)= (-1 ‘_nT

, n .
9) u,(x) =a,x", trongdé 0 <a, < o+ fn =sinag g, Vn> I

12. Tim mién hoi tu va tinh téong cua cic chudi luy thira c6 s6
hang téng quat sau :

D u(x)=Cn+Dx" . n >

2) up(x) =" +3"Mx", n=0

5
n- A0 e

Yu (x)=— ===/ n2>0
nix) n 3 n’
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4) u,(x) =chnax", a>0,n=0

n-1|
5) u,(x) = ()" Z—, n2 1.
n

13. Khai trién ham s6 f(x) = = thanh chudi Taylor & lan can diém
X

Xo = 3.
14. Khai trién thanh chudi luy thira & lan can diém x, =0 cic
ham s06 sau :

1) f(x) = chx ; | 2) f(x) = x%e*

3) f(x) = sin’x ; 4)f(x) = —
x“—=3x+2
X

5) f(x) = In(x® = 5x + 6) ; 6) f(x) = jcos(t2)dt
0

llnl+X néuxz0
Hf(x)=9x 1-x . 8) f(x) = e*cosx

2 néux=0
15. Ching minh rdng ham sé
1
f(x) = <e x> néux =0
0 nfux=0
khong thé khai trién duge thanh chubi Taylor & 1an can diém x, =0.

16. Tim ban kinh hoi tu clia chubi luy thira c6 s& hang tong quit la
2

u,(x) = (1 +(=D" l) X"
n

(e o] (e o]
17. Cho hai chui luy thita " a,x", D byx" , c6 ban kinh hoi ty
n=| n=I

theo thir tr la R, R'.
1) Chimg minh rang miéu cé-mat,so wguyén duong n, sao cho
lan| <|by|, Vn > hythiRZR .
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2) Chirig minh ring néu Ja,| ~[b,| Khin -» = thiR = R"

3) Tinh bdn kinh héi tu cua cic chudi luy thita ¢6 6 hang tong
qudt sau :

chn
a) tdx)=——%" 3 b) u,(x) = arccos[l - ij“

“

sh“n

0 1) = @RTT~FaX" s ) uytx) =costafa s ma D"

18. Tinh cdc s6 sau vGi do chinh xac 0,0001 :

Ve ; 2) 11 ; 3) In(1.04).

1
19. 1) Tim |e™ dx véi do chinh xdc 0.001.
0
1
2) Tinh [sh(x?)dx véi d6 chinh xac 0,0001.
0

20. Tinh cos18° véi do chinh xac 0,0001.

21. Khai trién thanh chubi fourier ham s&. f(x) 1¢, tudn hoan véi
chu ki 2n, bing © — x v&i 0 < x < 7.

22. Khai trién thanh chubi Fourier ham s6 f(x) chin, tuan hoan véi chu

ki2m,bang | — — véi 0 < x < m. Suy ra gid tri cha téng ctia chubi s6
n

23. Khai trién thanh chudi Fourier ham s6 f(x) tudn hoan ¢é chu ki 2.
I

£ X L. 5 5 § ) P = ~
bing 1 - — véi -m < x < . Suy ra gia tri cua cic chuoi s6
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24. Khai trién thanh chuédi Fourier him s6 f(x) tuan hoan c6 chu ki 2=,
X,
bang sma VoI -t < X < 7.

25. Khai trién thanh chudi Fourier ham sé f(x) tuan hoan c6 chu
ki 27, bing cosax v6i —-n < x < m, trongdé 0 <a< 1.
Suy ra dang thic

[ o]

cotgnma = —+———
nZaz_n

26. Khai trién thanh chudi Fourier ham s6 f(x) tudn hoan c6 chu
ki 2/, bing e* véi-1<x<1.

27. Khai rién thanh chudi Fourier ham s6 f(x) xdc dinh trén doan
[0, ®t], cho bai :

- 3
sin” nx

(e o]
28.Choham s6  f(x)= ).

!
fiml n:

1) Ching minh rang ham s& f(x) lién tuc va kha vi lién tuc trén R.

2) Khai trién ham s6 f(x) thanh chudi Fourier. Suy ra biéu thic cta f(x).

PAP SO VA GOI Y

1. 1) Phan ki ; 2) phan ki ; 3) phéan ki ; 4) hoi tu ; 5) hoi tu ;
6) phan ki ; 7) hoi tu ; 8) hoi tu ; 9) phan ki ; 10) hoi tu néu a > 1,
phén ki néu o < 1.

2. 1) hoi tu ; 2)[hdi tus 3y hoi fu'khi k'< T, 'phan ki khi k > 1 ; 4) hoi
tu khi va chi khi (a <bvab> 1) heaeda< | vab>1); 5) phan ki ;
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6) hoi tu 5 7) hoi tu ; 8) hoi tu ; 9) hoi tu khi va chi khia = 0: 10) hoi

&
tukhiO<a< I, phankikhia>1; 11) hoi tu khi va chi khia= 2
: 2

3.Du ~l( . g1,
' "2 2n-1 2n+1) " 2~

11

2) By =—-— , S=1.
n n+l
1
3)Un='——2‘— 2,S=1,
n° (n+1)
4)Chu6"1dand2‘iu,un=l+ : S=1:
n n+
1 1
5) u, = arctg— — arctg :
n n+1 4

6) S, =~ 1-
2 (n+1)?% —(n+1)+1

N (n=D(n+1)

7) u, =1 ,S=-In2;
nn
1
8) u, =tg— -t =tgl;
n n
9) s, =ln20052a+1’ S = ln2cos20L+l :
2cos—oi+l 3
2n

10) hoi tu khi va chikhia=-2,b=1,S=-In2.

4. 1) hoi tu ; 2) hoi tu ; 3) hoi tu ; 4) hoi tu ; 5) hoi tu néu a < 1,
phan ki néu a > 1; 6) hoi tu; 7) hoi tu ; 8) hoi tu ; 9) hoi tu ; 10) hoi

tuné’ua<z,phﬁnk‘| né’uazg =ryhortrnére>-y, phankinéua < 15

12) phan ki ; 13) hoimssid)ban hoi pu ; 13) bin hoi'tu ; 16) ban hoi tu ;
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17) hoi tu tuyét doi ; 18) phan Ki ; 19) hoi tu ; 20) phan ki ; 21) hoi tu ,
22) hoi tu khi va chi’khi o0 > % .

5. 3) hoi tu trén (0', +0), hoi tu déu trén [a, +»), Va > 0.

eX

7.
_ (ex _1)2

10. Tong ctia chudi ham s6 lién tuc va kha vi vo han 1an véi [x| > 1. -

11. 1) -1<x<1;2)3<x<5;

3)2-2 <x<2++2 ;4)R=0;

5)-1<x<1;6)~-0<x<+40;7)-1<x<Infua<l,-1<x<1
nfua>1;8 R=w;

9 -1<x<l.

3 6 :
iz, SN MO N L

12. D -1<x<1,
(1-x3)2 3'1-2x  1-3x

k]

3)x 0, xe* —%[e"(xz -2x+2)—2];
X

4) e ? <x <e® 1~%cha

2

1+ x2 —2xcha ’

s5)—1<x <1, d+x)
X s
2 3 1
1 x-3 (x-3 x-3Y x-=3)"
13. —| 1- + - et (1P
3[ 3(3](3)+_+(1)(3)+
2 4 2n
14. 1) l+5—+x—-+...+ : +.,R=wm
2! 4! (2n)!
3 4 n+2
2 X X
2)X +F+‘2—! -+ - +.,R:(x>
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2X2 21)(4 N1 2n—1x2n
= ——
2! 4! (2n)!

2
4)l+(1_ijx+(l——7jx2+...+(l— ! x" +..,R=
2 22 2- 2n+l

= 1 1),
56— Y —| —+— |x", IxI <2
n

5 9 4n+l
G)X_x_ X__‘_,+(_1)“—X——+....R=oo
2!'5 419 2n)!@n+1)

2 4 2n
o1+ s e ki<
35

2n+1

Z(\/— 4x R=w

16. R =l
e

17.3)a) R=e;b)R=1;c)R=1;d)R=1
18. 1) 1,6487 ; 2) 1,0192 ; 3) 0092

19. 1) 0,747 ; 2) 0,3579

20.0.9519

i i f(x) néu x # 2km
21 2[qu sin2x - sinnx j :{ (x)

n 0 néu x = 2kn

22. i) CosX + Cosf" g g SLEL T LR lfx + } - f(x). ¥x € R
12 32 (2n+1)°

1
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D
%__iz_z “Cosnx_f()VxeR

1 n? i 1t i ] _1t4
. &L ==
- n2 6 - 12° on 9
sin> néu x #(k+1)n
24. Z( i 2 sinnx = 2
n+l 4n” -1 0 néux=Qk+1)n
inta  2asinma <= (—1)" cosnx
25. cosax = Sin + Z , VxeR
TTa T il a2 — n2
nmx
o T ; g - ] cos—l—
26 +le -e )Z( 1) R

. N7X
) Z( " nsin f(x) néu x #2k + 1)/
-e

+ n 1];2 chl néu x = (2k + 1)/

27. Néu thic trién chin réi thic trién tudn hoan, ta duoc

nw

In 4 [o o] sz—

e 2

8 T Tn

cosnx

n=]

o
28.f(x)=ansinnx, by -1 néun#3k,keN;nfun=3kkeN,
ot 4n!
3 1
b3k = BT
4.3k)! 4k!

412



MUC LUC

Chuong 1

SO THYC
1.1. Tap hop
1.2. Tap céc s6 thuc
1.3. Ddy s6 thuc
Tém tat chuong 1 .
Baitap

Chicong 2

HAM SO MOT BIEN SO THUC

2.1. Dinh nghia ham s6 mot bién s6 thuc

2.2. P6 thi cia ham s6 mot bi€n s6 thuc

2.3. Ham s6 chin, ham s6 1€, ham s6 tuin hoan,
ham s6 don diéu

2.4. Ham s6 hop

2.5. Ham s6 ngugc va dé thi ham s6 ngugc

2.6 Cac ham s6 so cdp co ban

2.7. Céc ham s6 so cap

2.8. Da thic noi suy

Tém tat chuong 2.

Bai tap

Chiong 3
GIGI HAN VA SU LIEN TUC CUA HAM SG MOT BIEN SO
3.1. Dinh nghia
3.2. C4c tinh chat cua gidi han
3.3. Gi6i han moét phia
3.4. Vo cung bé va vo clng lon
3.5. Su lién tuc gua ham-s0 mot Bicn S0
3.6. Diém gian doan cha ham yo
3.7. Céc tinh ch4t cvaham s6'licn 19€

18
33
36

43
44

46
47
47
49
58
60
62
65

71
74
85
86
89
94
96
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Tém tat chuong 3 108

Bai tap 13
Chicong 4
DAO HAM VA VI PHAN cUA HAM SO MOT BIEN SO
4.1. Dao ham 119
4.2. Vi phan 124
4.3 Pao ham mot phia, dao ham vo cung , 128
4.4. Dao ham va vi phan cip cao 129
Tém tat chuong 4 133
Bai tap 136

Chiwong 5
CAC DINH L[ VE GIA TR] TRUNG BINH

5.1. Céac dinh 1i vé gia tri trung binh 142
5.2. Ung dung cdc dinh Ii vé gid tri trung binh 156
Tém tét chuong 5 191
~ Baitap 197

Chuong 6
NGUYEN HAM VA TICH PHAN BAT D|NH

6.1. Tich phan bat dinh. Cic thi du don gian ' 203
6.2. Phép déi bién 210
6.3. Phuong phdp tinh tich phan timg phan 214
6.4. Tich phan cdc phan thic hitu ti - 221
6.5. Tich phan céc biéu thic luong gidc 228
6.6. Tich phan cdc bicu thitc dang

[Rocva? -2 yax va [ROVX? 20 ) 231
Tom tét chuong 6 234
Bai tap 239
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Cluong 7
TICH PHAN XAC DINH

7.1. Dinh nghia tich phan xdc dinh
7.2. bicu ki¢n kha tich
7.3.Céc tinh chat cua tich phan xdc dinh
7.4. Cach tinh tich phan xdc dinh
7.5. Phép doi bién trong tich phéan xic dinh
7.6. Phép lay tich phan timg phan
7.7. Tinh gan ding tich phan xdc dinh
7.8. Mot s6 tng dung hinh hoc cua tich phan xic dinh
7.9. Tich phan suy rong
Tém tat chuong 7
Bai tap

Chuong 8
CcHUOI

8.1. Dai cuong vé chudi s6
8.2. Chudi s6 duong (hay chudi ¢6 86 hang duong)
8.3. Chudi c6 s6 hang vgi ddu bat ki
8.4. Day ham so6
8.5. Chudi ham s6
8.6. Chudi luy thira
8.7. Chudi Fourier
Toém tit chuong 8
Bai tap

246
252
258
263
270
274
276
283
301
317
329

338
342
347
352
357
363
376
394

401
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‘ Chiu trach nhiém xudt hdn : »
Chi tich HDQT kiém Téng Gidm déc NGO TRAN Al
Phé Téng Gidm déc kiem Téng bién tap NGUYEN QUY THAO

Bién tgp ldn ddu : -
NGUYEN TRONG BA

Bién tdp tdi ban : -

PHAM THI BACH NGOC

" Trinh bay bia :
TRAN TIEU LAM

Sira bdn in :
PHONG SUA BAN IN (NXB GIAO DUC TAI HA NOI)
Ché bdn :
PHONG CHE BAN (NXB GIAO DUC TAI HA NOI)

.

TOAN HOC CAO CAP - TAP HAI
Ma s : 7TK076T7 - DAI



