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Lot gidi thidu

Thuc hién mot s6 diéu cua Ludt Gido duc, BY Gido duc & Pao tao va B Y t&
da ban hanh chuong trinh khung ddo tao Bic si da khoa. B6 Y té6't6 chire bién soan
tai liéu day — hoc cac moén co so va chu ryén mon theo chuong trinh trén nham timg
budc xdy dung b6 sach dat chun chuyén moén trong céng tdc ddo tao nhan huc
y té

Sich TOAM CAO CAP dwpc bién soan dira vdo chuong trinh gido duc cua
Truong Pai hoc Y Ha Noi trén co sd chuong trinh khung di duoc phé duyét. Sach
duoc cic tic gid TS. Hoang Minh Hang, ThS. Ngé Bich Nguyét, CN. Cao Chu Todn
bién soan theo phuong cham: kién thic co ban, hé thong; ndi dung chinh xdc, khoa
hoc, cdp nhét cdc tién bp khoa hoc, ky thuat hién dai va thuc tién Viét Nam.

Sich TOAN CAO CAP di duoc Hbi déng chuyén moén tham dinh sdch va tai
liéu day - hoc chuyén nganh Bdc si da khoa cua B8 Y té thAm dinh ndm 2007. B6 Y
t& quyét dinh ban hanh Ia tii ligu day — hoc dat chudn chuyén mon cia nganh
trong giai doan hién nay. Trong thoi gian tir 3 dén 5 ndm, sach phdi duoc chinh Iy,
bd’sung va cdp nhat.

BY Y té'xin chén thanh cdm on cdc tic gid va Hoi dong chuyén mén tham dinh
da gidp hodn thanh cudn sdch; Cam on ThS. Nguyén Phan Diing, TS. Chu Vin Tho
da doc va phan bién dé cuén sich sém hoan thanh kip thoi phuc vu cho céng tic
ddo tao nhan luc y té.

Lén diu xuét ban sach khé tranh khdi thiéu sot ching toi mong nhin duoc y
kién déng gop cia déng nghiép, cdc ban sinh vién vé cdc doc gid dé lin xuat bdn
sau sach duoc hoan thién hon.
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Todn hoc ld mén khoa hoc tu nhién c¢6 mat trong rdt nhiéu linh vuc
khoa hoc, bao gém ca trong linh vuc nghién citu sinh, y hoc.

Trong khuén khé chuyén ngénh y, b6 mén Todn — Truong Pai hoc Y
Ha N¢i di giang day Todn cao cdp trong nhiéu ndm cho sinh vién voi
mong mudén cung cdp cdc kién thic co ban, co so Todn théng ké cho cdc
nghién cuu ung dung sau nay.

Cubn sdch bao gém céc kién thuc vé dai s6, gidi tich va mot s6"bai todn
ung dung trong sinh, y hoc voi thor luong 45 tiét.

Cuén sach Ia tai liéu danh cho sinh vién truong y va sinh vién cac
chuyén nganh ing dung sinh, y hoc khac va c6 thé lam tai liu tham khdo
cho cdc cdn bg giang day vd nghién citu trong linh vuc sinh, y hoc.

Trong qud trinh bién soan ching t6i di nhin dugc nhiéu y kién quy
bdu cua CN. D6 Nhu Cuong, TS. Ping Dic Hiu nguyén T ru’cf'ng bé moén
Todn - Truong Pai hoc Y Ha Noi. Ngoai ra, ching t6i cing nhén duoc sur
dong gop y kién va giup d6 vé ky thudt vi tinh cua cdc d6ng nghiép trong
b moén. Tuy nhién cuén sach kho tranh khoi thiéu sét. Chiing t6i mong
nhén duoc cdc y kién déng gép cua ban doc v déng nghiép.
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Chuong 1
MA TRAN DINH THUC
PHUONG TRINH TUY N TINH

*

. L&JJ

HI

Bail
MA TRAN

MUC TIEU

Hoe xong bai néy sinh vién c6 kha ning: :
L, Trinh bay duge dinh nghia ma tran va khdi mém cdc. dang ma mm it M
2 Thnfc h:en cI:fdc cdc phép todn trén ma tran : R

1. KHAI NIEM MA TRAN
Khi ¢c6 m x n sb ta c6 thé xép thanh mot bang chit nhat gém m hang va n cbt.

1.1. Pinh nghia

Mét bang s8 chi nhat ¢é6 m hing, n cét biéu dién duéi dang

4, &9 23 ... 8y

as a a P - O
A=|22 B2 %23 - %

anm1 8y 4p3 o+ 8mn

dugc goi la ma trdn cd m x n, trong dé a;; € R 1a phén ti nidm 6 hang i, ¢t j.

Ky higula A =[a; |

mxn

Vi du:
1 2
M{

3
1a ma tran ed 2 x 3:
4 5 6



1
2)B=|2|1a matrancotcd 3 x 1:
5

3)C=[4 6 7]lamatranhangcd1x 3.
Khi m = n thi A dudgc goi 1a ma trdn vuéng cép n.
1.2. Ma tran khoéng
Ma trén khéng 1a ma tran c6 tat ca cac phén tit déu bang khéng.
Ky hiéu 1a O = [0],,.,..

0000

Vidu: A=
0000

] la ma tran khong ¢6 2 x 4.

Cac ma tran khéng chi khac nhau vé kich thuée.

1.3. Ma tran bang nhau

Ma tran A va B dugc goi 1a hai ma tran bang nhau néu chiing cé ciing ¢d va cé
cac phén tit & cling vi tri bing nhau. Tec 1a:

{ 1) A= [aij]m X n vaB= [bi:i]m X
2) aij = bl] vl Vl, J

< A=B.

a b

Vi du: Cho A=E ":ﬂ va B=[ d:|' A =B khi va chi khia=1;b=-3

c
c=2:d=3.
1.4. Ma tran doéi nhau

Ma tran A va B dude goi 12 hai ma trin déi nhau néu chiing c6 ciing ¢d va céc
phén tu cung vi tri c6 gia tri d6i nhau.
Ma tran déi ciia A dugde ky hiéu 12 —A. Ta cé:
{1) A = [a]nxn V2 B = [byl s
2) aj; = ~by; v6i Vi, j

<> B =-Ahay A =-B.

Vi du: Cho A:[ ; j] va sz:a E:I.B=—Akhi vachi khia=-1;b=-3;
-2 - c

c=2;d=4.

10



1.5. Ma tran tam giac
‘ Cho ma tran vudng cip n c6 dang:

a7 a9 a3 - App

a a a R |
A~,21 .22 .23' .211

4n1 2pg Apg - 8pp
Dudng thing di qua cac phén tit ay;, agg, ags,..., &y, 801 12 dudng chéo chinh
cua ma tran A.
Cac phan tl a;; véi i = j goi la phan tiz chéo.
Ma trén tam gidc 1a ma tran ma tat ca cAc phan tu d phia trén ho#c phia duéi
cia dudng chéo chinh déu bing khéng. C6 hai loai ma trén tam giac la ma tran
tam gidc trén va ma tran tam gidc duol.

a;; 819 213 - 4y
0 agg 823 a2n
B=| 0 0 a3 .. ag,|lamatrdntam giactrén.
|8 O O e )
fa;; O 0 .. 0]
do0q 322 0 via 0
C= dg) 4agg 4z .- 0 14 ma trin tam gléc duéi.
_anl dpg dpz -+ dpp |

1.6. Ma tran duong chéo

Cho ma tran vudng cAp n cé dang:

a;; a2 a3 ... 341y

a a g ... &
i . 21 .22 ‘ 23 _ - 2n

an; Aapg Apg .- Apg

A néuil = j . g
: b thi A 1a ma trén duing chéo.

0, néui # j

Néu a;; ={

Vay A c6 dang:

11



By B 0 o O ET

0 % 0 .. 0 Ky 0
A=|0 0 Az .. 0 |, hay vistgon A= Ag

: : 2 0 g

0 0 0 .. A, | I An

1.7. Ma tran don vi

Ma trdgn don vi 1a ma tran dudng chéo c6 cac phan tit chéo déu bing 1.

Ky hidula 1= 1

2. PHEP TOAN TREN MA TRAN

2.1. Phép cong ma tran
2.1.1. Pinh nghia
Cho hai ma tran A va B ciing ¢d m x n:
A = 3] x n v B=[byly s n
Téng cta hai ma tran A va B1a ma tran cd m x n dugc xac dinh bai:

A+ B={a;+bjlnxn

Vidu:
2 7
Cho A = 8 1 :B= o ) ;
-1 4 5 2 -3 1
AP 2+5 3+7 1+2 e 7 10 3
-1+2 4-3 5+1 1 1 6

2.1.2. Tinh chdt

1)A+B=B+A;
22A+0=0+A=A;
3)A+(-A)=0;

4)A+B+C)=(A+B)+L;

12




Vi du: Cho
5 1 12 4 ) 1 R s |
A:l 3"]?;]3: e
2 44 2 2100 0 2 44
Khi do:

: % 4 7 11 1011 3 4 812
A+B = =
0 e b)h ;4542}4{0244] [4786}

2442 [2344 4786
Vaytacé: (A+B)+C=A+(B+QO).

A+(B+C):1 357}4{{2 13 5}=[3 4 812}

2.2. Phép nhan ma trian vdi mot s6

2.2.1. Dinh nghia

Cho ma tran A = [a;],, x , V& keR. Tich ma trdn A vdi k 12 ma tran kA cg
m x n v duge xéc dinh bdi: kA = [kay],  p.

Vidu I:
Ch0A=[2 i 1} va k = 2.
-1 5
2x2 258 2x1 4 6 2
=k‘a‘{2x(—n 2x 4 2x5:|—|i—-2 8 10]
Vidu 2: Cho
g ;
1 0
I= 1 va LeR
0 :
= 1-
A o]
A
= A = A
_0 ;‘--

2.2.2. Tinh chét
1) k(A + B) = kA + kB

13



2) (k + h)A = kA + hA;
3) k(hA) = (kh)A;

4) 1. A=A;
5) 0.A = 0.
Vi du: Cho
3 32 1 1 1]
A=/1 10| B=|3 1 2|vak=2
4 21 1 2 1]
6 6 4 [2 2 2]
=kA=|2 2 0|: kB=|6 2 4
8 4 2 2 2
8 86
=kA+kB=|8 4 4]|:
108 4
4 4 3 8 8 6
A+B=|4 2 2| =>k(A+B)=|8 4 4
5 4 2 108 4

2.3. Phép nhan hai ma tran

2.3.1. Dinh nghia

Cho ma tran A = [ay],, « , v& ma tran B = [by], . , (s& cot clia ma tran A bing

s hang clia ma tran B).
Tich cha ma tran A va B la ma tran C, ky hiéu C = A.B (hay AB); C = fes] e
trong d6: c;; = aj by +ajabyi+. .. +apby = iaikbkj ,i=1lm;j=1n.
k=1

by;
o by .
L 23 we
8j1 A3 . 8jp % =[Cij:[mm

" Jdmxp .
by |

14



Chii y: |

— Ta c¢6 tich A.B nhung chua chéc c6 tich B.A. Tdc 14 muén nhan A véi B
(A bén trai, B bén phai) thi s§ c¢6t ciia A bang sé hang cua B, cdon mudn nhén B
véi A (B bén trai, A bén phai) thi s6 cot cia B biing s& hang caa A.

~ Néu A, B déu 1a ma tran vuéng ctung cip thi bao gid cling cé tich A.B hoéc
B.A nhung chua chic A.B bang B.A.

Vidu 1: Cho
123 L2
A= vai B=|3 2
41 2
14
Khi do:
s il 1x1 +2x3 + 3x1 Ix2+2x2+3x4| 10 18
T T 4x1 4+ 1x3 + 2x1 4x2+1x2+2x4 "9 18

1x1+2x4 1x2+2x1 1x3+2x2 9 4 7]
D=BA=|3x1+2x4 3x2+2x1 3x3+2x2|=|11 8 13
1x1+4x4 1x2+4x1 1x3+4x2 17 6 11

Vidu 2: Cho
193 1. 1 A
A=‘:4 ) 2];B= 312
121
8
Tacoé: AB= g = , nhung khong ton tai B.A.
9 9 8
Vidu 3: Cho
A= =l 9 va B= e = AB= il w8 ;B:A: S 6
2 3 3 0 11 4 -3 0
Nhén thiy A.B = B.A.
Vi du 4: Cho

B 2 va B= 2 &8 :A.B:O 0
2 4 = 3 0 0

Nhan thdy A # O va B # Qghung A B= O,

15



2.3.2. Tinh chat

DAB+C)=AB+A.C;
2) B+ C)A=B.A+CA;
3) k(B.C) = (kB)C;
4) (A.B)C = A(B.C);

5YAI=1A=A:
6)A0O=0A=0.
Vidu 1: Cho
e 1. 1 100
A:[ ],- B={3 12 ‘c=|l0o10
41 2
121 00 1
"Faoo 81 & L3 14 12 12
A(B+C)={ :lx 3 2 2 { J
412 13 10 10
1 2 2
ABsAC[10 1197 [41 3] _[14 12 12
9 9 8| |41 2| |13 10 10

Vidu 2: Cho

413 R
Az[ };0: 0 0 0]=A0=0.
4 1 2
0 0O

2.4. Phép chuyén vi
2.4.1. Pinh nghia

Cho ma tréan A = [ay],x,, khi ta d6i hang thanh cét ho#c cét thanh hang ta
dude ma tran méi goi 14 ma trdn chuyén vi cia A. Ky hiéu la A", ma tran A" ¢6 ¢d nxm.

Vidu:
:>A‘=[_4 3 2}
107 2x3

Ix2

|
NN

A:

b2 o
-1 O -

2.4.2, Tinh chadt

1)(A+B)'=A"+ B,

16



I'=1;
3) (A.B)' = B"A".

Vidu 1: Cho
2 3 2 0 4 3 4. W
A=|1 2|, B=|2 2|=>A+B=|3 4=:>(A+B)"=[8 42}
1 1 01 1 2
Al ® 2 Mg 8 5 Ry ghygh |28 2
321 g 2 1 349
Vidu 2: Cho

1
A=|:1 2 3}; B=[3 2 :}A.B:[m 18}::» (A.B}":[m 9]
1

412 ’ 9 18 18 18
1 31 b 10 9
B' = ; At=[2 1 — B Al =
2 2 4 18 18
5 2
BAI TAP LUONG GIA
Hay chon két qua dung:
| 1 20 0
1. ChoA=|3 2 1|;B=|1]| TinhAB.
0 1 2 2
Két qua:
e
A. AB=| 4 B. AB=[-2 4 5]
L 5.J
-
C. AB=|-4 D. Két qua khac.
__5_
1 -2 0 5 i i
2. ChoA=(3 2 1|;B= .Tinh C=A.B".
i & 73
0 1 2
THU VIEN
HUBT

2- TOANCAOCAP

17



Foy @ o -1 7
A C= - B. C=|-6 5
7 5 8
= -1 8
E _ g ’ 1
C. C-= i D. K&t qua khac.
T |
9 _
Chomatrin A= {3 -| Tinh A",
Két qua:
1. 0. . ) 2 - P ”
A, A'= 5 g néu n = 2k, hoac A" = 5 ntun=2k+ 1; ke Z
5 ]
B. A'= L
[ 1 . 2 - .
. A= {1] (1) néun =2k + 1, hoacAr‘:[B 1] néun = 2k; ke Z*

D. Két qua khac.

. 2 4 -6
TimmatrénXthoémﬁnzA}i:B,vﬂiA:1:1 5];3![ ]

3 2 1
Két qua:
- . .
A xo|? 28 5 xz|0
0o 8 o _23
(2 23 .
G X= ] D. K&t qua khac.
0 8
i -3 0 -1
Tim ma tran X thoa mian: XA =B, v6i A = [2 : ]; B= |: }
3 01 12 3 ]
Két qua
I - 0 1
A X= 0 - B. X=
3 2 3 2
o o
C. X= 5 03} D. Két qua khac.

THU VIEN
HUBT



Bai 2
PINH THUC

MUC TIEU

Hoc xong bai nay sinh vién c6 kha ning:

1. Trinh bay duge khdi mem vé dinh thitc va cde tinh chat cua dinh thic.
2. Thue hién dugc cdc pham’ng phdp tinh dinh thic.

3. Trinh bay duge méi lién hé giia dinh thitc va ma trgn.

1. PINH THUC

1.1. Ma tran con

Cho ma tran vudng cap n:

a7 a2 213 ... 8y
a Ao a e A9
A=|321 B2 223 - B
Anp 22 apg .+ 8pp

Ta chd y dén phén tl a;;, néu bé hang i, cot j ta thu duge ma trén (n - 1) hang
va (n — 1) cét, tiic 1a ta duge ma tran cip n — 1; ma tran nay dudc goi la ma tran
con ing véi phén tit a;;, ky hidu 1a M;;.

a;; a1z A3
Vidu: Cho A =|ay, agy a9 | taco9 ma tran con cAp 2 ing v6i 9 phan tif ay;

ag; agg Aasy

cua A la:
M.. =| 222 323}, M _[321 323] M 3{321 322}
117 ’ 12 = ! 13 &
L 832 Qa3 a3y 433 a3; asg
L a2 3131, M, _{ a11 313]_ M,q “[ a1 a12}
2= ; g ; 23 =
L 332 a3 | [ #31 <33] ag; A3
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a a a a a a
Mg, ={ 12 Q13 } My, = 11 13} M, m[ 11 12}
Agg Qg3 dg1 Ao3 dg; Aagg

1.2. Pinh th@e ctia ma tran vuéng cip n
1.2.1. Dinh nghia

Dinh thite cua ma tran vudng A cdp n, ky hidu la det(A) dude dinh nghia
dan dan nhu sau:

1) Ala ma tran cap 1: A = [a;] thi det(A) = a;,;
" © o, A _|q11 212 "
2)Alamatrincap 2: A= thi
491 Aagg

det(A) = a;, det(M;;) —a;o det(M;,) = a;,899 — 80897 ;

3) Ala matrancidpn: A= [aiﬂ(n) thi

det(A) = a,; det(M;,)—a,o det(M5) + a5 det(M;3) + ...+ (-1)"*1a, _ det(M,,)
(1.2.1)
Chii ¥: ayy, ay9,..., 4y, 12 cc phéin ti ndm 6 hang 1 clia ma tran A.
Ta con dung | f (hai gach ding dat & hai bén) dé ky hiéu mégt dinh thuec.
Dinh thitc cua ma tran vuéng cdp n goi la dinh thite cip n.
Tit bay gid quy ude thay vi diing det(A) ta ding ky hiéu D, cho dinh thiic cap n.
1.2.2. Mét 6 vi du

Ap dung dinh nghia tinh:

12
1) Dy = ‘=1x4—3x2=-—2.
3 4
2) Dy = C?S{I S =coso.cosf3 — sinasinf = cos(a +f3) .
sinf} cosp
& 5 6 4 6 4 b5
3 Dy=|-4 5 6 =1’89‘—2‘_7 9+3‘_7 8‘—240.
7-8 9
a b ¢
4) D;=|c a b|=a®+b%+c®-3abe.
b ¢ a
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1.3. Dinh thitc cua tich hai ma tran

Dinh ly: Néu A va B la hai ma tran vuéng cizng cap thi:
det(A.B) = det(A).det(B).

V;‘d;a:A:S 1; B= 4 3:::>AB=2 17.
2 1 5 8 3 14

Nhan thay: det(A) = 1; det(B) = -23; det(A.B) = -23.
Vay: det(A.B) = det(A).det(B).

2. TINH CHAT
Cho A la ma tran vuéng cap n.

2.1. Tinh chat 1

det(A") = det(A).
Ta cAn chiing minh céng thiic

det(A) = a;; det(M;;)—ay; det(My, ) +ag; det(Mzy) +... +(-1)"*1a,, det(M,,;)

trong dé a;;, sy, agy,. - -, Ay 12 cAc phan ti ndm 4 ¢t 1 ctia ma tran A,

Nhan thay:
- Néun = 2 thi (1.2.2) 1a dung.

— Gia st (1.2.2) duing vdi ma tran ciAp n - 1, ta ciAn chitng minh né ding véi ma

tran cap n.

That vay, tiép tuc biéu dién cac dinh thitc ctia cac ma tran My, Mg,,... M,
theo cong thiec dinh nghia (1.2.1) ta sé ¢6 céng thic (1.2.1) tring véi cong thic

(1.2.2), tdc 1a ta cé diéu phai chiing minh.

1 2 2
Vidy: Tinh D=2 1 0
4 2 3
1 0 2 0 2 1
Tacé: D=1 -2 + 2 |=—9,
A 4 3 4 o
10 2 2 2
hogic D =1 —22 +4 =-9.
' 2 3 2 3 10

Hé qud 2.1. Moi tinh chit khi phat biéu vé hang cua dinh thic thi luén dung

khi phat biéu vé c6t va nguoc bai;



2.2. Tinh chat 2

Khi d6i ché hai hang (hay hai cot) ciia mét dinh thize thi dinh thic déi ddu.
Vidu 1: Ta c6

1.2 & 21 2

2 1 0|=-|1 2 0] (d6ichd cot 2 va cot 1)

4 2 3 % %8

1 22 1 22| ]2 12 2 2 1
va 1 0[=-]2 0 1{=|0 2 1|=-|0 1 2

42 B 4 32 |342 32 4

Vi du 2: Cho dinh thic D,, dinh thitc thay déi nhu thé& nao néu ta viét cac
hang theo thi tu ngudce lai?

Gidi: Ta thuc hién déi chd hang 1 v6i hang 2, réi hang 2 méi véi hang 3,... véi
hang n. Nhu vay ¢é (n — 1) lan déi ché.

Ta thuc hién d6i chd hang 1 (tdc hang 2 c@i) véi hang 2 (tic hang 3 ci),... véi
hang n - 1. Ta ¢6 (n — 2) 1an déi ché.

Khi viét dude tit ca cac hang theo thit tu ngudc lai thi ta da thyc hién a1

1in déi ché va khi d6 ta dugc dinh thitc méi D, .

‘ nin-1)
D,=(-1) 2 xDy
0 00O0O01
000010
00100
Vi du 3: Tinh Dg= Y
001000
010000
1 00 0O0 O
i)
Ta cé: Dg= (1) 2 xDg = -1, trong dé
100000
010000
. /001 00 O
D6=
000100
0.0 0010
85050 THO A

{-ITF

|
W
[ |
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2.3. Tinh chat 3

Khi c6 hai hang (hay hai cét) nhu nhau thi dinh thiic bang khéng.

That vay, gia st dinh thttc D c6 hai hang nhu nhau, khi d6i ché hai hang nhu
nhaudétacé: D=-D<=2D=0=D=0.

Vidu 1: Cho
1 21 ,
D=|2 5 2=1‘52!—212 2+1‘251=16—0—*16=0.
By 24 4 4 4 2
Vi du 2: Giai phuong trinh
1 1 1 1
1 1=X 1
1 1 2-x . . . 1 =0
1 1} 1 .. . (n-1)-x

- Néu x = 0 ta cé hang 1 = hang 2 = dinh thuc = 0.
- Néu x = 1 ta c6 hang 1 = hang 3 = dinh thic = 0.

- Néu x =n - 2 ta cé hang 1 = hang n = dinh thic = 0.

Vayx=0;x=1; x = 2;...; X = n - 2 la nghiém cua phuong trinh.

Ban doc tu chiing minh ngoai tat ca cac nghiém trén thi phuong trinh khéng
¢6 nghiém nao khac.

2.4. Tinh chat 4
1) det(A)=(-1)'*![a; det(M;)-a;o det(M;y) +... t a;, det(M;)]  (1.2.3)

hay: det(A)= (rl)“lai] det(M;,)+ (—1)i+2ai2 det(M;9) +... + fujn a;, det(M;,,)
= Y (-1)'ajdet(M;);i=1,2,...,n
=1

(cong thic khai trién dinh thite theo hang thit 1).
2)  det(A)=(-1)""[a;;det(M,)) - aydet(Mp) +... tay;det(M) | (1.2.4)

hay:  det(A) = (-1)!ay; det(My;) +(~-1)*Vag; det(My;) + ..+ (-1)*a,; det(My)

Il g
= Z(—l)'“aij dEt(Mij) ;j - 1, 2, ey IX
i=1
(cong thitc khai trién dinh thiiethea.cottiit . \/|EN
HU
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1 2 3
Vidu 1: TinhD=|-4 5 6
7-8 9

Khai trién theo cét 3 ta cé:

-4 5 1 2 1 2
-6 +9
7 -8 7 -8 -4 5

=3(~ 3) - 6(- 22) + 9.13 = 240.
Hod#c ap dung khai trién theo hang 2 ta cé:

D= (_1)1+3 3

9 3 1
D= (-1)**!| -4 Y T
8 9 79 T -8
= —(-4)42 — 5(-12) + 6(-22)) = 240.
Vidu 2: Tinh
i @ =g
B =d =l 1
D=
a b ¢ d
=% o8 4 B
1 S R 1 el 1 0=l |
=0kt 1 1] <b| 0= Tleeld =1 il=dal8 =i 24
41 1 0 -1 1 0F K11 B =f wy 1
=3a-b+ 2c+d.
2.5. Tinh chat 5

Khi ¢6 mét hang (hay mét cot) c6 tét cd cdc phdn ti bang khong thi dinh thie
bang khéng.

D6 1a hé qua cua cong thic (1.2.3) hodc (1.2.4).
2.6. Tinh chat 6

Khi nhén cde phan tit cia mét hang (hay mét cot) vi cing mét sé'k thi duoc
dinh thitc mdi bang dinh thizc cii nhén vdi k.

D6 1a hé qua cha céng thite (1.2.3) hoac (1.2.4).

Hé qua 2.6: Khi cac phan tit cia mdt hang (hay mét cot) c6 thita s6 chung ta cé
thé dua thita s6 chung déra nodi-dardinirthae
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Vidu I:

122 12 2
3121 0{=3(-9)=|6 3 0|=-27 (nhén 3 vdi hang 2).
4 2 3 423
Vidu 2:
4 80 120 120
D=|211|=412 1 1|=42(2 1 1|=8.0=0.
4 22 4 22 211
Vi du 3: Khéng khai trién dinh thitc chitng minh rang:
0 x y z 0 1 1 1
x 0zy |10 2 y°
y z 0 x| |1 22 0 xZ
z y x 0 1 yz 2 0

Gidi: Xét vé trai, nhan cdt 2 v61 yz, nhin ¢t 3 véi xz, nhin cét 4 vl xy,
ta dugc:
0 xyz xyz xyz

1 x 0 xz° ny

2y22 |y y22 0 xy

z yQZ x%z 0

Pua thita s6 chung clia hang 1, hang 2, hang 3, hang 4 ra ngoai ddu dinh thiec,
ta dudc

01 1 1
1 0 2 yz
VT= zxyzzz XyzZ g 5| = VP.
Xyz 1. & 0 x
1 y2 x2 0

2.7. Tinh chat 7
Khi c6 hai hang (hay hai cot) ty lé thi dinh thizc bang khéng.
That vay, ap dung hé qua 2.6 va tinh chét 3 ta cé tinh chat 7.
Vidu:
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2.8. Tinh chit 8

Khi cde phén tiz ciia mét hang (hay mét cét) cé dang téng cia hai s6 hang thi
dinh thicc c6 thé phéan tich thanh téng cia hai dinh thize.

Chéng han nhu:
a;; a'jp+alyl |2 a2y o811 22
ag) a'ggtayy| |az a'yg| |ap; 2y
Vi du: Ching minh rang:
b+e¢ c+a a+b a b ¢

bl+C]_ (:1 +al al+bl =9 3.1 bl Cl
by +cy cog+ay ag+by a; by

Ca
Giai: Xét vé trai ta cé:
b c+a a+b ¢ c+a a+b
VI=|b; ¢ +a; aj+b| +|e; ¢ +a; a;+b
by cg+a; ag+by Co Cop+ag ag+by
b c+a a b c+a b € © a+b ca a+b
={by ¢y +a; aj| +|b; c;+a; byl + ¢ c; a;+by| +lcga; a; +b
by cy +ay ay by ¢y +ag by Cg Cg ag +by Cyp a5 8 +by
b ¢ a b a a ¢c a a ¢c a b a b ¢
=|by ¢; a;| +|b; a; ay| +[c; a; a;| +|e; a; by[=2[a; b; ¢|=VP
by ¢p ag| |bp ag ag| |eg ag ag| |[cg Ay by ag by ¢

2.9. Tinh chat 9

Khi dinh thite ¢6 mdt hang (hay mét cdt) la t6 hop tuyén tinh cta cde hang
khdc (hay cdc c6t khdc) thi dinh thizc bang khong.

D6 1a hé qua cua tinh chat 7 va tinh chat 8.

Vi du: Tinh

125 |1 2 1x1+2x2 1 2 1

1 2
D=]214|=2 1 1x2+2x1(=[21 2(+2|2 1 =0+2x0=0.
4 2

4 2 8 |4 2 1x4+2x2 4 2 4

| S RS

2.10. Tinh chit 10

Khi ta céng béi k cia mét hang vao mét hang khdc (hay céng béi k ciia mét cét
v@o mét cot khdc) thi duoe moi-dinh thiic moi, bfin_g dinh thic cii.
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Vi du 1: Bién d6i dinh thic sau:

21 3 2 1 3 2 1 3
D={4 5 7|=4+(-2)x2 5+(-2)x1 T7+(-2)x3{=|0 3 1
6 1 5 6 1 5 6 1 5
2 1 3 2 1 3
= 0 3 1 =0 3 1
6+(-3)x2 1+4(-3)x1 5+(-3)x3 0 -2 -4
2 3 1 2 1 3
=-0 1 3|=-|0 1 3
0 -4 -2 0 0 10

Ta nhan dude mét dinh thie ¢6 dang don gian hon.
Vi du 2: Tinh dinh thic sau:

(a+3)°
(b+3)>
(c+3)*
(d+3)*

(a+2)®
(b +2)*
(c+ 2)2
(d +2)

a® (a+ 1}2
b2 (b+1)?
c? (c+ 1)2

d2 (d+1)*

Gidi: Nhan c6t 1 vdi (-1) céng vao cdt 2; nhan cot 1 véi (1) cdng vao cot 3;

nhan ¢t 1 véi (-1) cong vao cdt 4, ta dude:

a’2a 4a+4 6a+9
b% 2b 4b+4 6b+9
¢z 2c 4c+4 6c+9
d? 2d 4d+4 6d+9

a2 +1 4a+4 6a+9
b2 2b+1 4b+4 6b+9
¢® 2 +1 4c+4 6c+9
d? 2d+1 4d+4 6d+9

a’? 1 4a+4 6a+9
b2 1 4b+4 6b+9
¢ 1 4c+4 6c+9
d2 1 4d+4 6d+9

Téch méi dinh thic thanh téng hai dinh thite (4p dung d61 véi cot 3) ta co dinh

thitc c6 hai cot ty 1& véi nhau nén dinh thitc bing 0.

Tiép tuc tach mdi dinh thic thanh tong hai dinh thitc (4p dung d6i véi cot 4) ta
¢6 dinh thic c6 hai cot ty 1& véi nhau nén dinh thic béng 0.

Vay D =0.
Vi du 3: Chiing minh ring dinh thic sau chia hét cho 17.
2 0 4
D=[6 2 7
2 5 5
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Gidi: Nhan thay, cac s6 204, 527, 255 chia hét cho 17 nén ta nhin cot 1 vdi
100, nhéan cdt 2 véi 10 va cong vao cot 3, ta cé:

2 0 204 2 0 12
D=|5 2 527|=17|56 2 31
2 6 255 25 15

Vi du 4: Khéng khai trién, tinh dinh thitc

a b C 1
b c a 1
D=| ¢ a b 1

b+c c+a a+h
2 2 2

Gidi: Cong cdt 2 va 3 vao cot dau, ta dude

a+b+c b C 1 1 b C I
a+b+c c a 1 1 c a 1
D=|a+b+c a b 1/=(a+b+c)|1 a b 1{=0
sl B0 a+b 1 | c+a a+b 1

2 < 2 2

2.11. Tinh chat 11 (V& cac dinh thiec ¢6 dang tam giac)

Dinh thitc cia ma trdn tam gidc bang tich cdc phdn ti chéo.

411 212 13 .- Ay
0 agy agy ... ap,
0 0 agg .. ag,|=a;;xagyxagyx..xa,,
0 0 0 a,,
a;; 0 0o .. 0 -
ag; agy 0
hay 431 azgy azgy .. 0 |=ajxagyxaggx..xay,
An1 dp2 A4pg o dnp

That wf{y,-dt_ia vao khai trién hang 1 (hay c6t 1) ta tiép tuc khai trién theo
hang 1 (hay cét 1) cua dinftheeTAD ToN TTHD dﬁn.
- THU VIEN

HUBT
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3. MA TRAN NGHICH PAO

3.1. Dinh nghia

Cho A 14 ma tran vuéng cdp n. Néu ton tal ma tran vudng B cdp n sao cho
AB = BA =1 thi ta n61 A kha dao (A cé ma tran nghich dao) va B goi 1a ma trén
nghich ddo cua A.

Ky hiéu ma tran nghich dao cia A la A7, ta cé:

AATT =ATA=1],

-2 1
1 2

Vidu: A= thiAl=

i du {3 4] 3 1

2 2
-2 1
" 1 2 1 0
Vi: AA‘={ ]x 8 1 =[ ]
3 4 e msrs 01
2 2
-2 1
5 1 2 1 0
vaAlA=|3 1| -
= =5 3 4 01

T dinh nghia suy ra, néu A kha dao thi A™' kha dao va ma tran nghich dao
cua A7 1a A,
3.2. Cac dinh 1y
3.2.1. Pinh I5 1

Néu A la ma trén vuéng cé6 ma trén nghieh ddo A~ thi det(A) #0.
Chitng minh: That vy, vi AA' =1 = det(AA™) = 1 = det(A)det(A™) =1
= det(A) # 0 va det(A™!) # 0.

3.2.2. Dinh ly 2

Ma trdn nghich ddo A™ ctia ma trén A néu c6 thi chi cé6 mét ma thoi.

Chizng minh: That vay, gia st B va C déu 12 ma tran nghich ddo cta A, tic la
ta co:

AB=BA=1vaAC=CA=1
Khi do C(AB) = CI va (CA)B = 1B.
Suy ra: Ci=1IB=C=B.
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3.2.3. Pinh Iy 3

Cho A la ma tran vuéng cdp n. Néu det(A) #0 thi ma tran A c6 ma trdan nghich
ddo A™'. Ma tran A™" duoc tinh bdi cong thize:

Ciy Cig o Cpp

11 e 1 Ca1 Cop oo Cop
det(A) det(A)
C

nl Cn2 Cnn
trong do: Cj;= (-1)}'Y det(M,), det(M,) la dinh thite con itng vdi phan tiz a.
Ta thita nhéan dinh ly.
Khi det(A) # 0, tdc 14 ma tran A c6 nghich dao, ta né1 A la ma tran khong
suy bién.
3.3. Cach tim ma tran nghich dao
Vi du: Tim ma tran nghich dao cua ma tran:
f
A=z12 § 3
1 0 8
Giai: Cdch thiz nhat: Dua vao dinh ly 3:
Ta cé: det(A) = -1 =0,

Vf\l C“ - 40 012 = _13 013: —5
C-‘g] - —16 CEE =5 C23 =92
Cy=-9 Cay= 3 . Cy=1
Suy ra
40 -13 -5 40 -16 -9
C=|-16 5 2| va C'=|-13 5 3
o 5 -5 2 1
40 16 9
s Al (Cf=| 13 -5 -3
B <2 =i
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4. CAC PHUONG PHAP TINH DINH THUC

4.1. Tinh dinh thc theo cong thic dinh nghia

Vi du 1: Giai va bién luan phudng trinh

1 x x?'
a 1 x|=0, va belR.
b ¢ 1
Giai: Ta cé:
2
1 x x
1 x 2 2
a 1 x|=1 1" X Xip|* *
c
b ¢ 1 c 1 1 x

=(1—cx}-a{x—cx2)+[}
:(_1 -cx)(1-ax)=0

— Néu a = ¢ = 0 thi phuong trinh v6 nghiém.

- Néu a = 0; ¢ # 0 thi phudng trinh ¢6 mgt nghiém x =

| =

. i x K sa 1
- Néu a # 0; ¢ = 0 thi phuong trinh ¢6 mét nghiém x = —.
a

I . . p : s 5 1
- Néu a # 0; ¢ # 0 thi phuong trinh c¢6 hai nghiém x =~ vax= —.
c a
Vi du 2: Dung dinh nghia chiing minh:
a;; a2 413 414 45
A9, 8gp Aagy 4dgq d3p
D = a31 3.32 O 0 O =0
351 852 D 0 0
Giai: That vay:
899 893 Qg4 dags 89y ag3 4dg4 A5
a 0 0 0 a 0 0
T ar 32 31 2
0
0

0
—a)g
agqe¢ 0 0 O ag;; O 0
352 0 D 0 _ --"151 0 0



dp] Qgg dgy Aags d9) @gg Aagg Aagp dp)] dgp  Agg

ray 281 282 0 0y |8 ap O O a.. |21 8z O
—ayy 15

441 82 0 0 a5 a4 0 0 a1 a4 O

as; as; 0 0 as; asg 0 0 as; asy O

=ay;.Dyy —a19.Dyg +a;3.D3 —a,4.Dy 4 +2a;5.D;5

Xét tiép : Dy =2ay3,.0 — ay3.0 + 25,.0 — a,5.0 = 0;
Dy, =0;
D=0
D, =0;
D=0
= D=0

4.2. Phuong phap bién d6i dinh thitc
St dung cac phép bién déi:
~ Nhén cac phén tu cia mét hang (hay cét) véi mot s6 k (k = 0).
- Céng t& hgp tuyén tinh vao hang khac (hay cét khac).
— Déi chd hai hang (hay hai cdt).
Vidu I: Tinh dinh thuc:

1 x x* a 1 x a 1 x
a 1 x|=-|1 x x®|=-[1-ax 0 0
b e 1 b ¢ 1 b c 1

=(1-ax)

* X’:(l—ax)(l—cx).
c 1

Vidu 2: Tinh dinh thic:

2 2

sin“a cos2a cos“a

D= sinQB cos2B cos’P

singy cos 2y coszy

Giai: Nhan cdt 1 véi (~1) rdi cong vao cbot 3 ta cé:

2 2 2

o-sin” o sin“a cos2a cos2a

D =| sin? B cos2B cos?P-sin? Bl =|sin’B cos 2B cos2B|=0.

sinZa  cos2a cos

sinzw,r cos 2y -casz*g—s.'rrfj*- q'g?-.r cos2y cos2y
=  VIEN

HUBT
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Vi du 3: Tinh dinh thiec:

a; x X
X Adaq

D,=| x x a3
X X X

Giai: Nhan hang 1 véi (-1) sau dé6 cdng vao hang 2, 3,...,

a; X

X—al dg — X
D, =|x-g4 0
X—a; 0

%
0

3.3—}{

0

Rut (a; — x) d ¢t 1 lam thira s6 chung:

D, = (a; -x)

a)

-1
-1

-1

X

a9 — X
0

0

Tuong tu rut thiia s6 chung cua cét 2, 3,..., n

Dn

= (31 = }1)(32 = X).,i&n -

x)

n, ta dudc:
X
0
0
a, - X
X X
0 0
('13 =X 0
0 a, —-x
al X X X
) —X dag—X 4ag-Xx a, X
-1 i 0 0
-1 0 1 0
-1 0 0 1

Cong td hop tuyen tinh cac cot vao cot 1, sau dé ap dung tinh chat 11:

D, = IEI(ai —~x)
i=1

Z X X
) a;—X ap—X ag-—Xx a,—-x
0 1 0 0
0 0 1 0
0 0 1

= lﬂl(al _X) ( al
juel -

&S

+Z

g

3-TOANCAOCAP

T_oa ‘x]

l_[(a —x}[1+z

™

THU VIEN
HUBT

=
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Vidu 4: Tinh dinh thic:

i 2 2 2
2 8 ; .
D.=12 2 8 ., . 2
2 22 .. n
Giai: Nhan hang 2 véi (-1), sau d6 cong vao cac hang con lai, ta cé:
-1 00 .. O
2 2 8 ... 2
D,=0 01 .. 0O
0 00 .. n-2
Khai trién theo hang 1 va ap dung tinh chat 11:
2 2 2 .. 2
01 0.. 0
D,=(-D|0 0 2 .. 0 |=C-D2m-2)!=-2(n-2).
n-2
4.3. Phuong phap truy hoi
Vidu 1: Tinh dinh thie:
a; X X
X ag
D,=| x x a3
® X X a,
Giai:
a; X X .. x+0
8 X .. x+0
D,=|x x ag .. x+0
X X X .. x+(a,-x)
Bl X X o X 2 X X 0
s X w X X a8 X .. 0
='X Xx ag .. X|+|x x ag .. 0
X X X omoX THL}\/FEI\IX o 8p —X
HUBT
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Nhéan c¢6t cudi ciia dinh thic thit nhit véi (-1), sau dé cong vao cac cdt trude
né; khai trién theo ¢dt cudi ciia dinh thitc thit hai, ta dudge:

D,

a,—x 0 0 PR
0 ag — X 0 X
= 0 0 aa—x .. X

Ap dung tinh chit 11:

+ (-1)""(a, -x) Dy,

D, =x(a; -x)(ag —x)...(ay_; - X)+(-1)" " (a, —x)Dy, ;.

Truy hoi, ta cé:

D,_; =x(a; -x)(@g ~X)..(ap_s %) +(-1)*"2(a,_; -x)Dy 2,

Tiép tuc truy hoi ta cé:

D, =x(a; —x)(ag —x)...(a,_; -x)+x(a; - x)...(a,_g —X)(@, —X)+...

+x(ag —x)}(ag —x)...(ap —x) +

Vi du 2: Tinh dinh thic Vandecmon:

1 1 1
X, X9 X3
2 2 2

Dn = Xl }E2 1(3

2k B ¥8

n-1 n-

(a; —x)(ag —x)...(a, —X).

1 xg—l

Gidi: Lay hang phia trén nhén véi (-x;) cdng ngay xudng hang phia duéi, lam
ti hang (n - 1) dan 1én, ta dudc:

1 1 1 1
0 X9 = Xq X3 —X; Xp —Xq
=| 0 x% — X9X x% - XaX; xﬁ - Xp X,
0 o1 -xl%x, B1-xl .. 2D lexliy
Xo(Xo —%X))  Xg(X3—X;)  Xg(xg-%) ... Xu(%X,-X%1)
n-2 n=2, . n-2 n-2
X5 “(xg -] ) _Xa— (X3 —X|) X4 (Xg-%}) - Xy (X -X;)
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Dua thita s6 chung ctia tiing cgt ra ngoai ddu dinh thitc:

1 1 il 1

_ X9 X3 Xi oo By

2 2 2 2

D, =(xg —x;)(x3 =RidodXy=x)| x5 X3 Xy o Xg
57 g gt gt

= (X9 — % )(Xg3 — X1)...(%x, = x;) D, _;.

Tudng tu nhu trén:

Dyio1 = (xg - x)(x4 = Xg)...(%, —X2)Dp .
Tiép tuc truy héi ta cé:

D, =[(xg —x)(x3 - x;)...(x, - x)][(x3 = x9)(x4 = x9)...(x,, - Xg)|x

x[(x4 = X3)(x5 - X3)...(x, -%g)] ... (xp—%, ;)
=D, = ] =%}
P

Vidu 3: Tinh dinh thitc:

I & 0 : 1

16 0 . . X

Dn+1= 1 C% C% 3 . X2
-1

1 Gy O . 0L &2

Gidi: Nhan (-1) véi cac hang (tit hang 1 dén hang n). Sau d6 céng hang dugi
vél hang trén.

Ap dung céng thitec:

k k k-1 k-1 k k
Cy=Caa+ Chs1Chl=C; =-Ca1

Ta cé:

0 C% 0 x-1
0 Ccl=c} 2 0 x2 - x
1 1 2 A2 C

Dn+1 I(—l}n 0 03—02 Ca Cg 0 X X
B Cp=lis B33, el or )l &R

T ct 5 Tk e

=\ THU'VIEN "
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Khai trién theo cét 1 va rit (x — 1) & ¢t cudi ra lam thita sé chung, ta dudge:

1 0 0 . g
I & O =s &
Dn+]_ =(X—1) 1 Clg C% Wi XQ :(x_l)Dn'
i C]I-l—l Cﬁ—l s Xn-l
Tiép tuc truy hdi ta cé: D,y =(x—-1)D,=(x—1)°D,y =...=(x - 1)".

BAI TAP LUONG GIA

Hay chon két qua dung:

12 3
1. Tinh dinh thte:Ds=|1 3 6
9 24
Két qua:
A 3 B. -3
c. 18 D. Két qua khac.
01 1 1
2. Tinh dinh thic: D, = 19 11
11 01
13 L0
Két qua:
A. D,=-3 B. D,=3
C. D,=-1 D. Két qua khac.
1 x x
3. Giaiphudngtrinh: |a 1 x| =0
bec 1

Két qua:

A. —Neéua # 0;c # 0; bthy ¥ thi phuong trinh ¢6 nghiém x = - hodc x =% :
a
~ Néu a # 0; c=0; b tuy y thi phuong trinh c6 nghiém x =

—Néua=0;c # 0; b tuy y thi phudng trinh cé nghiém x =

.
1

Q= W

~ Né&u a =0; ¢ = 0; ity ¥ thi phiohe HihNG nghiém.
HUBT
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B. Néu a = 0 thi phuong trinh c¢6 mét nghiém
C. Néu c = 0 thi phuong trinh ¢6 mét nghiém
D. Két qua khac.

1+a, ag o
: — a l+a a
4. Tinhdinh thtccdpn: D =| ! 2 n
ay dg 1+ a,
Két qua:
£ n
A Dy= 23
i=1

B. D,=a,+aa,+a;azag+...+a;ay...a,

C. Dn = ﬁai
i=1

D. Két qua khac.
5. Tim ma tran nghich dao cia ma tran

1 -2 0
A=l8 2 2
01 2
K&t qua:
'8 i af 3 4 -2
A A“:-llg 6 2 =1 B. A'=|-6 2 -1
| 3 -1 8 3 -1 8
3 -6 3
6 Al=! 4 g -1 D. Két qua khac.
15__2 -1 8
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Bai 3
Hf: PHUONG TRINH TUYEN TINH

MUC TIEU

Hoc xong bai nay sinh vién ¢6 kha ning:

1. Tim duoc hang cia ma trén bang cdc phuwong phdp.

2. Trink bay duge cde dang 'hé phuong trinh thiting gap nhu hé phuong
trinh tuyén tinh téng qudt, hé phuong trinh Cramer, hé phuong trinh
thudn nhét.

3. Trinh bay duge diéu kién d‘e hé phwmlg trmh da cho cé nghtém vé 86
nghzém hay vé nghiém. '

4. Gidi duge cdc hé phuong trinh néu trén.

1. KHAI NIEM HANG CUA MA TRAN

1.1. Pinh nghia 1

Cho ma tran A = [a)]nxn-
Ma tran vudng cip p (p la s6 nguyén duong; p < min(m, n)) suy tif ma tran A
bing cach bd di m — p hang va n — p ct goi 1a ma trdn con cdp p cua A.

Dinh thic ctia ma tran con vuéng cp p cua A goi la dinh thic con cip p cua A,

1 -3 4 2
Vidu:Cho A= 2 1 1 4
-1 -2 1 -2

Ta c6 ma tran con cdp 3, ma trin con cép 2, ma tran con cép 1.

Cac ma tran con cdp 3 la:

1 -3 4 1 -3 2 142”-342
9 1 1| | Pe—t—————— 1 4
1 -1 1| | THUIVIEN 2| 1 -2
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Cac ma tran con cdp 2 la:

1.2. Dinh nghia 2

Cho A = [a;],xn- Hang ctia ma tran A la cép cao nhit cua dinh thuc con khac
khéng ctia A. Ky hidu 1a p(A).

Ta c6: 0 < p(A) < min(m,n).

Dé tim hang ctia ma tran A ta c6 thé lam nhu sau:

- Tinh cac dinh thic con tir cap 2 trd di.

- — Gia st tim duge mét dinh thite D # 0 ¢p r chia A, khi dé tinh tiép dinh thuc
cdp r + 1 khac bao quanh D, néu né bing 0 thi tinh cac dinh thiic r + 1 khac, néu
tdt ca cac dinh thic cdp r + 1 déu bang 0 thi hang ctia A bing r.

Tuy nhién nguoi ta thuong tim cach khac.

Chii y: Ta ludn cé p(AY) = p(A).
1.3. Phuong phap tim hang cia ma tran
1.3.1. Cdc phép bién déi so cdp ctia ma trin

Pinh nghia: Cac phép bién d6i sau day vé ma tran duge goi 1a cac phép biéh
déi so cdp vé hang (hay c6t) cia ma tran:

— Nhan tét ca cic phén tif cha mét hang (mot cot) véi mot s6 khac khong;

— D6i chd hai hang (hai cét) cho nhau;

— Cong vao mdt hang (mot cdt) cac phan ti tuong iing ctia hang khac (c6t khac).

Dinh ly: Cde phép bién déi so cap vé hang (vé cot) khong lam thay déi hang
cua ma tran.

1.3.2. Ma trdn béc thang

Dinh nghia: Ma trdn bdc thang 1a ma tran cé tinh chat sau;

— Cac hang khac khong (hang khac khong 12 hang c¢6 phan ti khac khéng)
ludn § trén cac hang khéng (hang khéng 1a hang c6 tit ca cac phén tii bing khéng).

— Véi hai hang khac khong lién ké thi phin tit khic khéng ¢ hang dudi bao gid
ciing 6 bén phai cét chita phan i khac Khvhg’ & @figh ¢ bang trén.
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Khi thuc hién mét s& phép bién déi so cap c6 thé dua ma tran bat ky vé ma
tran bac thang.

Dinh ly: Hang ciza ma trén béc thang bang s6 hang khde khong cta né.
Ap dung cac phép bién déi sd cdp, ta bien déi ma tran da cho vé ma tran dang
bac thang dé tim hang cia ma tran dé:

Vi du 1: Cac ma tran sau la ma tran dang bac thang:

1 -3 0 4 1 -3 0 4 1 2 3
A=|10 0 1 2 B=|0 0 1 2 C=(0 4 5
0 0 0 5 0 0 0O 0 0 6
va p(A)=3;p(B)=2;p(C)=3.
Vi du 2: Tim hang cua ma tran:
1 -3 4 2 1 -3 4 2 1 -3 4 2
A=/2 1 1 4| >0 7 -7 0] >0 7 -7 0
-1 -2 1 -2 0 -5 5 0 0 0 0 O
Vay: p(A) = 2.
Vi du 3: Tim hang cua ma tran:
[1 &5 8 4 (1 5 3 4]
2 -1 -1 3 0 -11 -7 -5
B= -
0 1 3 5 0 1 3 b5
-4 14 12 4 0 34 24 20]
(1 5 3 4 15 3 4] 15 3 4
0 -11 -7 -5 01 3 5 01 3 5
— - -
0 1 3 5 0 0 26 50 0 0 13 25
1o 1T 12 10 0 0 -39 -75 00 0 O
Vay: p(B) = 3.

Vi du 4: Tim ma tran nghich dao cia ma tran:

Gidi: Ta c6: det(A) = -1 # 0, ¢b thé tim ma tran nghich ddo theo cach 2 (béng

phudng phap bién déi so cap cliama tr{ml[]my con gol 14 phitong phap Gauss-Jordan:
HU VIEN
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A 1
1 2 3 I 0 0| L,
2 5 3 0 1 0 L,
1 0 8 0 0 L { 5.
| 2 3 1 0 0
0 1 -3 e 1 0 2L+, =L,
0 i 5 = | 0 1 =1L+ L; —» L,
1 2 3 1 0 0
0 1 . B 1 0
0 0 - -5 2 1 2L+ Ly > Ly
1 2 3 1 0 0
0 1 -3 w0 1 0
0 0 1 5 -2 -1 =1L, —> L4
1 2 0| -14 6 3 -3L;+L,> L,
0 1 0 13 -5 -3 | 3L+LpL,
0 0 1 5 -2 =]
1 0 0 - 40 16 9 —2L,+L, > L,
0 1 0 13 -5 -3
0 0 | 5 -2 =1
I A
-40 16 9
Vay: A”'=| 13 -5 -3
5 -2 -1

2. HE PHUONG TRINH TUYEN TINH

2.1. Dinh nghia hé phuong trinh tuyén tinh
Hé m phuong trinh bac nhat, n 4n ¢6 dang

a11X) + 8)9X9 + 83Xz +... + A X, =b
321)(1 + a22x2 + 3.23X3 + .. + a2nxn =b2

am1x1 +am2}[2 + am3x3 +... + &nnXy = bm

dudc goi 1a hé phuong trinhtuyén-tink:
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Trong hé phudng trinh trén:

N 2 A e
X1, Xg,..., Xp 12 cac an s0;

a;; 12 hé s6 6 phuong trinh i cia dnx;,i=1m,j= Ln;
b, la hé s6 vé& phai ctia phuong trinh thiti,i=1,m.

Dang ma trian cua hé phuong trinh la: AX = B, trong dé:

aj; a3 a3 a1p Xy by
a a a a X b
A =| 82 22 23 2n & Fine 9 . B=| 2
am) amy apy - Amn mxn Xn nxl bm mx1
g day: A 12 ma tran hé sé;

X 1a ma tran an;
B 14 ma tran vé phai.
Dic biét khi m = n (hay A la ma tran vuéng) thi hé n phuodng trinh, n 4n sé goi
14 hé phuong trinh vuodng.
2.2. Pinh nghia hé Cramer
Hé n phuong trinh bac nhit, n 4n c6 dang

a1 X + a12X2 + a13x3 +.. + 8pXy = bl

89)X] +899Xg + AggXg +... + 8gnX, =by (1.3.2)
81X, +a,9Xg+ 8,9Xg+...+ A X, =by
dudc goi 1a hé Cramer néu det(A) # 0.
Dang ma tran cua hé phuong trinh la: AX = B, trong dé:
A = [ay]my X = [X]p: B= [B:] s
2.3. Pinh nghia hé phuong trinh thuan nhat
Hé m phuong trinh bac nhat, n 4n c6 dang
a;1X; + ajoXg + a13X3+... +a;X, =0
a91X] +899Xg + 893Xy +...+agX, =0 (1.3.3)

an1X) +ApoXo + ApaXg +..FaAn X, = 0

dude goi 1a hé phuong tribh thuaa nhal.
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Dang ma tran cua hé phudng trinh la: AX = O, trong d6:
A= [aj)mxn s X = [%i]nx1; B = [0] pxy-

3. PIEU KIEN DE HE PHUONG TRINH TUYEN TINH TONG QUAT
CO NGHIEM

3.1. Dinh ly Kronecker — Capelli

Cho hé phuong trinh tuyén tinh:
a”xl + 819X + Ay3Xg +... + alnxn=bl

291X] + Ag9Xg+ AggXg + ... + Ag,X, = by (1.3.4)

an1X) + a,,0X9 + amg:{s i, F QpnXy = bm
hay biéu dién duéi dang ma tran: AX = B, trong d6
A= [aij] mxns A= [xj]nxl; B= [bI] mx1-

Goi A la ma tran:

[an1 8 ag . oay, b
_ |2 A agy .. ag, by
A=|ag agp ag .. ag, bg

[8m1 qm2 3p3 - 8y bm_mx(n+1}

A dude goi 1a ma trén ddy di hay ma tran bé sung.

Diéu kién can va di dé hé phuong trinh AX = B c6 nghiém la: p(A) = p( A).
~Néu p(A) = po(A) = n hé xdc dinh (c6 nghiém duy nhat).

~Néu p(A) = p(A) = k < n hé v6 dinh (c6 v6 s6 nghiém).

~Néu p(A) = p(A) hé vé nghiém.

Chitng minh:
Xét hang clia ma tran A:
a1 a1 a3 .. a; b
_ |31 2z Ay .. ag, by
A=lag ag ag .. ag, by
LAAEetm? -Ams p 171 Ffam b, dmx(n+1)




- Gia sl a;, # 0 (néu a,; # 0 ta thuc hién cac phép bién déi so cdp vé hang cla
ma tran A ho#c phép ddi chd hai cot ca rma tran A kém theo d8i thi tu an thi
dudc mét hé mdi tuong duong hé da cho).

Lay hang 1 nhan véi (—-a—zl-), sau dé cong vao hang 2, ta dude hang 2 mdéi.
831

2 s oy B 5 & ny 2 o
LAy hang 1 nhan véi (-=2L), sau dé cong vao hang 3, ta dude hang 3 méi.
a1

Tiép tuc nhu trén dén hang thi m, ta co:

a1 19 d13 .- a;, b

0 ap agy .. ag, by

Ap=| 0 agy agy - a3, by
i 0 Ama Am3z - Amn l:’m dmx(n+1)

- Tiép tuc, coi a'22 # 0 va bién d6i nhu trén ta dude ma tran A_2:

aj; apg 413 a;, b

0 az ag ag, by

AQ = 0 0 333 3,311 b3
L 0 0 aT‘I’l3 amn bm dmx(n+1)

— Tiép tuc qua trinh trén ta thu dude:

a;; a2 a3 .. a4 b
0 agp agg .. ag, by
0 0 ayy .. as, by
Ani= 2
0 0 0 al  bf
0 0 0 0 0 i
e . e w4 S

e Néu p(A) = p(A) = p(A,+) = n, khi d6 (1.3.4) sé tudng duong véi hé sau:

THU VIEN
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a;; X1 '+‘312 K2+ ay3 X3+... +alk Kk + ... + 835X, =b1
agg Xg + 323 X3 +... Fagy X + .. + a9, Xp _—'bz

---------

Giai ti dudi 1én ta duge ding mét nghiém: x;, Xg,..., X,
Vay hé xac dinh hay c6 nghiém duy nhat.
» Néu p(A) = p(Ay«) = p(A) =k < n thi:

a;; 2z &3 - 81 - 8 by
0 ay, 2923 .. 892 .. 8'2n bY
0 0 agg - agg - ag, bs
Ak* -_
0 0 0 .. af .. af, br
0 0 o .. 0 .. O 0
L k3 - . . - LY - . -mx(n+1}
Khi d6 hé (1.3.4) sé tuong dudng véi hé sau:
aj; Xy +a;j9Xp + 813Xgt.. +ajg Xk t 31(k+1)xk+1 + e+ X = bl
Qoo Xo + 93 X3 +... +a'g X + A'g41)Xk+1 T - + A'2nXp =b'y
* ‘ . .
k k k _
gk Xk + Agkk+1)Xk+1 + ... taga Xy = bk
Ox; + Oxp + Oxg +... + Ox, + Oxpyq+ ... + O0x, =0

Ta xem: Xyq,..., X, 12 cac an tu do (tic 1a nhéan gia tri tuy ¥), dua cac 4n tu do
sang v& phai, giai tir dudi 1én. Suy ra hé (1.3.4) c6 v6 s6 nghiém.
o Néu p(A) < p(A), gia stt p(A) < k va p(A) = k thi:

aj; 212 &3 - Ak - 2a by
0 ap, 223 .. @' .. @' DY
0 0 ag3 - age - 83, bg
Akt = )
0 0 O 0 0 bE
0 0 0 Q 0 0
L Jmx(n+1)
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Khi dé hé (1.3.4) tudng duong véi hé sau:

app X1 tay9 x2+ ﬁ]3X3+... +ag X t vie + ap, xn=b1
Q99 X9 + al23 Xg+... + a’Qk X + i + a'gnxn =
o B B e At
0x; + 0xy + Oxg + ...+ Ox,+ ... + 0Oxy

Phuong trinh thit k d hé phuong trinh trén sé vo nghiém. Vay hé phudng trinh

v nghiém.

Ap dung dinh 1y nay, ngudi ta thudng bién déi ma tran bé sung A vé dang ma

tran bac thang dé€ giai va bién luan hé phudng trinh.
Vidu 1: Cho hé phuong trinh:
X, +2X9 +8X3 =3
3x,-%Xy—-ax3=2,Va, be R.
2X; + X9 +3x3 =D
1) Tim a, b dé hé c6 nghiém duy nhat;
2) Tim a, b dé hé c6 v6 s6 nghiém;
3) Tim a, b dé hé vé nghigm.
Giai:
1 2 a 3 1 2 a 3
A=[3 -1 -a 2|> |0 -7 -4a -7
2 1 3 b 0 -3 3-2a b-6

1 2 a 3 12 a 3
w6 1 2a 1|01 Sa 1
7 7
0 -3 3-2a b-6] |, . 21-2a ,

—Vc’iia:% tacéd: A=
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Nhan thay p(A) = 2

Khi b = 3 thi p(A) = p(A) = 2, hé v6 s nghiém.
Khi b # 3 thi p(A) = 2 va p(A ) = 3, hé vé nghiém.
Vi du 2: Giai va bién luan hé phuong trinh:

2 -y+3z=1
-4x+2y+az=3
-2x+y+4z=4
10x-by-6z=-10

Giai: Ta cé:

9 =1. 3 1 2 =1 3 1
= l=4 2 = 3 0 0 a+6 b
A= »
2 1 4 4 0o 0 7 5
i -5 8 90 <15
g 1 8 .1 2 3 1
0 0 a+6 5 7 5
ﬁ
0 0 7 5 0 0 a+6 5
0 0 0 O] 0 0
b & gl & <9 3 1
00 7 5 e 7 8
- — 5
0 0 a-1 0 0 0 0 ﬂ%—(a—l)
00 0 0 0 0 0 o |

—~ Néua=#1thip(A) =2 #p(A) =3, hé vé nghiém.

Hé vé nghiém con dude nhan thdy dé hon khi biéu dién hé phuong trinh di cho
dudi dang sau:

2x — y+3z =1
TZ=h

0x+0y+02=-%(a—1)¢0

- Néua=1thipA) = p(K) =2, hé phuong trinh cé v6 s6 nghiém.
Hé phuong trinh da cho c6 dang:

THU VIEN
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2x -y+3z=1 J
T2=5 .

3.2. Dinh ly Cramer
Cho hé Cramer dang (1.3.2);

a11X) + @10Xg + ap3Xg+... + 81pXy = b,

891X, +890Xg + 893Xy +... + 8, Xy =by

a.,1X, +an2)§2 + 8.113!{34- e ann}(n = bI’I

Hé phuong trinh Cramer c6 nghiém duy nhét tinh bang cong thie:

X=A"B,
tue la:
det( A
X = ( J)!J=:2:"'}n
P det(A)

trong do: A = [al-}-]n;A_I lad ma tran nghich dao cua A;
B = [b;],.; la ma trgn vé phai;
A; la ma trdn duge suy ra ti ma tran A bing cdch thay cdt j boi cot hé s6’
vé phai.
Chiing minh:
Theo dinh nghia hé Cramer c6 detA # 0, vay A ¢6 nghich dao A™!

L

[Cy G ¢+ Ci

a8 L b 1 |Co1 Bag w s Can
det A det A s ow W

Cnl CnQ Al | Cnn

Thay X = A"'B vao dang tong quat cua hé phuong trinh ta c6:
AA'B)=(AAT)B=B.
Vay: X = A7'B 14 nghiém ctia hé.
Mat khéc, ta c6:
&= THU VIEN
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Cn Czl B IC’nl b] X
x=a18=_L [C12 Caz . . Cpp| [b2] [
det A L _ ' J
Cln C'Zn = Cnn bn ,
nghia la: x; = Cyjby +Coibg + ... + Cpjbn _det A,

] det A  detA
Ching minh nghiém d6 14 duy nhat:
Gia st ¢6 hai nghiém X va Y ta c6: AX = B: AY = B.
Suy ra: AX-AY=0
i AX-Y)=0
= ATAX-YV)=A"0=0
= IX-Y)=0eX-Y=0=2X=Y.
Vay hé c6 nghiém duy nhit.
Vi du: Giai hé:
X; + 2x3 =6
—-3x; +4X9 +6x4 =30
—X; — 2Xg +3x3 =8

Giai:
1 0 2
detA=-3 4 6/=44#0 = hé da cho 12 hé Cramer.
-1 -2 3
6 0 2
detA; =130 4 6| =-40
8 -2 3
1 6 2
detA, =|-3 30 6 =72
-1 8 3
1T 0 6
detA3=|-3 4 30[=152
-1 -2 8
-40 10 72 18 152 38
::’XI =—-—-=——’x2 S oS A S,
44 11 e 2 S §
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3.3. Hé phuong trinh tuyén tinh thuan nhat
Cho hé:

aj1xg + d19Xg + 313){3-5-,.. +a,,X, =0

891Xy +899Xe + AggXg +.. + a9 X, = 0

8,1X1 + 8pmoXe + Xy +...+a X, =0
Ta ludn c6 p(A) = p(A) vi ma tran day du A va ma tran A chi khac nhau mét
cot toan sé 0. Nhu vay, hé luén c6 mét nghiém x, = X, = ... = x, = 0, goi la nghiém
khéng, hay nghiém tam thuong.
— Néu p(A) = p(A) = n hé c6 nghiém duy nhat, dé 1a nghiém tdm thuong.
- Néu p(A) = ,(J{K) < n thi hé ¢6 vb s6 nghiém, ngoai nghiém khéng con cé
nghiém khac khéong goi 1a nghiém khong tam thuong.
Chi ¥ ring: Néu (x;, Xg,..., X,) 12 nghiém clia phuong trinh thuan nhét thi
(AX;, AXy,..., AX,) ciing 1a nghiém cua phuong trinh, € R. :
Vi du: Giai hé thuin nhat:
2x -y +2z =0
{ x +2y -z =0

Yét: E:|:2 -1 +2 0

O: =p(A)=2.
s B 5 D]taco p(A) = p(A)

Hé c6 v6 s6 nghiém (k& ca nghiém tdm thuong x =y =z = 0) d6 la:
x=-3A; y=4A; z =51, ¢ ddy A la hing s6 bat ky.

4. PHUONG PHAP TRU XOAY GAUSS (hé tam giac trén)

Cho hé phuodng trinh:
8y1X; + 819Xg + 813Xg+... +A1 X, = b

291X +a899Xg + angXg +... t g Xy :b2

am1X) tameXy + ApgXg t.F Ay X, = bm

Ta lap dude ma tran bd sung A cta né, ngude lai cho A thi ta dung lai dudc
hé phudng trinh tudng dng.

a;; aj9 a3 - . 4 by

ag) Aazp Agz . . Agy by
A=|ag agy agg . . ag, by

| Lot m2 _amF, N 2mn bm_mx(n+1}
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Phuong phdp tru xoay cua Gauss:

Khi thuc hién cac phép bién déi sd cdp vé hang chia ma tran A hoac phép déi
ché hai ¢dt cia ma tran A kém theo d6i thi tu an thi dude mét hé méi tuong duong

hé da cho.

e Gia st a,; # 0 (hé sd a,, goi 1A tru xoay).

— Lay hang 1 nhan véi (—ﬂ-";l). sau do cong vao hang 2, dudc hang 2 mai.

s o g i 5 ol - o s . »
— Lay hang 1 nhan véi (-—21), sau d6 cong vao hang 3, dugc hang 3 mdi.

ay

ap,

— T1ép tuc véi cae hang con lai, ta dude:

ay

arg

Jmx(n+1)

e Hé s6 a'y, 1a tru xoay, thuc hién qua trinh trén ta dude:

Han
0
0

0

« Tiép tuc qua trinh dé mét sé (hdu han) budc ta sé t6i mot ma tran bac thang

=

.
Il

va tudng ung v6i ma tranmnaylamoét-hétusng.dudng.vdi phuong trinh da cho.
Giai hé méi tir dudi 1en/ga tim duyc heHiE/¢&Mhe phuong trinh (néu c6).
N4

52

an
0
0

-

412
agg
0

0

13
423

dgg

am3

—~—

by
b’y

dmx(n+1)

© dmx(n+1)
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Vi du 1: Giai hé phuong trinh:
2X; + dx9 +3x, =4

4x; +11xy +7Xg =7

Gidi: Ap dung phuong phap bién déi so cAp (Gauss) nhu sau:

2 4 3 4 2 4 3 4
A=|8 1 =8 =9 « @ -5 -85 =8
i 11 ¥ % g B 1 -1

2 4 3 4
- |0 -5 -65 -8
0 0 -29 -58
Hé da cho tuong duong vaéi hé:
2% +4x, +3x3 =4
5Xs +6,5%X3 =8
2,9x3 = 5,8
Giai hé tam giac tit duéi lén ta dude: x3 = 2; xy =-1;x; = L.
Vi du 2: Giai hé phuong trinh:
X; +3x9 -2x3 +X; +X5 =1
X, +3xy -Xg3 +3x; +2x5 =3
2

X, +3Xg -3Xg —Xy =

Gidi: Ap dung phuong phap Gauss ta cé:

1 8§ -2 1 1 1 1. 8=9 1 1 1

Be=ld 8 =1 8 9 8 » (b0 1 2 1 2
i 5 <8 <f 4 § 00 -1 -2 -11
1.8 <2 1.4 1

=5 10 0 1 2 1 2
00 0 00 3

Nhan thay p(A) = 2 # p(A) = 3.
Vay hé phuong trinh da cho v6 nghiém.

Ban doc c6 thé nhan thay /lr}g‘phtmng trinh-déa-che-tudgng dudng vdi hé phuong
trinh: S THU VIEN
~ HUBT
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X; +3xp -2xg3 +x4 +x5 =1
X3 +2x4 +X5 =2
0x; +0xg +0x3 +0x, +0x5 =3

Vi du 3: Giai hé phuong trinh:

2x 43y -z +t =2

2x +3y +z =4

2x +3y 42z =3

2x +3y =5

Giai:
2.8 = 1 2 2 3 -1 1 2
— |2 3 1 0 4 00 2 -1 2
A= -3

23 2 0 3 ¢ 0 3 -11
2 3 0 05 00 1 -1 3
23 -1 1 2 2 3 -1
00 1 -1 3 0 0 1

- —>
00 0 2 -8 0 0 O
00 0 1 -4 0 0 O

Ta cé: p(A) = p(A) = 3.

s s 5 3
Hé c6 v6 s6 nghiém: x =;—El; y=Az=-1;t=-4,AeR.

o

BAI TAP LUONG GIA
Hay chon két qua ding:

3 A 1 2
1 4 7 2
1. Tim hang ma tran: A=
1 10 17 4
i 1 8 3
Két qua:
A. p(A)=2 néu L =0;p(A)=3 néu A= 0

p(A)=3 néu A =0
p(A) =2 néu Az0
Két qué khac. S

o aw
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(1-a)x + 2y =0

Cho hé phuong trinh:
2x +(4—-a)y =0

Tim a dé hé c6 nghiém khéng tAm thuong.

Két qua:
A. a=0hoaca=5 B. a=0
C. a=5 D. Két qua khac.

ax+ y + z =1
Cho hé phuong trinh: { x +ay+ z =a

X + y+az=32

Tim a dé hé c6 nghiém duy nhit?

Két qua:
A a=z-2 B. a=-2
C. Va D. Két qua khéc.

2x +y -4z =0
Giai hé phuong trinh: {8x +5y -7z =0
4x -5y -6z =0

.

Két qua:
A. Phuong trinh c6 v s6 nghiém: x =134, y=2X;z=TA, LeR
B. Phuong trinh c6 vé sd nghiém

C. Phuong trinh chi ¢6 nghiém tdm thuong

D. K&t qua khac.

Tim a, b, ¢ dé phuong trinh sau ¢6 vo s6 nghiém:

X +ay +a%z =al

x +by +b%z =18
X +cy +c’z = c?
Két qua:
A. b=cjatuyy B. =-c
C. bzc D. K&t qua khac.



Chuong I1
HAM SO, PAO HAM, VI PHAN - UNG DUNG

Bai1l
HAM SO

MUC TIEU

Hoc xong bai nay sinh vién c6 kha ning:

1. Trinh bay duge dinh nghia ham sé, ham ngudc va ham hypechol;
diéu kién di; dé ton tai ham nguge, dé thi ciia ham nguge.
2. Tim dugec ham nguge (néu cd) cia ham s6so cdp.

1. DINH NGHIA

Cho X # @, X ¢ R. Mét ham s6 f xac dinh trén X 1a mét quy téc cho tuong iing
moéi phén tu x thude X véi mét va chi mét s6 thuc y.

X goi la tdp xde dinh (hay mién xac dinh) cia ham s6 f, ky hiéu 1a Dy.

x bat ky thudc X goi 14 bién déc lap (hay bién s6, hay d6i sb).

S6 thue y tudng ng véi bién doc lap x goi la bién phu thuée, y con dude goi 1a
gid tri cua ham s6 f tai x, ky hidu 1a f(x); ta viét y = f(x).

Tap Y ={y:y=f(x); ¥x e X} goi la ¢dp gid tri cia him s&, ky hiéu 1a R;.

Ham sé vira dinh nghia duge ky hiéu nhu sau: |

f: X> R

= | a=aN L
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Cé thé viet gon hon la:  y=f(x);x € X
hay: y=f(x);D;=X
hay: y=f(x); Dp X.
Nhu vay, mét ham sd duge xac dinh néu ta biét tap xac dinh X ciia né va quy
tic tim gia tri y = f(x) cia ham sé.
Dé chi cac ham s6 khac nhau ta dung cac chit khac nhau nhu:
y=f(x),x e X; y=gx):x=0():120..
Trong cudn sach nay khéng néi vé phuong phap cho ham s&, d6 thi ham sb,
ham hdp, ham don diéu, ham chin - 1é, ham tuan hoan, ham bi chan, giéi han day
56, giéi han ham s, tinh lién tuc ciia ham s6 (vi it nhiéu da biét ¢ phd théng).

2. HAM NGUGC, PO THI CUA HAM NGUGQC

2.1. Pinh nghia
Cho ham s6 : f:X->R
| x — y = f(x), véi tap xac dinh X va tap gia tri Y.

Néu véi moi gia triy € Y ¢6 mdt va chi mot x € X sao cho f(x) = y; tuc la
phuong trinh f(x) = y v6i dn 1a x ¢6 nghiém duy nhét. Khi d6 theo dinh nghia ham
s6 ta c6 moét ham s6 méi

g: Yo R
y — x = g(y) (x thoa man f(x) = y)

Ham s8 g dude goi 1a ham s6 nguge ctia ham f, ham ngude cua f ky hiéu la i

Théng thuong, nguoi ta dung chit x dé chi bién ddc lap, chit y chi bién phu
thude. Khi d6 ham ngudc cia ham y = f(x) (néu c6) sé duge ky hiéu la y = g(x).

T dinh nghia ham ngudc ta suy ra:

- N&u ham y = f(x) ¢6 ham ngudc y = g(x) thi ham y = g(x) c6 ham ngugc va
ham sé ngude ctia ham y = g(x) lai 12 ham s8 y = f(x). Ta néi: y = f(x) va y = g(x)
la hai ham s6 ngugc nhau.

- Tap xac dinh cia hiim nguge y = g(x) la tap gia tri Y ctia ham s6 y = f(x), tap
gi4 tri chia him s6 ngugc la tap xac dinh X ctia ham s6'y = f(x).

2.2, Piéu kién du dé c6 ham sé nguge
Dinh 1y: Moi ham s§ don_diéu ting (tic dong bién) hay don diéu gidm (tic

nghich bién) trén tap xdc (indicaano dewgwhayEnguoc,
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Minh hoa: Xét ham y = f(x) ¢6 D;= X va v4
Rf =Y, 1a ham don diéu tang (hodc don diéu
giam) trén D; = X. Khi d6, moi duong thing =~ | .
song song véi Ox va qua (0, y); y € Y chi cét dé :

thi him s6 tai mét diém duy nhat (hinh 2.1). s y
LY r X 3
2.3. D6 thi cua ham sé ngugc 0 = s
! Y
Cho ham s6y = f(x) vA y = g(x) 1a hai ham /e
s6 ngudc nhau, va gia sit D; = X; R; = Y thi
]Dg:fY;R¢==X. Hinh 2.1

Ung véi mét diém M(a, b) bat ky thude duong cong f(x) 1a mdt diém duy nhat
M'(b, a) thudc duong cong g(x) (a € X, b € Y) = M va M' d6i xiting véi nhau qua
duong phan giac goc phan tu thit nhit (c6 phudng trinh x — v = 0).

Vay, d6 thi cia hai him s6 nguge nhau déi xting véi nhau qua dudng phén giac
goéc phan tu thit nhat.
2.4. Vi du vé ham ngugc
1) - Hai ham s8'y = x% x 2 0 va y = J/x 12 hai ham ngudc nhau.
- Véia>0,a+1hai ham y = a* vd y = log,x 12 hai ham s6 ngugc nhau.

2) Mét sd vi du vé ham ngudce ciia ham sé ludng giac:

Vidu 1: Ham s8 y = sinx, x e(_gﬂ c6 tap xéc dinh 12 [-g%} : tap gia tri 1a
[-1, 1] 1a ham don diéu ting trén tap xac dinh.
Vay, ton tai ham ngude, ta goi la V4
y = arcsinx véi x € [-1, 1] va tap gia trila x ) y=x
T T 21 :
A o
LY = ginx
Ta cé = 3
5 B TR 0 T E X
-Vx e [—-—,—:[ = arcsin(sinx) = x; 2: , 2
2 2 : y = presing
................ .1
- Vx € [-1, 1] = sin(arcsinx) = x. i
Vi du 2: Ham s6 y = cosx, x € [0, 7] 2
12 ham don diéu gidm trép-tap-xée-dinh:
Hinh 2.2

c6 tap gia tri la [-1, 1].
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Vay, ton tai ham ngugc, ta goi ham nguge nay la ham y = arccosx, véi x € [-1, 1];
tap gia tri 1a [0, =].

Ta cé: Vx € [0, n] = arccos(cosx) = x; Vx € [-1, 1] = cos(arccosx) = X.

3| =

¥ = COSY

Hinh 2.3

Vi du 3: Ham s6'y = tgx, X € (-g g] ]a ham don diéu tang trén tap xac dinh

vacétapgiatrila R.

Vay, ton tai ham ngude, ta goi la y = arctgx, véi Vx € R ; tap gia trila [_g’%) .

Véi vx € [—g g) = arctg(tgx) = x; vdi ¥xe R = tg(arctgx) = x.

v

) ) ) . %
. o 117 y=x \_\e = eolgx; : ?

. ;

el

[
|

A

i
S E]

Hinh 2.4 - Hinh 2.5
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Vi du 4: Ham s6 y = cotgx, x € (0, ) 1a ham don diéu giam trén tap xac dinh

vacotapgilatrila R.

Vay, ton tai ham ngude, ta goi la y = arccotgx véi Vx € R ; tap gia tri la (0, 7).

Ta c6: Vx € (0, m) = arccotg(cotgx) = x; Vx € R = cotg(arccotgx) = x.

2.5. M6t s6 tinh chit ctia ham lugng giac ngugc

1) arcsinx + arccosx = %; vx € [-1, 1].
2) arctgx + arccotgx = —; Vxe R.
3) sin(arcsinx) = x, vx € [-1, 1].

4) sin(arccosx) =1 —x? : Vx e [-1, 1].

X
5) sin(arctgx) = : Vxe R.
V1+ x*
6) sin(arccotgx) = ! =; Vxe R.
faen®
7) arcsin(sinx) = x; Vx € {—E,E] ;
2 2

8) arcsin(cosx)= % - X; vx € [0, n].

Ban doc ¢ thé chiing minh cac ding thuc trén.

3. HAM SO SO CAP CO BAN, HAM SO SO CAP

3.1. HAm s6 so cAp co ban

60

Cac ham s6 sau dugc goi 1a ham s6 s0 cdp co ban:

1) Ham hﬁng: fx)=c,ce R.

2) Him luy thita: y=x",ae R

(N&u a vé ty va dudng thi xét véi x > 0, néu a vo ty va am thi chi xét véi x > 0).
3) Ham ma: y=a%a>0,a=1.

4) Ham logarit: y=log,x,a>0,a=1.

5) Ham lugng giac: y =sinx, y = cosx, y.= tgx, y.= cotgx.

6) Ham lugng giac nguigery = argsink-i £ afteosk, v £ arctgx, y = arccotgx.



3.2. Ham sd so cap

Cho hai ham f(x) va g(x) theo thit tu c6 tap xac dinh la Dy va D,. Cac ham tong,
hiéu, tich, thuong ctia hai ham da cho la ham dude xéc dinh tudng Ung theo cac
quy tic sau:

x — f(x) +g(x); VxeDinD,
x — f(x) - g(x); VxeDinD,
x — f(x) xg(x); VxeDinD,

£

: Vx e DD, va g(x)=0.
g(x} f g g

Ham s6 so cdp 1a ham s8 duge tao thanh bdi mét s6 hitu han cac phép: tong,
hiéu, tich, thuong, ham hgp déi véi cac ham s8 sd cép cd ban.

Vidu:y=x-3;y=sin2x;

y=ln§;y:—2xz+x&;

x'd

= 2 - 2%sinx
y=2"%4e2;y=

arccotgx—x2 + X

Trong s6 cac him sd cAp ta quan tim dén ba dang don gian sau:

e Ham da thie bdc n
P (x)=a FAX+AX + a.x"
n o) 1 2 n
trong d6: a, # 0;a, ¢ R;ne N.

e Ham phédn thic hitu ty

P(x) apg+aXx+agX + ...+ a X"
Qm(X) by +bx+byx®+ ... + b x™

trong dé: a,, b,,#0;a, bje R;n,me N.

e Ham hypecbol

. R X —a~%
-~ Ham sinhypecbol cua x: shx = :
, e +e”"
— Ham coshypecbol cufi & Thy——— o
\ TH& VIEN
HUBT
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X _ X
- Ham tanghypecbol cia x: thx = g~ jEhx

e* +e™* chx

e*+e™* chx 1

eX —e™* shx thx

- Ham cotanghypecbol ctia x: cothx =

MGét sé6'tinh chat:
1) ch®x + sh = ch2x
2) ch®’x - sh’x = 1
3) sh(a = b) = sha.chb * cha.shb
4) ch(a £ b) = cha.chb + sha.shb.

BAI TAP LUQNG GIA

Hay chon két qua dung:

1'

3.

62

Véi x € [-1, 1] tim tg(arcsinx).

Két qua:
A. tg(arcsinx) = & C. tg(aresinx) = =
1= xz Vv1+ -}(2
B. tg(arcsing) =—— . D Kébus ke,
l1-x

Ham nguge cia ham s6 y = shx duge ky hiéu 1a y = arcshx. Tim arcshx.
Két qua:

A. arcshx = In(x® +Vx% +1) C. arcshx= In(x+vVx%+1)

B. arcshx= 1n(—§-+%\fx2 + 1) D. Két qua khac.

Ky hiéu ham ngudc cua ham s6 y = chx, x > 0 1a y = arcchx. Tim arcchx.

Két qua:

A. arechx = ln[%x+% x2—1] . C. arcchx= ln(x+\l'x2r1)

x-v‘xz—l

Tim tap xac dinh va tap gia tri cla ham s&: y = In(1 - 2|cos x|).

B. arcchx=In D. K&t qua khac.

Két qua:



A §+k2ﬂ <x<5§+k2n,ke Z va-o <yZ£ In3

B. %HW <x<%ﬁ +kn, ke Z vd-n<y< 0

C. §+k2ﬂ<x<-2-3£+k2n,ke 7 va-o <y< 0

D. K&t qua khac.
5. Cho ham f(x) = x* - x, ¢(x) = sin2x. Tim f[tp(x):l, f[f{x)], cp[q)(x)],

Két qua: .
A. f[{p(x)] = sin2(x® - x); f{f(x)] =x9 - 3x7 + 3x° - 2x% + x;

o[ @(x)] = sin(2sin2x)

B. f[tp(x]] = sin2x® — sin2x; f[f (x)] =x? -3+ 3’ —x* +x;
o[¢(x)] = 2sin(sin2x) cos(sin2x)

C. f[o(x)] =-sin2x cos’2x; f[£(x)] =x° - 8x" + 3x° — 2x” + x;
¢[o(x)] = sin(2sin2x)

D. Két qua khac.

63



Bai 2
PAO HAM VA VI PHAN

MUC TIEU

Hoc xong bai nay sinh vién c6 kha ning:

1. Trinh bay duge dinh nghia, ¥ nghia, diéu kién ton tai cua dao ham, cdc
phép todn vé dao ham ciia ham s6. Tim duge dgo ham cta ede ham s6'so cap.
2. Trinh bay duge dink nghia, ¥ nghia hinh hoc ciia vi phén, tinh chdt cua

vL phdn.
3. Trinh bay dugce dinh nghia dao ham va vi phén cdp cao. Tim duge dao
ham va vi phén cdp cao ctia ham sé.

4. Véan dung dao ham dé khdo sdt duge mét s6 ham s61iing dung trong y hoc.

1. DINH NGHIA DPAO HAM

1.1. Pinh nghia

Xét ham sb f(x) xéc dinh tai x, va lan can cua x,. Cho x, s gia Ax cé |/.\K‘
du nho.
_@\_E _ f(xg + Ax) -1(xp)
Ax Ax

o

Néu ty sé 6 gidi han (hitu han) khi Ax — 0 thi ta néi

f(x) khé vi tai x,, hay c¢6 dao ham tai x,. Giéi han d6 duge goi 1a dao ham cua f(x)
theo x tai x, va dude ky hidu la £,'(x,) hay f (xo).

FiCig ) T s i, S0 HOR) ~10K0)
Ax—0 AX Ax —0 AX

Vi du: Tim dao ham cta f(x) = x” tai x, = 2.
Gidi: Cho x, s6 gia Ax, tinh sd gia tudng tng cua ham:
Af = f(xy + Ax) - f(xg) = (2 + Ax)? — 2% = 4Ax + (Ax)*.

.-ﬁ_f _4Ax + (&}:)2
Ax 2K

Lap ty s6 —d+ Ay
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Tim lim £ =4
Ax—0 AX

= f(x)=x> khavitaix = 2 va £(2) = 4 hay (x*) |, = 4.
Vay ham f(x) xac dinh trén (a, b), kha vi tai x, € (a, b) khi va chi khi:

Af = f(xg + AX) — f(xg) = f (xg)Ax + O(AX),

trong dé: O(Ax) la vé6 ciung bé (VCB) bac cao hon Ax khi Ax — 0 (tuc la
lim O(ax)
Ax—0 AX

=0).

Néu f(x) c6 dao ham tai moi diém x € (a, b) thi ta néi f(x) kha vi trén khoang

(a, b), f.(x} 12 ham sé xac dinh trén (a, b).

1.2. Y nghia ctia dao ham ham sé
1.2.1. Y nghia chung (y nghia todan hoc)

— o ipt A AT iy o 3 & :
Xét ham sd y = f(x), ty s6 e Ty- la van toc bién thién trung binh cua f(x) khi
AX FAY, ¢

bién dbc 1ap x bién thién ti x, dén x; + Ax. Do d6, f'(x) = lim -&-X la véan téc bién
Ax—0 AX

thién titc thdi cta f(x) tai xo. Trén (a, b), f (x) phan anh téc d6 bién thién cta f(x)
khi x bién déi trén khoang dé (ban doc sé thay ré hon diéu nay khi nghién citu cac
dinh 1y vé tinh chét ctia ham kha vi va khao sat ham s6).

1.2.2. Y nghia hinh hoc
Xét ham f(x) xac dinh tai x, va 14n can cla x,, diém M(xo, yo) véi y, = f(xg). Gia
sit ton tai f (xo).

o« A _ f(xg + Ax) —f(xq)

Ty sb chinh Y
AX Ax

la hé sé goc cua cat tuyén MC = tgf
(B 1a géc hop boi MC véi true Ox) Qe
(xem hinh 2.6).

Khi Ax — 0 ciing 1a khi C - M, o)
cat tuyén MC — tiép tuyén MT khi et R
B = a, nhu vay f '(xn) = hé s gbc cua . t
tiép tuyén MT = tga. Hink 2.8

THU VIEN
HUBT
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Tom lai: f(x) kha vi tai x, thi tai M(x,, y,) c6 ti€p tuyén duy nhat véi dudng
cong khong vudng goc véi truc Ox va hé s6 gbc cua tiép tuyén d6 1a k = f '(xg),
phuong trinh tiép tuyén nay la:

Y = ¥o = f (x)(x — xg).

Dwya vao y nghia chung ctia dao ham, ¢6 thé suy ra dao ham coén c¢é nhiéu y
nghia khoa hoc thuc tién khac, chdng han:

~ Van tdc tie thai cia mét chat diém tai thoi diém t,: v(ty) 12 dao ham ctia ham
s6's = (t) tai to; V(tg) = s'(tg) = f (to) ; s = £(t) 1 phuong trinh chuyén déng ciia chat
diém.

— Phuong trinh Q = f(t) la phuong trinh cua dién lugng Q truyén trong day
déan, f(t) 1a ham s6 c6 dao ham thi Q'(t) = f.(t) = I(t) 1a cuong ddé dong dién tai thoi
diém t.

1.3. Dao ham bén phai, bén trai va dao ham vé han

Khi dinh nghia dao ham cua ham f(x) tai x,, ta da xét lim éﬁ gi61 han nay
Ax—0 AX

# A -~ * # A - = f - [y ~ -
c6 thé khong ton tai, nhung cé thé tén tai lim ¥ hay lim a—f Tu day ta co
: Ax—0* AX Ax—0" AX

dinh nghia sau:
Xét f(x) xac dinh tai x, va 1an can phai cha x,. Pao ham bén phdi cla f(x) tai x,

duge ky hidu la f (x, + 0) hay f (x,") va

f'(xg+0)= lim SXo* "'3;2 ~8%0) (htu han).

Ax—0*
Xét f(x) xac dinh tai x, va lan can trai cia x,. Dgo ham bén trdi cla f(x) tai x,
duge ky hiéu la f (x, - 0) hay f (x;) va

f'(xo _0) wo i f(XU + ﬂ.}() = f(XO)
Ax—=0" Ax

(htu han).

Vé mat hinh hoc, f (xo + 0) va f (x, - 0) bing hé s géc ciia tiép tuyén phai va

trai tai M(x,, y,) cua dudng cong y = f(x).

Ham s6 f(x) c6 dao ham tai x, khi va chi khi tdn tai ca f (x, + 0), f (x, - 0) va
bing nhau, khi dé:

fE I TO =T ),
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Néu tén tai ca f (xo + 0) va f (x, - 0) nhung khéng bing nhau thi khéng tén tai

f'(xﬂ) hay f(x) khéng kha vi tai x,. Khi d6 diém M(x,, yo) dude goi 1a diém géc cta
d6 thi (hinh 2.7).

Hinh 2.7
Vidy: Xét hamy = |x|, tai x = 0.

Ta cé:

g_\omﬂ-;a;_mi J 1 néu Ax >0
Ax AX T Ax |-

1 néuAx<0
=7y +0)=1,y(0-0)=-1=hamy = |x| khong cé dao ham tai x = 0, diém
(0, 0) 1 diém géc ctia db thi ham s8'y = |x| (hinh 2.8).

y b

y =|¥|

v

Hinh 2.8

Néu f(x) kha vi trén (a, b) va tén tai f (b — 0), f (a + 0) ta néi f(x) kha vi trén
doan [a, b].

Khi dinh nghia dao ham cta f(x) tai x, ta cAn xét lim af

Ax—0 AX

Néu % Puie A;j ' (+e0) hay (- ) khi Ax — 0, thi ta néi f(x) ¢6 dao

ham vé han tai x,,.
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Day la mot truong hgp dac biét, vé mit hinh hoe, khi d6 duong cong y = f(x) ¢6
ti€p tuyén vuéng goc véi Ox tai M(xy, y,) (hinh 2.9).

8] Xo b

Hinh 2.9 Hinh 2.10

Vi du: Xét ham: f(x) = Jx .
1

Af  (Ax)3 1 . Af
= = = lim — =+,

Tai x4=0,c6 — =
) N AX AX 3}(&)()2 Ax—0 Ax

Ta néi f(x) = ¥x c6 dao ham vo han tai diém x = 0.

Tai diém (0, 0) ctia dudng cong y = ¥x 6 tiép tuyén thang ding, trung véi
truc Oy (hinh 2.10).
1.4. Lién hé gitta tinh kha vi va tinh lién tuc ctia ham sé

Néu fix) ¢6 dao ham tai x, thi no lién tuc tai x,.

That vay, vi f(x) c6 dao ham tai x, nén i—f - f‘(:{{}) khi Ax — 0.
X

- i_f = £'(xg) + a(Ax) ; a(Ax) —> 0 khi Ax — 0.
X

= Af=f (xg)Ax + a(Ax).Ax = Af - 0 khi Ax — 0
nghia la f(x) lién tuc tai x,,.
Diéu nguge lai khéng ding, tic 1a ham f(x) lién tuc tai x, thi chua chéc né cé
dao ham tai x,,.
Vidu: Himy = Ixi lién tuc tai x = 0, nhung khéng c6 dao ham tai x = 0.

Ham y = ¥x lien tuc tai x = 0, nhung khéng c6 dao ham theo dinh nghia
(httu han).

Tuong tu ta b, néu f(x) c6 dao ham phai (trai) tai x, thi né lién tuc phai (trai)
tai xo. THU VIEN

HUBT
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1.5. Phuong phap tim dao ham
Ngoai viéc dung dinh nghia con ap dung cac dinh ly sau dé tim dao ham.
1.5.1. Pinh ly 1 (vé dao ham cua ham hop)
Xét ham hop y = flu(x)] xdc dinh trén (a, b), x, € (a, b). Néu u = u(x) kha vi tai
xg va flu) khd vi tai ug (ug = ulxg) thi: y = f [u(x)] kha vi tai x, va
¥ xo) = f u(wg)u' (xp).
1.5.2. Dinh Iy 2

Cho u(x) va v(x) la hai ham sé xdc dinh trén (a, b) va khd vi tai x €(a, b). Khi
u(x)

v(x)

dé: ulx) + v(x), ulx)v(x),

cung kha vi tai x va:

1 [u(x) + v(x)] =u'(x) + v'ix);
2) [u(x).v(x)]’ = w'(x)v(x) + ulx)v'(x), néi riéng: [c.u(x)]’ = c.u'(x), c la hdng s6:

3) (u(f)]' B TR, ot} 4 0,

v(x)) V2 (x)
1.5.3. Dinh ly 3 (vé dao ham cua ham ngugc)
Gidg siz ham s6'y = flx) kha vi tai x,, f (xg) # 0 va c6 ham nguge x = g(y). Khi do
ham x = g(y) kha vi tai y, = flxp) va g'(yp) = -—-l—
f'(xg)
Chitng minh: Vi ham f(x) kha vi tai x, va ¢6 f (x,) # 0 nén khi Ax # 0 thi:

Af = f(x + Ax) - f(x) # 0 va i—f — f'(xg) khi Ax — 0;
X

Ag A% T
Ay Af A
Ax

Vi ham v = f(x) kha vi tai x, nén noé lién tue tai x, suy ra khi Ax — 0 thi Ay - 0.

Kbt iy ek g BT B oy i Bl
Ay f'(Xo)

Vay g'(yg) = :
: B g ) THU VIEN
HUBT
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Vidu 1: Tim (Inx)'.

Ham y = Inx ¢6 ham nguge x = e*. C6 x', = " (ban doc cé6 thé chitng minh duge
nhd dinh nghia dao ham).

Theodidh B 3ita i g, we et
: x'y oY elnx X
. |
Vay: (Inx)' = —, x> 0.
X

Nho dinh nghia dao ham, ban doc ciing chitng minh dude (Inx)' =

W=

Vidu 2: Tim (]n‘x|)'.

Néu x> 0 = (nx)' = (Inx)' = -
X

= | - 1 — 1 r 1 1

Néux < 0= (In[x])' =(n(-x))' = —(-x)' = ~—=—.
-X -X X

i - :

Vay: (In|x])' = =, x#0.
X

Vidu 3: Tim {arcsinxj‘, (arccosx)', (arctgx)', (arccotgx)'.
Ham y = arcsinx 12 ham ngude cia hAm x =siny, y € [mg,g} ‘

Tu dinh nghia, ta chitng minh dudc:

x'y = cosy = (arcsinx)' = y', = . .

x', cosy cos(aresinx) -

Vi sin(arcsinx) = x = cos(arcsinx) = V1-x2 .

Vay: (arcsinx)'=

; ; (arccosx)' =—

1-x l—x2

Tudng tu ta co:

(arctgx)' = 12; (arccotgx)' = - L
1l+x 1+x

Vi du 4: (shx)' = chx; (chx)' = shx.
Ban doc ti kiém tra dude cac két qua nay.

Vidu 5: Tim dao ham ctia ham cé dang:
¥ SABEES, upa 9.\

5
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Lay logarit tu nhién hai vé ta dugc:

Iny = vlnu
— y—=‘..r—1—u'+v'1nu
y u

, u'v. L ylu'v .
= y'=y|—+4v'inuF=u | —+v'lnu
u u

Chéng han, choy =x* x>0, timy',.

Ta ¢é: Iny = xlnx;

P ne 1.1nx+x—1-::> y'=x*(nx +1).
X

y

X
Vidyu 6: Tim dao ham cua ham s6 y :%(xlnx—x -1).
e

,={xlnx;x—1] o +}a’.lnl:-c;}-:—l(xx)l
e e

_(nx+1-1)¢* —(xInx -x~1)e* & +x]nx—x—1

er eX

x*(nx+1)

X
=x—x[lnx—x1nx+x+1+(xlnx*x—1)(lnx+1}]
e

xx+1

= [ln x(Inx —1)].
o

Vidu 7: Tim dao ham clia ham y =|x|+[x - 2.

-2x+2 néu x < 0 -2 néu x < 0

y =42 ntu 0 < x<2 =y'=40 nfu 0 <x <2
2x-2 néu x > 2 2 néu x > 2

- Xét taix =0:

lim 8y _ lim -2(0+Ax)+2-2 .

Ax—-0 Ax Ax—-0 Ax

. A . 2-

R 2 = lim : = [

Ax—+0 AX Ax—+0 Ax

Suy ra tai x = 0 ham sé kh6hgco daq—ﬁ‘l@-. VIEN
HUBT
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- Xét tai x = 2:

L

Ax—+0 AX

Suy ra tai x = 2 ham s6 khong c6 dao ham.

Nho dinh nghia dao ham va cac dinh 1y da trinh bay d trén ta cé bang dao ham

cua mét s6 ham s6 so cap cd ban va cong thitc ciAn nhd sau:

1)
2 x)=1
3) (kx)' =k, k 12 hiing s8
O e
» (2
X X~
- 1
6 bz
) (Vx) =
7 (@*)'=a*Ina
8) (e¥)' =e*
& A=t
X
10) (nlx))' =~
x

.

12) (shx) =chx, (chx)' =shx
13) (u+v) =u"+v

14) (u.v)'=u'v + uv'

2. DPAO HAM CAP CAO

2.1. Pinh nghia dao ham cap cao

11) (log, x)' =

(¢)' =0, cla hing s6

xIna

15) (sinx)' = cosx

16) (cosx)' = — sinx
17} (fpx)'= = =1+tg2x
cos” X
i 1 9
18) (cotgx)'=- 5— =—(1+cotg"x)
sin” x

19) (shx)'=chx
20) (chx)'=shx

21) (arcsinx)'= .
1-x°
1
22) (arccosx)' = -
1-x2
1
23) (arctgx)'= =
1+x
24) (arccotgx)'=- 5
1+x

25) (}1} ki
v v

26) y = y(u); u = u(x) thiy', = y' u',

Cho ham s6 f(x) xac dinh trén khoang (a, b), f(x) dudc goi 1a khd vi n ldn trén
(a, b) néu f(x) kha vi (n — 1) 1an trén (a, b) va dao ham cép (n - 1) caa f(x) ciing kha
vi. Khi d6 dao ham cap i ¢0a f&) atoe %y hict 12 M%) va duge dinh nghia bdi

hé thic:
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M) = [f" " 0]

Cac f™(x) v6in = 2 la dao ham cip cao cia f(x).

Ky higu: {9 =, {0 =f P =f ..

Vidu 1: Ham f(x) = x* (k nguyén dudng) c6 dao ham moi caAp:

0 = kk - Dk -2) .. (k—n+Dx* " néun<k:

f*¥(x) = k! néu n =k;
f"(x) = 0 néun > k.

Vidu 2: Him y =a%, a>0,a# 1c6 dao ham moi cép:
y?(x) = (@)™ = (Ina)"a™.

N6i riéng: (%)™ = e*,

Vi du 3: Ham y = sinx co:

yl — (Sinx)' = 08X = S]n[x+%];
T 5 T
y" =cos| x+—|=sin| x+2.=|;
( 2] [ 2]

y™ = (sinx)™ = sin[x+n.%}

Vi du 4: Ham y = cosx co:

y™ = (cosx)™ = cos[x + n%]

Ban doc ¢6 thé kiém tra lai cac vi du trén nhd chiing minh bing phuong phap
quy nap.

Vidu5:Choy= l tim y™.
X

y'= 1 y' = rs y{_:;)_,_ =123 Ty =Hf'n!
x2 }\J) = :XTH’U” Vi EN O
\\\7;; 1 = HUBT
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Chitng minh:
(-1)"n!

thi cé y(*D =
xn+1 x

-1 (n+1)!

n+2

Gia st y'™ =

That vay, y™+!) ={(*1)“(n)!J _-EDM@)!m+ D (D™ n+1)!

er'l x2{n+1) xn+2

(-1)"n!

xn-e-l

Vay: y™ =

T vi du trén ta suy ra

(=1 (n-1)!

x]’l

(In K){n) -

Vidu 6:

1) Af + pg)™ = A + pg®™ trong dé6 A, pe R;fvagla nhitng ham caa x kha
vin lan.

2) y(x) = f(ax + b) = y™(x) =a"f™(ax + b), fkhad vin l4n; a,b e R, a 0.

Ap dung:

a) Cho y = L3l , tim y™,
ex+d

_ax+b#§_+ bc-ad
cx+d ¢ clex+d)
() _bc—ad (-1)"n!c® _(bc-ad)(-1)"n!c™! (ad-be)n!(c)*?

¢ (ex+d)t! (cx +d)™+ (cx +d)"+

=

b) Cho y = 5, tim y™,
1-x

| 1[ 1 1 ] (ny_ n! 1 (-)°
y = = = + >y = — +
1-—){2 211-x 1+x - 9 (l_x)n+1 (1+x)n+l
2.2. Dinh ly Lepnit (Leibnitz)

Néu fix) va g(x) la hai ham khd vi trén D tdi cdp n, thi tich flx)g(x) ciing khd vi
trén D cdp n va:

n
(f,.g)(”) - Z Cff(k}g(n’k).
k=0
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X
Vi du: Tim dao ham cip 10 cua B

X
(10)
s,
X

Il

1 (10) 10
[ex__] ZC ( ] (ex)(ll}—k)

X

1 10 = k
- Eck%=10!exz__(%_
k=0 * o (10-Kk)! x**

3. VI PHAN

3.1. Pinh nghia
Cho ham s 'y = f(x) xac dinh trén (a, b) c6 dao ham (hay kha vi) tai x € (a, b).
Nhu da biét:
Af =f(x + Ax) - f(x) = f (x)Ax + O(Ax)
trong d6 Ax 1a s& gia cta bién doc lap x tal x, O(Ax) la v6 cing bé bac cao hdn Ax
khi Ax — 0.
Ta goi f (x)Ax 12 vi phéan cdp 1 cia ham f(x) tai x. Ky hiéu 1a dy, hay df(x), hay df.
df = f (x)Ax.

Nghia 1, vi phan cta f(x) tai x bing tich cua dao ham £'(x) v6i s6 gia d6i s8 Ax.

32. Y nghia hinh hoc ctia vi phan, ing dung vi phan vao phép tinh
gan dang

Tit dinh nghia ta thdy, tai diém x ma ham s& c6 dao ham f (x), 8 d6 ta tinh
dude vi phan df = f (x)Ax va néu f (x) # 0 thi Af, df ]a hai v6 cing bé tuong duong
khi Ax — 0 (ban doc kiém tra).

Nhu vay, f(x) kha vi tai x thi Af = df + O(Ax). Khi |Ax| di nhd thi Af ~ df.

f(x + Ax) - f(x) = f (x)Ax hay f(x + Ax) = f(x) + f (x)Ax.
Day 1a céng thitc tinh gi4 tri gdn ding ctia ham s6 nhd vi phén.
Vé tiép tuyén MT véi dudng cong f(x) tai M(x, f(x)). Goi C la mét diém thuoc
duong cong (C # M) vdi toa dd (x + Ax, f(x + Ax)).
Ta cé: NC = Af: NT = df; TC = O(Ax); NC = NT + TC.
Khi Ax — 0, TC — 0 phanh-hdn Ax — 0, hay khi '.Axn dua nho thi NC = NT.
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0 X X + AX X

Hinh 2.11
Vi du: Tinh gia tri gin ding cta sin46’,

sin46° = sin(45° + 1% = sin ( i _"_]
4 180

T = 'JE \!’E'ﬁ

. R
X SIN— +CO0S—.—— = — +

: ——=0,7194.
4 4 180 2 2 180

3.3. Cong thitc tinh vi phan, biéu thiic vi phéin, tinh bAt bién ctia biéu
thite vi phan cap 1

Tro lai dinh nghia vi phan: Ham y = f(x) kha vi tai x thi vi phan cta f(x) tai
x la

df = f (x)Ax (2.2.1)

Xét ham déng nhat y = x, theo dinh nghia thi dx = (x)'Ax = 1.Ax = Ax, tic la vi
phan dx ctia bién doc lap x bing s8 gia Ax ctia né. Nhu vay (2.2.1) trd thanh

df = f (x)dx (2.2.2)

Céng thie (2.2.1) va (2.2.2) goi 1a cong thic tinh vi phéan, v& phai cta né la
biéu thiic vi phan ctia ham kha vi f(x).
Tt (2.2.2) ta cé:

fig) =2 2.2.3)
dx
Nghia la, dao ham ctia ham sé la thuong caa vi phan ham sé vdi vi phan déi
s6. Biéu thite f'(x) = g—f la cong thiuc tinh va cting 1a ky hiéu ctia dao ham.
X
Béy gio ta xét ham y = f(x), v6i x 12 bién phu thudec: x = x(t); x(t) 1a ham kha vi

déi véi bién déc lap t, tic 12 xétham hopyis fixIE
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Theo céng thiic (2.2.2) thi vi phan ctia ham f[x(t)] d6i véi t, tai t la:
dfx(t)] = If [x(t)]}",dt = f x'dt,
Vi x(t) 1a ham kha vi déi véi t nén x',dt = dx.
Do dé: dflx(t)] = f , dx.
Nhu vay, f 12 mét ham s6 phu thuéc vao bién x; cho du x 14 bién doc lap hay x
14 bién phu thude vao mot bién déc lap t nao dé (x 1a mot ham kha vi cua bién déc
lap t) thi luén cé: df = fl,idx. Tic 12 dang ctia biéu thic vi phan ham f khong déi. Dé
Ja tinh bat bién cia dang biéu thiic vi phén (cap 1).
Vidu 1: Cho y = sinx thi d(sinx) = cosxAx hay d(sinx) = cosxdx.
Néu y = sinu, u 1a ham kha vi cia mét bién déc lap khéc thi van co:
dy = cosudu.
Vi du 2: Cho f(x) = 3x” thi df(x) = f (x)dx = 9x?dx.
Néu xét ham f(x) = 3x° véi x = t* thi df[x(t)] = 18t°dt = 9x2dx = f (x)dx. Tic 1a
ta luén c6: df = f (x)dx.
Vi du 3: Cho ham s8 phu thudc tham s6'y = y(t), x = x(¢t). Tim y'(x).
Gidi: y phu thudc vio x, do tinh bit bién caa biéu thitc vi phAn nén cé:
dy = y'(x)dx = y'(x) = 3—1;
y = y(t) nén dy = y'(t)dt;
x = x(t) nén dx = x'(t)dt

_y'tdt _ y'(t)
x'(t)dt  x'(t)

=  y'(x)

s =Y vor Y1)
Vay: {x=x(t} = y(X)—xi(t)

Céng thic tinh vi phan cia mot s& ham sd cdp cd ban va mot sé cong thic
khac:
1) de=0,clahingsb
2y dx*=ax""ldx
3) da* = a*lnadx
4) de* = e*dx
THU VIEN
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5 dln|x|= Ldx
X

6) dsinx = cosxdx

)] dcosx = — sinxdx

8) Véi u = u(x), v = v(x) thi:
d(u+v) =du +dv

d(5)= vdu —udv
v 2

v
d(uv) = udv + vdu

df(u(x)) =f ' dx =f ,du

9) dtgx= dx = (1 + tg®x)dx
cos” x
10) dcotgx=- 3 dx
sin“ x
11) darcsinx = dx
T
12) darccosx=- dx
1- x2
13) darctgx = 5 dx
1+x
14) darccotgx = - dx
1+x

3.4. Vi phan cap cao

Cho f(x) kha vi tai moi x € (a, b). Vi phén df = f (x)dx 12 vi phan cAp 1 (goi tit
la vi phén) cuaa f(x) tai x, n6 14 mét ham cua x, trong d6 dx khéng déi.

Vi phén cia vi phén cdp 1 1a vi phén cdp 2 dude ky hiéu 1a d%f:

d* =d(@df = d(f (x)dx) = (x)dx.dx, ta viét 1a d%f = f (x)dx>

Tuong tu, vi phén cap 3 ky hiéu la d%f va d°f = d(d%); d°f = f¥(x)dx>.

Cit nhut thé, vi phan cap n ky hiéu 1a df va d"f = d(d"'f); d"f = £ (x)dx".

Céc vi phan cdp 2 tré di duge goi 1a vi phdn cép cao.

2 3 n
Suy ra: f"(x):d—g; f(3)(x)=d—-§;--.; £ ()= £
dx dx dx"
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Vi du: Xét f(x) = 3x>.
df = 9x%dx; d*f = 18xdx?; d*f = 18dx>; df = 0.

Luu y: Céc cdong thic vi phan cap cao d*f, d*f,... d"™f viét & trén chi ding cho
ham f(x) vdi x 14 bién doc lap.

Néu y = f(x); x = ¢(t), t 1a bién ddc lap thi dx khéng phai 1a hing s6, khi d6,
chang han:

4% = d(dy) = d(f (x)dx) = d(f (x))dx + f (x)d%x = £ (x)dx2 + f (x)d>x.
R6 rang khi x 14 bién déc lap thi d% = 0, khi d6 d* méi bing f (x)dx%
Vidu: Xét f(x) = 3x”; x = t%

N&u cho 1a dang ctia biéu thite vi phan c&p 2 ¢6 tinh bit bién (nhu & dang biéu
thic vi phan cip 1) thi ta cé:

A% f[x(t)] = £ (x)dx® = 18xdx? (= 18t%(2tdt)? = 72tdt?).
Nhung thue ra thi: d*f[x(t)] = (3t%)"dt? = 90t*dt® » 72t"dt®.
(Th&y ngay 90t*dt? - 72t'dt? = 18t*dt? = f (x)d%x)
Vay, khi tim vi phén c4p cao ta chi ¥ vi phén ¢4p cao tinh theo bién nao.

BAI TAP LUONG GIA
Hay chon két qua diing:
: § s l .
1. Chohamsd f(x)= B ey med
0 néu x=0

Xét tinh kha vi cua f(x) tai x = 0.
Két qua:
A, £(0")=0;£(0)=0. Taix=0ham s5 da cho kha viva f (0)=0
B. £(0Y)=1f(0)=1 Vaytdn taif (0)vaf (0)=1
C. Khéng ton tai f (0)
D. Két qua khac.
2. - Cho f(x)=x*"* tim f (x).

Két qua:
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C.

Inx

1 :
+—arcsin x
x.:'l—:':2 X

arcsin x ( arcsin x + In X
- \)!1 o

B' xarcsmxlnx

D. Két qua khac.

Tinh A, =1+ 2x + 3x> ... + nx"™",

Két qua:
A. Néux=1: An:l-}‘2+...+n=n(n‘?-{-lJI
n+l n
Néu x # 1: An:nx +(n+é}x —1
(x-1)
B. Néux=1: A,,=1+2+...+n=“(“2+1)
Néux#l  Ap=—— 1=+ 1x" ~(n+2)x"! ]
' (1-x)
C. Néux=1: Anf-1+2+...+n=H(L;}2
_ n n+1l
Néu x # 1: Anzl ) ;nx
-4
D. Két qua khac.
Cho y = x*sinx, tim y""°”.
Két qua:
A, y199 = x%5inx — 200xcosx — 9900sinx
B. y1% =x%sinx — 200xcosx
C. y""" = 100x%sinx — 9900sinx + 323400sinx
D. Két qua khac.

Cho y = sin2x, tinh dy.

Két qua:

P

S aw

dy = 2cos2xd(2x)
dy = cos2xd(2x)
dy = cos2xdx

Két qua khac.
THU VIEN
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6. Chohamsdy =sin2x, x =t". Tim d% theo t.
Két qua:
A. d’y =-36t"sin2t"dt

o aw

& TOANCAQCAP

d’y = (36t%sin2t” + 12tcos2t™)dt?
d%y = —36t* sin2t?dt* + 12tcos2t’dt?
Két qua khac.

THU VIEN
2 HUBT
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Bai3
MOT SO TINH CHAT CUA HAM KHA VI

MUC TIEU ) ;
Hoc xong bai nay sinh vién c6 kha néng' . o0 x
1) Trinh bay duge cde d‘mh 1y, cﬁng thtrc Fermcc, Rolle, Lagrange Cauchy, e

Taylor, LHospital.- .. =" i * ; .; e ot
2) Tim duge gidi hcm hdm sé" bang cach dung d:nh Iy LHosp;tal
3) Khai trién Taylor, Maclaurm duoe mat 56 hdm s6's0 cap

Nhéc lai khai niém cue tri ctia ham sé:

Cho f(x) xac dinh trong khoang (a, b) va ¢ € (a, b).

- Ham f(x) dat cuc dai tai ¢ néu f(c) 2 f(c + Ax) véi VAx c6 |Ax| du bé.
— Ham f(x) dat cyc tiéu tai ¢ néu f(c) < f(c + Ax) véi YAx c6 |ﬂx‘ du bé.

Cac gia tri cuc dai, cuc tiéu ctia ham sd c6 dude trong mot khoang dude goi
chung 1a cuc tri cia ham trong khoang d6.

1. DINH LY FERMA

Cho ham flx) xdc dinh trong (a, b), flx) dat cuc tri tai ¢ € (a, b). Néu ton tai
£ (c) thif () =0.
Chizng minh:
Gia st f(x) dat cyc dai tai ¢ € (a, b) thi véi VAx ¢6 |Ax| du bé ta co:
f(c + Ax) - f(c) < 0.

_ N&u Ax > 0 thi €+ ﬂ;‘i"ﬂc) <

Vi 3f (c) nén 3f (c + 0)=—im f(c + Ax) — f(c) <0
Ax—0" X
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-~ Néu Ax < 0 thi

f(c+ Ax) - f(c) 50
. 20.

Vi Hf‘(c) ﬂén Elf'(c _ 0) - l1m f(c + I&X)""f(C} > 0.
Ax—0" Ax

Vay: f(©)=f(c+0)=f(c-0)=0.
Trudng hop f(x) dat cuc tiéu tai ¢ e(a, b) dude chitng minh tuong tu.

Minh hoa hinh hoc: Tai diém M(c, f(c)) ham f(x) dat cuc dai (hay cuc tiéu), cé
tiép tuyén duy nhit véi dudng cong thi tiép tuyén song song véi truc Ox.

y 4
M
y = f(x)
0 a c b ;:
Hinh 2.12

Suy ra, dé tim nhing diém cuc tri cla f(x) trén (a, b) ta chi cAn huéng vé
nhitng diém thudc (a, b) ma tai d6 f(x) khéng tén tai dao ham hodc c¢6 dao ham
bang 0.

2. PINH LY ROLLE

Cho ham f(x) xdc dinh, lién tuc trén [a, b]; c6 dao ham trén (a, b) va co
fla) = f(b). Khi d6 tén tai it nhét mét diém c e(a, b) sao cho f (c) = 0.

Chitng minh:

Vi f(x) lién tuc trén [a, b] nén it nhit mot 1an né dat gia tri 16n nhét, it nhat
mét 14n né dat gia tri nhé nhat trén [a, b).

Gol x,, Xy € [a, b] theo thit tu la diém ma tai d6 ham f(x) dat gia tri 16n nhAt,
nho nhat.

- Néu x,, x, déu trung véi hai ddu mit a va b thi f(x;) = f(xy) = f(a) = f(b), suy
ra f(x) 12 hing s6 trén [a, b], titc la c6 v6 s6 diém c can tim.

- Né&u c6 it nhat mét diém trong s& hai diém x,, x, thude vao (a, b), chdng han
x, € (a, b), f(x) dat cyc dai tai x,. Theo dinh Iy Ferma f (x;) = 0. Diém c cén tim
chinh la x,.
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3. DINH LY LAGRANGE
Cho f(x) xdc dinh va lién tuc trén [a, b], khd vi trén (a, b). Khi dé ton tai it nhét
mgt diém c e(a, b) sao cho

fib) —fla) = f ()b —a) (2.3.1)
f(b)-f(a)

Chitng minh: Xét ham F(x) = f(x) - f(a) — (x — a). F(x) thoa man cac
gia thiét ciia dinh 1y Rolle, nén 3c € (a, b) dé F'(c) = 0, tie 1a 3¢ € (a, b) dé

_f)-f@)_,

f(c) —
= fI(C) e f(b)_f(a)
b-a

& f(b) - fla) = ()b - a).
Nhén xét: Dinh ly Rolle 1a truong hdp riéng ctia dinh 1y Lagrange.
Minh hoa hinh hoc:

v

ffa) -t

a) b)
Hinh 2.13
Theo Lagrange, trén cung AB (dudng cong f(x) trén [a, b]) cé it nhat mét diém
ma tai dé tiép tuyén vdi cung AB song song véi day AB (hinh 2.13a).

Néu f(b) = f(a) thi ti€p tuyén d6 song song ca véi Ox (hinh 2.13b). Hinh 2.13b
minh hoa cho dinh ly Rolle.

4. PINH LY CAUCHY

Cho hai ham s6 flx) va g(x) cung xdc dinh, lién tuc trén [a, b), kha vi trén
(a, b); g'(x)=0vdi Vx € (a, b). Khidé ton taic € (a, b) sao cho:

f)-fla) _f'(e) (2.3.2)
g(b)-gla)  g'(c) '
THU VIEN

HUBT
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Chung minh:

Xét ham: H(x).= [f(b) - f(a)]g(x) - [(b) - g(a)]f(x).

Ta cé: H(b) = H(a), H(x) lién tuc trén [a, b] va kha vi trén (a, b).
Theo dinh 1y Rolle 3c € (a, b) dé H'(c) = 0, hay 3c € (a, b) dé:

[f(b) - f(a)]g'(©) - [g(b) - g@)]f (©) = 0 (2.3.3)
Do g'(x) # 0 vdi Vx € (a, b) nén g'(c) » 0 va ¢6 g(b) - g(a) # 0. Vi néu g(a) = g(b)
thi theo dinh ly Rolle, ton tai it nhat mot gia tri d € (a, b) dé g'(d) = 0, diéu nay
trai vdi gia thiét g'(x) # 0 véi Vx e (a, b).
Vay tit (2.3.3) ta cé:
fB)-fla) _f'c)
gb)-gla) g'(e)

Ta thay dinh ly Rolle 1a mét trudng hgp riéng cta dinh ly Lagrange, dinh 1§
Lagrange lai la trudng hgp riéng cua dinh 1y Cauchy.

Theo (2.3.1) ta c6 cong thuc:

f(b) - f(a) = (A)(b - a).

Diat a=xp, b=xy+Ax, b-a =A4x. Vic € (a, b) hay ¢ € (x, Xg + Ax) nén cé thé
viét: ¢ = x, + 0Ax, trong d6 0 la s6, 0 < 0 < 1. Suy ra céng thiic (2.3.1) dude viét
thanh: f(x + Ax) ~ f(xg) =  (x, + OAX)AX *)

Céng thuc Lagrange ¢ dang (*) dude goi la cong thic s6 gia hitu han va cé
nhiéu ing dung. O eong thic (*) v& trii c6 dang tong, v& phai c6 dang tich, né thuan
lgi cho viée giai bai toan xét ddu biéu thite f(b) - f(a) hay uée lugng [f(b)-f(a)|,....
Ban than (*) 1a céng thitc tinh ding véi moi Ax > 0 (di nhién f(x) lién tuc trén doan
[x4, xo + Ax] va kha vi trén khoang (x,, x, + Ax)). Piéu nay khac véi céng thite tinh

gin ding bang vi phéan & Bai 2: f(x, + Ax) — f(x,) ~ f (x,)Ax véi |Ax| du bé.

Tuy (*) la cong thiic tinh ding, nhung khéng diung né dé tinh dung f(x, + Ax)
duge vi khong biét cu thé 8.

Né&u cho © mét gia tri nao d6 nim gidta 0 va 1, chdng han 0 = %, %, I%’ thi
(*) trd thanh céng thiic gan ding duge ap dung véi Ax di bé.
Mot dang khéc cua (*) la:
' _ f(xu TR ‘Fffx'.:.} . - * &
f'(xg +0Ax) = = Tl—[f}g Ev] g N (**)

HUBT
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Céng thiic s6 gia hitu han Lagrange (*) hay (**) cho biét: Néu f(x) lién tuc trén
doan [xq, Xy + Ax] va kha vi trén (xy, X, + Ax) thi tén tai it nhdt mét diém trong
khoang (xo, X + AX) dé dao ham cua f(x) tai dé bing téc dé bién thién trung binh
clia f(‘x) trong quang bién ddi ctia d6i s tit x, dén x, + Ax. Nguoi ta goi nhém cac
dinh ly Lagrange, Cauchy, Rolle 1a cac dinh 1y vé gia tri trung binh. N6i dung cum
tit "gia tri trung binh" & day la gia tri trung binh ctia dao ham cta ham f(x). Trong
chuong 3 chiing ta c6 khai niém gia tri trung binh cua ham f(x) trén doan [a, b] 1a

1 b
f§) = +— [fx)dx .

5. DINH LY TAYLOR (céng thitec Taylor)

5.1. Dinh 1y

Néu ham fix) xdc dinh, lién tuc trén [a, b], c6 dao ham tdi cdp (n + 1) trén
(a, b) thi fix) viét duoc dudi dang:

[l T (n)
f(x) =f(xg) + f gfo)(x—xO)JrL—é%—g-)-(x—xo)z ek T ! n(lxo)(x—xﬂ)" +
(n+1)

trong dé: x, € (a, b); x € [a, b]; ¢ la mét diém nam giita x, va x.
Céng thuc (2.3.4) dudc goi 1a khai trién Taylor bac n ctia ham f(x) tai x,.
Chitng minh:
St dung gia thiét vé f(x) va 14y x, bat ky thudc (a, b) ta tim dudc da thic P (x)
¢6 bac khong 16n hon n thoa man:
P, (x) = fx0); P'a(%0) = £ (x0i; P (%) = {(xo).
That vay, dit da thic cAn tim P, (x) c¢6 dang:
P (%) = Ag + Ay(x — Xq) + Ag(x - X+ + Ay(x - )"
véi Ag, A;,..., A, 1a cac hé s6 cAn tim.
Pao ham cac cap (tit cAp 1 dén cdp n) ta dude:
P'(x) = A, + 285(x - Xg) + ... + DAL - xp)" !
P' (x) =24, + 3.2.A3(x — xp) + ... +n(n - DA, (x - xg)" 2

P, ™ (x) = n(n|— A% =iy, =T}
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Thay x = xﬁ vao cac ding thic trén ta c6:
P.(xg) = Ag
P' (%) = 1'A,
P" (xp) = 2!Ag

P.™ (x =nlA,,

R& rang da thiic can tim P, (x) 1a da thic c6 dang nhu da néu vdéi:

£'(xq) f"(xq) £ (x4)
Da thiic P, (x) cAn tim la:
f'(xq) £"(xq) 2 £f")(x5)
P, (x) = f(xq) + 110 (x-Xg) + 210 (x=%g)* + ... +To—(x—x0)“

Pat R, (x) = f(x) — P,(x), ta sé tim dugc dang ctua R,(x).

Vi R, (x) = f(x) - P,(x) nén cé:

R, (xg) =0, R',(x0) =0, R",(x0) = 0, ..., R.™(xp) = 0.

Pat G(x) = (x -xo)" "', ta cé:

G(xy) =0, G'(xg) = 0, G"(xp) =0, ..., G¥(xg) = 0.

Véi x bat ky thuéc [a, b] va véi x, € (a, b) ta thdy ham R, (x) va G(x) thoa méan
cac gia thiét cua dinh ly Cauchy trén [x,, x] hay [x, xg]. Cu thé la chiing ciing lién
tuc trén [x,, x] hay [x, xo} va cing kha vi trén (x,, x) hay (x, Xq).

G'(t) # 0 véi Vt e (x,, X) hay (x, Xo). Nhu vay, theo dinh ly Cauchy 3&, € (%, x)
hay (x, xp) dé:

Ry (0~ Ry (%) _ Ry &) Ry _RyuE)
Gx)-Gl(xg) G'E)  Gx G'E)

Ham R',(x), G'(x) ciing thod man gia thiét cta dinh ly Cauchy trén [x,, ;] hay
[, Xg. Suy ra 3, ndm giita x, va &, dé:

Ry (€D -R'n(xo) _R" () | R'w(&) R (E9)
G'E)-G'(xg) G"(E&)  G'E) G"Gg)
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Dén lan thit (n + 1), ap dung dinh ly Cauchy, suy ra 3¢ nam giita x, va &, dé:

RLI'I)({;“) ~ Rn(nf].](c)
G(n)(én} Gfﬂ+l}(c}

Nhu vay, 3¢ € (x, x) hay ¢ € (x, x) dé:

R, () BN )
G(x) G“HU(C}

R, ") i) n+l
Rn(X)w—WGU{)—m(X—X ) )

trong d6 ¢ 1a mot sé nao dé nam gilta x, va x.
Cuéi cung: f(x) = P,(x) + R,(x), tuc la:
f' (XO:I

10 = f0xg) + 0 (x — ) + 0 x - xp )2 # .
f‘“’(xo) D it
+ = (x - xp) +{n+1)f (x—xq)

trong d6: x € [a, b]; X, € (a, b); ¢ 1a diém nim giita x, va x.

A ) n+l,
R, (x) = ——2(x-%)"""; R, (x) 14 vd cling bé bac cao han (x - x,)" khi x — X,

(n+1)!
R, (x) dudc goi la phan du bic n cua f(x).
C6 thé viét:

(n)
ml(x xo)" + Ry(x).

HGy=HEg) ’( gyt 0)(x %o)? +

Dinh 1y duge chiing minh.
Luu y va nhan xét:
- Ap dung céng thiic khai trién Taylor bac n cua f(x) tai x, = 0 ta dude:

" (n) (n+1}
O 10 2, 190 o £ an
1! 2! n! (n+1)!

f(x) =f£(0)+

trong d6 c 1a s6 nam giita 0 va x.

Hay:
'(U) £"(0) ™) o £0x) qa
f(x)=f(0)+ +?x + ... + - X+ r—ry X ;0<B8<1(2.8.5)
THUY VIEN
|“|U5“
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£+ D (0x) e
(n+1)!

cung bé cap cao hon x", tuc la: R, (x) = O(x").

Gor R, (x) = = 1 ph:m du bae n cua f(x), khi x — 0 thi R, (x) la vo

Khai trién nay dudc goi la khai trién Maclaurin bac n cua f(x).

- Pinh ly Taylor la su md réng cta dinh ly Lagrange. Véi n = 0 thi khai trién
Taylor chinh la céng thic sé gia hitu han:

f(x) — f(x) = £e)(x — X,), ¢ la diém trong cta (xg, x).

— Né&u dat x = x, + Ax; x; € (a, b); |Ax| di nho dé (x, + Ax) € [a. b] thi khai trién
Taylor bac n cua f(x) tai x; c6 dang:
£(xg) , f! (xo) B o (x0)

1!

n!

f(xg + Ax) =f(xq) +

(Ax)® + (Ax)" +

f(‘”” +0AX
+ (Xg )(;_'\.x)“”; o e g B
(n+1)!
T diy ta c6 thé tinh gAn ding gia tri cha f tai lan cén ¢la x, khi biét cac dao
ham téi cap n cua f tai x, nhu sau:

Lxg) ,, , £ 0) “’(xg)
1!

f(XD + ﬂx) = f(}{g) + (& ) (Ax)n

Khi dé sai s6 mic phai la:

(n+1)}
Ry | = [T ¥t 0A%) pppnet) oL |n+ (x4 0x)
(n+1)! (n+1)!
1 n+l
< Ax M
(n+1)![ | bkl

trong dé: f‘“*”(x)| <M,.,, Vx € (a, b).

Ciing c6 thé ndi, tir khai trién Taylor bac n cua f(x) tai x, ta cé thé xap xi ham
f(x) bai da thie P, (x) nhu sau:

f f" f(i‘l]
10 = Fx) + 2 (x - xg) + o (x-xg)? + .. + (o) (- xp .
Khi nay sai s6 mic phai la:
f(n+1}(c) n+l n+l
= —_ ! < s
R (n+1)! (x = %) {n+1}T| %o| " Mn1,

6 day M, , , 1a so6 duong sao ghie tf“”“(xﬁﬁw;,\ﬂg’wv’x ¢ (a, b).
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Cac xdp xi trén cang chinh x4c néu x kha gin x, va n (cap kha vi cia f(x))
cang l6n.

5.2. Mot s6 vi du vé khai trién Taylor

Vi du 1: Khai trién ham f(x) = ¥x theo (x — 1) dén s6 hang bac 5, tim phan
du R;.

Giai:
1
f(x) = x3 = fQ) =1
2
] =z 1
f'(x)==x 3 f'1) =—
(x) 3 X - 1) 5
1 2 -2 2
f"(x)z*gxgx 8 = £"(1) -~
8
f(s)(x)=-1-x2 x-s—x 3 il f(33(1)=-12
3 3 8 _ 27
- 11
f(4](x) _lxgx_s_xg X 3 = f(4)(1) = ._.8_0
3 3 81
1 2 5 8 11 = 880
Py Sw Py “wosw 8 % ffs)(l) =—
3 3 3 3 3 243
17
f(s)(x) 880x14 3
36
Vay
1 2 3 4 880
fx)=1+=(x-1)-——(x-1)? B - ———x-1‘~"+R
T 27 31( LT 4*( Sl L
(6)
va Ry = -f-hhg-f;—} (x-—l}e =- 71229322! £ 3 (x - 1)'3 x € R,Endm gitta 1 va x.
Vi du 2: Khai trién Maclaurin ham f(x) = (1 + x)™, m nguyén duong.
Giai:

Dé dang thay réing f(x) xac dinh va lién tuc véi moi x, kha vi moi c&p.
£(0) = 1; £ (0) = m; £ (0) = m(m — 1); ...
fO0)=mm-1)..(m-k+1), viik<m
f™(0) = m!

Rl =10,
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Vay, v61 moi x thi:

- _ _ 1
(1+x)m=1+mx+m—(2—1—)x2+ . m(m-1)..(m-k+1) xk+...+—r13ixm+Rm(x)
2! k! m!
Rn(x) ______f{m’f”(ex) x™+1 =
n(X) = =

(m +1)!
Hay véi moi x, ta cé:

|

m
+xP =02 2%+CL x+C% 2% 4t Chald o 0T ¥ O nt
k=0

(tring véi khai trién nhi thic Newton)

Suy ra:
© ~k
1-x)" E Chi (rl)kxk v4il moi X.

Vi du 3: Khai trién Maclaurin ham f(x) = e*.
Giai:

Ham e* thoa man diéu kién dinh ly Taylor trén moi doan [a, b]; (e*)™ o= 1

X=
v0i moi n.

Vay, v6i moi x thi:

2 3 n Bx
I TS .. ST R LI N P |
21 3! n! (n+1)!
n
hay Z +R (x); R, (x) = x"* 0<6<1

z ( +1)!

Ap dung tim gia tri cuae:

ez1+1+i+i+ +—1-=52,71827
2! 3! 8!

0
Sai s6 méc phai [Rg| = [— < g—' = 0,000008267.

Vi du 4: Khai trién Maclaurin ham f(x) = sinx.
Giai:
f(x) = sinx xac dinh, lién tuc trén R, c6 dao ham moi cip, suy ra c6 khai trién

Taylor clia sinx tai moi x~Néi-riéng-lakhai-trién-Maclaurin:
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f(x) =sinx ={(0)=0

f'(x) =sin(x+g] =f'(0)=1
£(x) =sin[x+2 g] =£"(0)=0
f[aj(x}:sin[x+ﬂg] :>f(3)(0}z—1
f““(x):sin[x+4 -;5] = f40) =0
3 5 7 2n-1 _qan
Vay: sinx=x-— 4+ > _ ¥ o P ( 1)_ EIn(0k) x2n
; 3! 5! 7! (2n-1)! (2n)!
O(x*")
viiVxe R;0<0<1.
Ap dung tinh gan diing sing:
3
)
E.lnaE = E——g—— = (0,343
9 9 3!
Sai s méc phai trong tinh gin diing néi trén la:
in(0x + 2m) 1 (n)*
Ry = [PMOKHRD) g —_[—] ~ 0,0006,
[Ra ) 41 * 24 | 9
Vi du 5: Khai trién Maclaurin ham f(x) = cosx.
Gidi: Tuong tu nhu vi du 4 ta cé:
T
0 2n+1) -
o2 . «6 ) 420 cos( X +(2n +1) ) -
cosx =1 - + - + ... +(=1) +
2t 41 " Tl @n)! "~ @n+1)!
0{')(2"“}

vii:xe R;0<0<1.
Vidu 6: Khai trién Maclaurin ham f(x) = In(1 + x).

Gidi: D= {x : x > -1}

C6 £ = D" 0D
1+x)"
£(0)=0; £'(0)=1; £"(0) = -1; £ () = 21. ...
200 = ({2280 THY VIEN
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Vay:

a1 -1 9 2! 4 L o
In(1l+x) = O+—1-—Ix+? +§x + o+ o x' + R,(x),
2 3 4 n-1_n
X X X (-1)"'x
hay: In(l+x)=x - + - + .+ —————3 R (x),
- - 2 B 4 n n(¥)
n, n+l
trong d6: R,(x)= ol : vl x >-1,0< 0 < 1.
(n+1)(1+0x)""
O(Xh)
. o e s x 4. vy .oy In(1+x)
Nhd khai trién nay, dé dang thay lai lim =1
x—=0 X
PHEE S i SRt g XD
X x—0 X

x—0
Ap dung tinh gan diing:

ln(1,5}:1n{1+1) Ligt 2

———+—--—=0,40104.
2) 2 8 24 64

Sai s§ cua phép tinh la:

o = —1-><—1—>< : |< - = (0,0063.
5 32 (1+6x0,5)° 160
Suy ra
2 3 4 n n+l
ln(l—x)=—x—-—x-——--—x—-—~x——.._~ s s o
g 3 4 n (n+1)(1-08x)"

viix < 1; 0 <0 < 1.

6. DINH LY L'HOSPITAL

Cac dinh ly L'Hospital (con goi la quy tac L'Hospital ) sau day rit thuan loi
cho viéc khit dang vé dinh trong viéc xét giéi han ctia ham s6.

6.1. Dinh 1y L'Hospital 1

Néu trong lan edn cta diém x, hai ham flx), g(x) khd vi va g'(x) #0; khi x — xg

thi fix) > 0va g(x) - 0; lim 1) =a (a hitu han) thi

X—=Xp g‘(x}
lim, L% =.lim L) ) = Q.
X x Sled n—sr

> G ViEN

HUBT
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Chitng minh:
Vi f(x), g(x) kha vi trong lan can cua x, nén ching ciing lién tuc trong lan can

.
cua X,.

Vi lim f(x)= lim g(x)=0 nén x, ho#c la diém lién tuc cua f(x) va g(x); hoic
X—Xg X—Xg

Xp néu 1a diém gian doan cta f(x), g(x) thi ciing 12 di€ém gian doan bd duge, nghia 1a
tinh lién tuc dude khic phuc & x,,.

Véi x thude 14n cén cua x; thi f(x), g(x) thoa man dinh 1y Cauchy trén [x, x;)
hay trén [x,, x], tic 12 tén tai ¢ ndm giita x, va x dé:

f(x) - f(xq) _ f'(c) - fx) _ ﬂﬁl
g(x)-g(xg) g'(e) gx) g'(c)

Khi x — x; thi cling ¢6 ¢ - x,. Vay:
fim £ _ gy £ _ g T
X—Xg g(x) c—xy B (C) X=x%g 8 (x)
Nhan xét:

- Truong hgp lim iix)

= oo dinh 1y L'Hospital 1 vdn duing.
X—*Xq g'(x

That vay, khi d6 c6 lim £ ) = 0 va trong 14n cAn ciia x, thi £ (x) = 0.

x—x, f'(x

Ap dung dinh 1§ vita ching minh cé:

tim B - pm E® g o £ £
x—xg f(X)  x-xy £'(x) x-xo 8(X) x-xo 8'(X)

— Trudng hgp x — «© van ap dung dude dinh 1y L'Hospital 1.

That vay, ddi bién x=% hay t = =,ta dude:
X

£(x) = f[%] el ¢ e g[ﬂ i)

b 258 iy B

va cb: — =
x—wo g(x) t—0 q(t)

Ta thdy p(t) va q(t) thoa méan dinh ly L'Hospital trong lan can caa diém t = 0.
Do dé:
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fig P g PCED
t—0 a(t) t—=0 q'(t)

Vay: Iim @ = lim w = lim p'(t)* tlx = km fl(x)_
X—m g(}() t—0 q'(t) t—0 q'(t)*t'x X—¥00 g'(x)

6.2. Pinh ly L'Hospital 2
Néu trong lan cén cia diém x, cdc ham f(x), g(x) kha vi va g'(x) #0; khi x = x,

thi flx) = wova g(x) — o« lim r a (hitu han) thi
x—xy & (x)

m FO oy )
x—-)xﬂ g(x) X1y g'(:c)

Nhén xét: Dinh 1y nay ciing ap dung duge cho truong hdp lim fx) =00 v ca

x—xg g'(%)
truong hgp x — .
Nhu vay, dinh ly L'Hospital 1 va 2 cho phép ta thay viéc tim giéi han cua
thuong ((—)) c¢6 dang vé dinh % hay = bdng viéc tim giéi han caa thudng céac
g(x ®©
f'(x)
g'(x)

dao ham (néu cac didu kién cha dinh 1y duge thoa man).

6.3. Mot s6 vi du ap dung quy tic L'Hospital

Vidu 1: Tim lim x®Inx, a >0 (dang 0.c0)

x—0"
Giai.: i
1
lim x*Inx= lim LS = lim —*— ={—~1-] lim x“ =[—1J.0 =0
x—0" x-=0" x™%  x-0* ~ox %1 o) x—0 a
Vay: lim x*lnx=0;a>0.
x—0"
Vidu 2: Tim lim x* (dang0°).
x—0"
Gidi: Goi A = lim x*=InA=In lim x*= lim (Inx")= lim xInx=0
x—0" x—=0" x—0" x—0"
= B = 1
Vay, lim x* =1.
x—0"
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1y
Vidu 3: Tim lim (—J (dang «Y).

x—0" \ X
Giai:
tgx
A= Ilim [l)
x—0" \ X
1)® 1
InA= In lim [—] = lim (tgx lnuw]
x—=0" \ X x—07 X
. ; 1
= lim (-tgxlnx) = - lim i
x—0* x—0" cotgx
1
sin® x
=—lim —% — - lim = 0x1=0
x—07 - 1 x—0" X
sin? x
1)
x—0" \ X
tgﬂx
Vidu 4: Tim lim (2-x) 2 (dang 1%)
x—1
Giai:
X 1 X
. tg . (1-x) tg " -
lim (2-x) 2 = lim[1+(1-x)]!-x 2
x—1 x—1
. 1-x
. nx i'_rﬂ omx
= ell_rﬂ(l—x)tg 5 — & cotg %
3 -1
S
2 sing(il-x] 2 lim siuQ[E‘] 2
2 = g Txol 2 = @

Vi dii 5 Tkt T 208 %,_ raanas Dy
x—0 X (1-cosx) 0

Gidi: Ap dung khai trién Maclaurin, ta cé:

sinx—x=—1x3+ O(xh), x(l—cosx}=%x3+ o(x*)

sinx — X -5 X+ 0 1
nén lim ———>_ = lim —8 =——.
x>0 x (1-cosx) x-0 1 .3 Otxty; 3
\ THE? VIEN
HUBT
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Mbt cach giai khac (dung quy tac L'Hospital):

: —2sin? ¥
: sinx —Xx . cosx -1 ;
lim ————— = lim - = Lhm
x=0 X (1—-cosx) x—0 l+xsinx-cosx x—0 251n2§+xsinx
; -1 -1 1
=lim——— = = —-=
x—0 X X 3
cos 2 —
1+% —- ;2{ 1+ lim —2
sin - i
2
Chu y:
Dinh ly L'Hospital 1 va L'Hospital 2 chi la diéu kién dit ma khong phai la diéu
kién can dé tén tai lim —f-(—ﬂ tiic la:
g(x)
Néu ton tai lim f'(x) thi tén tai lim —= f_ = lim fr(x) Nhung khong ton tai
g'(x) g(x) g'(x)
lim f'(x) thi chua két luan gi vé lim f(—x)-
g'(x) g(x)
Ching han, tim lim i
X—r 2x
o s @ G, . i . l+cosx " . .
Néu ap dung dinh ly L'Hospital ta tim lim ————, giéi han nay khong ton
X—ra 4

tai. Tuy vay, khong thé cho la gidi han dang tim khéng ton tai. Xét giéi han nay
bang cach khac:

. X+sInx 1 . sinx 1 1
im ——— = —+ lim = —+0 = =,
X—m 2x 2 x-ow 2}{ 2 2

C6 thé ap dung lién tiép quy tic L'Hospital, chdng han:

lim siital, im 3™ -3 = lim—-—-983x = e
x—=0 gin?5x «0 10sinbxcosbx  4_,0 50cos10x 50

BAI TAP LUONG GIA

Hay chon két qua diing:

1.

Cho 0 < b < a, so sanh cac gia tri: In—, a—b’a;b.
a

o

Két qua:

o7

7- TOANCAOCAP
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a-b a a-b

8-b a_b<in B. <ln—<

a
a b b a
-b

a a-b a
—< <
a b

Khai trién Maclaurin dén bac 3 hAim s a*; a> 0, a # 1.

6. i D. Két qua khac

Két qua:
G 3 6x)? (Ina)? x4
A. a":1+xlna+f—(lna)2+£—(lna)3+(a+ 2] \laa) ;0<8<L;xeR
2! 3! 4!
2 3
B. ax:1+1nax+1na >c2+1n'5l x3+R3(x)
1 2! 3!
oxIna

trong dé: Ra(x) = x4; vi0<B<1l;xe R

o In®a 3 In®a x%a®™ In*a
+X +
6 24

C. a*=1l+xlna+x

0<8<1;xe R

D. Két qua khac.

Cho ham sé f(x) = x* — 2x? + 3x + 5. Béng khai trién Taylor, hay tim két luan
dung.

K€t qua:

A fx)=x-1)*+10x-1)*+5x-1)+7

B. fx)=(x-2"-8x-2%+7(x-2)+11

C. f®x)=x+1)°-b6x+1)+10x+1)-1

D. Két qua khac.

Tim lim T 220CH8X.

X—m =

ex -1

Két qua:
A e B. _2

3 3
C. 0 D. Két qua khac.

x%sin -

Tim lim ——X

x—0 sinx
Két qua:
A1 B. 0
g -1 Ny \Két)qua khac.



Bai 4

HAM HAI BIEN

PHUONG PHAP BiNH PHUONG BE NHAT

‘MyC TIEU |

* Hoc xong béh nay sinh vién c6é kha ning:

1. Trinh bay dugc khdi niém ham hai bién, dao ham riéng, tim duwge cuc tri

cua hdm hai bién.

2 Trmh bciy dw;rc dinh ngh:a, cong thu'c y nghfa ctia hé s6 tuong quan.
g5 Tim duge ham thite nghiém y = ax + b, y = ax® + bx +c.

1. HAM HAI BIEN

1.1. Mot s6 khai niém, dinh nghia

Khéng gian R = {tap cac sd thuc x}.

Khong gian R?2 = {(x, y) : x, y € R}. R? 1a
tap hop cac ciip s6 thuc cé thi ty. Néu xem méi
phin ti cia R? 1a toa d6 cha mét diém M(x, y)
thi R? 13 tap cac diém trong mat phing da dude
&n dinh mot hé toa d6 vudng goc Oxy.

Mot cach tudng tu:

={x,y,2):x,5,z¢€ R}

R™={(x;, Xg,.... Xp) : X; € R, 1= I,#n}.

Lan can & cha My(xy, yo) 12 tap hgp tdt ca
cac diém M(x, y) trong R? sao cho 0 < M;M < &
(hinh 2.14).

Hinh 2.14
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Cho Gc R?% G # @, mét quy tic f cho tuong Ing méi phan ti (x, y) € G véi
mét s6 thue z € R 1a mdt ham hai bién véi tap xac dinh G.

Ky higu: (x, y) € G, (x,y) — z={(x, y) hay z={(x, y); D;=G.

(x, y) 1a bién déc lap, z 1a bién phu thuéc.

Tap F={z:z=1f(x, y), (x, y) € G} 1a tap gia tri cia ham.

Khi gidi thiéu ham z = f(x, y), néu chi c6 biéu thitc gidi tich ma khong néi gi
hon thi ta hiéu (x, y) 1a bién déc lap va tap xac dinh ctia ham s& 12 nhiing diém (x,
y) sao cho f(x, y) cé nghia.

Vidu: Ham z = x* + y% x 2 0, y > 0 ¢6 tap x4c dinh 12 géc phan tu thit nhat ké
ca bo trong mat phang Oxy (hinh 2.15).

Yy 4 LY

Hinh 2.15 Hinh 2.16
Ham z = x® + y* 12 ham c¢6 tap xac dinh 1a ca mat phang Oxy.
Ham z=\1-x?-y® ¢6 D, la hinh tron tdm O(0, 0), ban kinh 1 trong mit
phing Oxy (hinh 2.16).
Trong R db thi clia ham z = f(x, y),

D; =G la tap cac diém 71
P(x, y, z=f(x, y)) véi (x, y) € G. -
Nhin chung d6 thi ham hai bién z = f(x, y)
la mit cong trong khong gian R °, )
[§) v

Ham z = x* + y* ¢6 d6 thi 1a mat parabol
tron xoay (hinh 2.17). Hinh 2.17
Tudng tu, ta ¢6 dinh nghia ham n bién:
ChoGc R", G# &, mdt quy tac f cho tuong {ing mdi phén ti (x,, Xy, ..., X,) € G
véi mét s6 thuc z € R 14 mot.ham.n bién.vditap.xac.dinh G. Ky hidu:
z ¥ fEmEE) xI N U, YN

HUBT
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Trong R? caip (x, y) la toa d6 cia diém M(x, y) nén ham z = f(x, y) dude goi la
ham diém z = f(M). Ham u = f(x, y, z) 1a ham diém u = f(M); M € D;c R3,...

Tuong tu nhu ham mét bién y = f(x), ham hai bién z = f(x, y) ciing ¢6 khai niém
vé gidi han, lién tuc, dao ham, vi phan, tich phén, cuc tri... O day ta chi trinh bay
sd luge vé dao ham va cuc tri.

1.2. Pao ham riéng ctia ham hai bién
1.2.1. Dinh nghia

Cho ham z = f(x, y) xac dinh tai My(x,, yo) va lan can ctia My(x,, yo). C6 dinh
y =¥, ta dude ham z = f(x, y,) 1a ham mét bién (bién x).

Néu ham nay c¢6 dao ham theo x tai x, thi ta néi dao ham &y 1a dao ham riéng
cua z theo x tai (x,, y,) va ky hiéu la:

: : oz of P -
z'v(X0,¥0) = f'x(xq,¥9) = —(x0,¥0) = —(Xp,¥p) = mét s8 hitu han.
X ox

Suy ra, néu z = f(x, y) c6 dao ham riéng theo x tai moi diém (x, y) € G thi
z'y(x, y) 1a mét ham hai bién (x, y) trén mién dé.

Pé tim z' (X, y) ta xem y 12 mét hang s8, x 1a bién doc lap.

Tudng tu, cho z = f(x, y) thi dao ham riéng theo y tai (x,, y,) 12 mét s6 xac dinh,
ky hiéu la: '

0 of oyl
z'y(xp,¥0) = f'y(x0,¥9) = j{xo,yo) = —(%q,¥9) =moét s6 hitu han

oy ay
va z'(x, y) cling 1a ham hai bién (x, y). Khi tim 7', ta xem x 12 hiing s6.
1.2.2.Y nghia cua dao ham riéng

Cho z = f(x, y), 2y (hay z'y) phan anh téc d¢ bién thién cia ham z = f(x, y) theo
bién x (hay theo bién y) khi bién kia khéng déi.

Vidu:
1
a)z=arctg£=> By = 1 == = ?)' =;
Y X“+y
1+ 3
y
] ]- X —-X
g T s | g
X ¥ X“+y
].+-—2
¥y
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; oz oz m
b)z=sinxy = — = ycosxy, —|1,—| = 0;
) y = =¥ y 6‘x{ 2]

oz oz
— = xcosxy, — (1,0} = 1.
= y a},( )

1.2.3. Pao ham riéng cdp 2

Cho z = f(x, y); 2, zy 1a nhiing dao ham riéng, d6 la dao ham riéng cip 1,
chiing 14 nhitng ham caa (x, y) va c6 thé c6 dao ham riéng. Pao ham riéng cla dao
ham riéng cdp 1 1a dao ham riéng cdp 2. Tuy theo thit ty 14y dao ham riéng theo x
hay theo y ta ¢6 4 dang dao ham riéng cdp 2 sau day:

B o .o

el B ] (6}:)2 ~ X (dao ham vudng theo x)
o(of) & ., (dao he 5ng theo v)
it B0 P =, ao ham vudng theo y
oy\oy) (ay) 7

o (o) _ 2 _cu ’

5 = =ax_ay= xy (dao ham chit nhat)

5 af — a2f __fll

o 5 _ﬁ_ yx  (dao ham chit nhat)

Sau day la dinh ly vé diéu kién dé dao ham riéng ctia ham hai bién khéng phu

thudc vao thit tu 1ay dao ham riéng theo titng bién.

Pinh ly Svac (Schwartz): Néu trong mét lan cén nao dé cia diém (x4, yo) ham
z = flx, y) ¢6 cdc dao ham chi nhdt ", (x, y), [ "y, (x, y) va néu cdc dao ham Gy

lién tuc tai (xg yo) thi "4 (x0,50) = f"yx(%0: ¥0)-

Vidu: Cho z =2x3y? +y°.

Ta cé:
2
% = 6x2y2, f—;; = 4x3y + 5y4, aax—; s 12x2y
2 2 2
(6 ;2 = 12xy2, (8 ;2 =4x° +20y3, 5%?-:}—{ = 12x2y.
ox oy
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1.3. Cuc tri cia ham hai bién
1.3.1. Dinh nghia
Cho ham z = f(x, y) xéac dinh lién tuc tai My(xo, yo) va l4n can caa M,. f(x, y)
dat cue dai tai My(x,, vo) néu f(x,, yo) 2 f(x, y) vdi moi (x, y) thudce lan can ctia M,.
Diém My(xo, yo) 20 1a diém cuc dai, f(x,, yo) 12 gid tri cuc dai tai M,
f(x, y) dat cyc tiéu tai My(xg, yo) néu £(x,, yo) < f(x, y) véi moi (x, y) thuge lan
can ctia M. Diém M(xo, vo) goi 1a diém cue tiéu, f(xq, yo) 1a gid tri cue tiéu tai M,
Gia tri cuc dai, gia tri cuc tiéu duge goi chung 1a cuc tri.
Tudng tu dinh 1y Ferma 6 hAm mét bién ta cé:
1.3.2. Dinh ly

Néu z = f(x, y) dat cuc tri tai diém My(x,, ¥o), tai d6 ton tai cdc dao ham riéng

(htu han) f'x{x{,, Yo f'y(xg, o) thi cac dao ham riéng ay bing 0:

£ (X0, o) =05 £ (%o, Yo = 0.

Dé tim My(Xo, y,) ma tai d6 ham z = f(x, y) dat cyc tri, ta hudng vao cac diém
ma ta goi 1a diém tdi han bao gém:

—~ Céc diém tai d6 cac dao ham riéng déu béng 0.

- Céc diém tai d6 khong ton tai it nhat mét dao ham riéng.

Sau day 1a mot dinh ly (hay mot quy téc) gidp ta tim diém cuc tri cia ham hai
bién z = f(x, y).
1.3.3. Pinh ly

Xét ham z = f(x, y) ¢6 cic dao ham riéng lién tuc téi cdp 2 trong lan cin cha
diém My(xo, ¥o)- Tai Mo(xo, ¥o) €6 f 4(xo, ¥ = 0, £ (%, ¥o) = 0.
Go]: fu)(‘.l((xﬂ‘l YD) v A! f“xy(xﬂs }'0) . B: f"y}r(xﬂ! }TU) = C

Bang sau day cho ta biét ham f(x, y) ¢é dat cue tri tai My(x,, yo) hay khong.

B - AC A K&t luan tai My(xo, yo)
- Cuc dai
) + Cuc tiéu
+ Khéng cé cuc tri
Diém.nghingd, cin xét thém

- .-
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Vidu I: Tim cyc tri cia ham z = (x - 1)* + 2y~
Ta thady D, = R? tai moi diém (x, y) € R? déu tén tai s T B s B B
ching déu la nhiing ham lién tuc trén R %
zZy=2x-1),2', =4y, 2",,=2,2",,=0, z",, = 4.
Tim diém téi han:

zy:O

Xét hé: {ZIX e =N {x :(IJ = chi ¢6 mét diém téi han My(1, 0).
Nhu vay:
A=2"(1,0)=2,B=2",(1,0)=0,C=2z",(1,0) = 4.
Cé: B> - AC = -8 va A =2 >0, suy ra z chi dat cuc tri tai mét diém My(1, 0) va
Zooye vida = Z(1, 0) = 0,

Cé thé thdy, z = (x — 1)® + 2y® > 0 vdi V(x, yye R? = Zeye 1idu = 0 dat dude khi

va chi khi
x-1=0 x=1

{y Rl e {Y e
Vi du 2: Tim cuc tri cia ham z = x* + y° - 3xy.
Tap xac dinh 12 R 2 Tai moi diém (x, y) € R ? déu cé:

2'y =3x* -3y, 7y =3y® - 3x, 2", =6x, 2", =-3, 2", =6y.
Chung la nhiing ham xac dinh, lién tuc véi moi (x, y).
Diém tdi han:

z', =0 3x2 -3y =0 =1 -0
Xét hé: { Tx — % ¥ = {X hodc {x
Zy 3y?-3x=0 y=q

Suy ra hai diém M, (1, 1) va My(0, 0) 1a nhitng diém téi han.
- Xét tai M,(1, 1):
A=172",(1,1)=6,B=12",(1, 1) =-8, C=z",(1, 1) =6,
Co: B~ AC=9-36<0vaA=6>0, suy ra z dat cuc tiéu tai M,(1, 1) va
2o vigu = Z(1,1) = -1.
— Xét tai My(0, 0) ¢6: B> - AC =(- 3)2-0.0=9 >0, suy ra z khéng dat cuc tri
tai My(0, 0).
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2. PHUONG PHAP BINH PHUONG BE NHAT

2.1. Hé s6 tuong quan tuyén tinh ctia hai dai lugng
O 1y thuyét xac suat thong ké da c6 dinh nghia hé s8 tudng quan tuyén tinh
cua hai dai lugng ngau nhién X va Y, d6 1a mét sé duge ky hiéu la R, va:
M[(X - MX)(Y = MY)]
e JDXVDY '
trong d6: MX, MY la ky vong toan (trung binh 1y thuyét) cua X, Y;
DX, DY la phuong sai cua X, Y;
M[(X - MX)(Y - MY)] la hiép phudng sai cua X va Y.

R

DX>0,DY=>=0

D& thay R,, =R
lai 1aR.

Ta céng nhan mot s6 két ludn sau ddy vé R,: -1 <R, <1,

sx Vi vay néu khdng sd 14n véi mét diéu gi khac, c6 thé viét gon

— Néu hai dai ludng X, Y ¢6 su phu thude tuyén tinh véi nhau that su, tic 1a
Y =aX + b hay X =a'Y + b', trong dé a, b hay a', b' 12 nhiing hang s& thi By =21
Ngudc lai, néu \ny[ =1thiP(Y=aX+b)=1hayP(X=a'¥ +b) = 1.

‘Rx},l cang gAn 1 thi mic d6 phu thudc tuyén tinh gita X va Y cang manh hay
cang chit, khi dé néu R,, > 0 thi su phu thugc gitia chiing 1a dong bién, néu R,, <0
thi su phu thude gitta ching 1a nghich bién.

‘ny| cang gan O thi mic d6 phu thuéc tuyén tinh gita X va Y cang yéu hay
cang long léo.

R,, =0, ta néi X, Y khéng phu thudc tuyén tinh hay X, Y khéng tudng quan vdi
nhau.

C6 thé néi hé s6 tuong quan tuyén tinh R, 1a s6 do mitc dd phu thuge tuyén
tinh gitta hai dai lugng X, Y (R, con dudc goi la hé s6 tuong quan).

- Néu X, Y 1a hai dai lugng déc lap véi nhau thi R,, = 0. Nhu véy, hai dai
lugng doc lap thi khong tuodng quan, diéu ngude lai khéng ding.

Tuy hé sd tuong quan R,, mang lai mét sé théng tin vé hai dai lugng X, Y.
Nhung tim dugc R, 12 viéc rat kh6. Mot cach gin ding, nguoi ta ude lugng R,y boi
hé 6 tudng quan mau thuc nghiém r,, (néi tat 1a hé s6 tuong quan mau ry), tic la

xem R, ~r,,.
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2.2. Hé s6 tuong quan mau thuc nghiém (hé sé twong quan méu)

Dinh nghia: Xét hé hai dai lugng bién thién phu thuéc nhau (X, Y). Goi gia
tri ciia X 1a x, gia tri clia Y 1a y. Ta ding chit (x, y) vita chi tén vita chi gia tri cta
hé X, Y).

Nhd quan sat do dac thi nghiém, tit hé (x, y) ta thu dudc n cap gia tri tuong
ung (x;, v;;1=1,2,..,n

X X, Xq X3 b SR Xn

(M)

y ¥i Ye NE Yiooe ¥n

Ngudi ta goi day 12 mau thyc nghiém kich thude n ¢6 duge tir hé hai dai ludng
(x, y).
Hé s§ tuong quan méu cia miu (M) duge ky hiéu la ry, va dugc xac dinh

nhu sau:
1 &) =\ =
- 2 (xi-x)(vi-v)
1=1 (2.4.1)
1 n —2 1 T —2
12 35 = E 3 (0-5)
d‘ = 1 n = 1 n
trong do: x-;éx,,y=;izzlyl
Hay r,, = e (2.4.2)

) - 1 1 n 1 n
trong dé: xy=;2xiyi,12=sziz-Y2=EZYi2-

5 (5] o ()

1=] i=1

Cac cong thic (2.4.1), (2.4.2), (2.4.3) 1a tuong duong.
That vay:
- Gia stt r,, viét § dang (241
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1 n _ 1 n . e -y
;z (%~ 2y~ ;Z (X;y; = Xy; —¥X; +X ¥)

1 n 1 n 1 n i e i sy ek F— i
:_Z , _.Z - _Z + Xy =Xy - 2X y+xy=xy-xy.
n o n {5 n
= i=1 1=1
1 n s n % —9 -1 n —9 = =2
—Z{x —x)2 z . 2xxi+x):—in2*2x—-2x1+x = x°=-x >0
n]:l = n].:l nl=1
(vi hién tugng x, = X, = ... = x, Xem nhu khang xay ra).

1 & e 2. P
Tuong t: — (v, -y =yi-y.

Vay (2.4.1) < (2.4.2).
- Gia su r,, viét ¢ dang (2.4.2):

=1
Ty = 2 2

1 n 9 [1 n ] JI n 2 1 n
_ZXI— _le X "_Zy1_' _zyl
D =1 Wia1 nig N =1

n n n

n leyl =5, le ZYi
Suy ra: I‘x}, = i=1 i=1 i=1

Vay (2.4.2) & (2.4.3).

Tinh chat:
1) 1,y = Iyy, Vi vy 6 thé viét gon lai lar.
2) Déi bién:
- X; —X
Néu dat: y =10 o x =x5+Axu;
Ax
¥i=¥n _
v =T < Y =Yoo +tAYv;

trong dé: X, yo tuy ¥; Ax tuy y khac 0, Ay tuy y khac 0, thi:
4 & 3 uv — u X v -

M T
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Truong hop Ax, Ay cung diu thi:

Chitng minh:

Dat: x;=x+ Axu; = x= Xg + ,ﬂ.xﬁ;
Yi =Yo+tAy.V; = y=yg+Ayv.

n
s Z (xg + Axu; Nyg + Ayv;) = Xy + xoﬂyv + yoaxu + AXAyuv
1=1

Xx y =|xqg +Ax E)(yo +Ayv) Xo¥o +x0&y;+ygaxa+.ﬁxc}yE;

— ;;;—; y = ax&y(uv—{:—;).

Tuong twos: % - (x) =aZ(u® - (af's y2- (v) = a2[v? - (¥)']

Vay:
- Ax Ay uv-u xv _i uv - ux v - Er
= — - - J— — +
B O N T O G
Néu Ax.Ay > 0 thi
uv-u x v =
Ty = = Tyy

-

Nhu vay, nhd viéc d6i bién da néu § trén vdi cach chon xq, yo, Ax, Ay thich hgp
sé dua vigc tim r,, v6i x;, y; vé€ viée tim r,, véi u;, v; 12 cac s liéu c6 nhidu sé
nguyén va gia tri tuyét déi nho.

3) ‘rxy‘ 21 hay =15k, S 1

Chitng minh:
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ryy = * 1 khi va chi khi:

el g B ow R = Yn~¥ _ a,ahing s6 khac 0.
X]—X XZ—X Xl—}a'. Xn-—)(
Thic la: r,(},=-i_-1<::-3'r1 Yeoa, vi= 0

X; —X

& y; =ax; +y-ax.
Hay r,, = +1 khi va chi khi hai day s6 liéu x;, y; ¢6 sut phu thudc tuyén tinh.
Bay gid ta gia s y,, X, ¢6 su phu thudc tuyén tinh, chang han:

y; = ax; + b, khidé yi—;=a(xi - X)

J—li(xl 5 ii(yl—ﬁ)z Ji%(xl—ﬁ x\/fl;.g(xl——x)
2 3 (xi-%) )

= —1=1 = — =1

|| i(xi -z |a

Vay: ry, =1 khi va chi khi x;, y; ¢6 su phu thudc tuyén tinh dang:
y;=ax;+b,a>0.
r,y, = -1 khi va chi khi x;, y; ¢6 su phu thudc tuyén tinh dang
yi=ax;+b,a<0.

Nhu vay, ¢6 thé dung r,, dé do mic do phu thugc tuyén tinh giita hai day s6
lidu x;, y; cha mau. T d6 c6 thé danh gia (hay suy ra) su phu thuéc tuyén tinh
gitta hai dai lugng x va y.

- Néu |rxy| cang gan 1 thi mic d6 phu thudc tuyén tinh gita x;, y; cang manh.
Khi d6, néu r,, > 0 fhi su phu thuéc gilta x;, y; 12 dong bién (hay x;, y; c6 tuong
quan thuan); néu ryy < 0 thi sy phu thudc gitia x;, y; 12 nghich bién (hay x;, y; ¢b
= 1 thi that su x;, y; ¢6 su phu

tudng quan nghich). Dac biét nhu da biét, néu |r,,

thudc tuyén tinh hay tuong quan tuven tinh:
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~ Néu ‘rxy‘ cang gin 0 thi mitc d6 phu thuge tuyén tinh giita x,, y; cang yéu.

Trudng hdp r,, = 0 ta néi x;, y; khong c6 sy phu thudc tuyén tinh, hay khéng
tudng quan.
Ngudi ta thudng quy ude:
0< H < 0,3: Xem nhu x va y khéng cé su phu thude tuyén tinh;
0,3 < |r| < 0,6: Xem nhu x va y ¢6 su phu thudc tuyén tinh;

0,6 < |r| <1: Xem nhu x va y ¢6 sy phu thugc tuyén tinh chit ché.

2.3. Bai toan tim dudng thing y = ax + b hay phuong trinhy = ax + b
2.3.1. Pdt vdn dé

Nhd quan sat thi nghiém hé hai dai ludng (x, y) ta ¢é duge mau thuc nghiém:

X X1 Xo X5 i X; X,

y Y1 ¥ Y3 . ¥ e ¥n

hay cé dudc n cip s6 héu (x;, y), 1= Ln, ti hé hai dai lugng (x, y).

Tinh hé s8 tuong quan miu r. Gia sit c6 |r| gdn 1. Khi d6 ta c6 thé cho la c6 su
phu thuée tuyén tinh kha chit ché giita hai dai lugng x, y. VA dua viao n cép s6 ligu
(x;, v)) da cho c6 thé biéu thi gAn ding mét trong hai dai ludng biing mét biéu thic
béc nhit ciia dai ludng kia. Chang han, ¢ diy sé x4p xi: y ~ ax + b, trong dé a, b la
hai s6 cdn tim sao cho téng:

|(ax; +b) - y;| +|(axg +b) - yo|+ ... +|(ax; +b)~y;|+ ... +|(ax, +b) -y,

n
Y |(ax; +b) - y;| 12 bé nhit.
i=1

Bai toan duge minh hoa hinh hoc nhu sau:
Trén mit phing Oxy, vé cac diém M;(x;, y;). Can tim hai s6 a, b hay dudng A ¢6
n
phuong trinh y = ax + b dé téng khoang cach ZMiNi 12 nho nhét, trong dé
i=1

Ni(x;, ax; +b),i=1n.
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Yi

r

Giai:

X

Hinh 2.18

X X

i n
Ta cdn tim a, b dé Z lax; + b—y;| dat gi4 tri nh6 nhat, muén vay ta tim a, b

1=1

dé ¥ |ax; +b-y;° nhé nhat, hay 12 tim a, b d€ ham
i=1

4 2
f(a, b) = Z ax; +b-y;)
i=1

dat gia tri nhé nhat.

Day 1a bai toan tim diém cyc tiéu (a, b) cia ham hai bién

f(a, b) = i(am1 +b-y; )%,

trong d6: x;, y; 1a cac s6 da biét.
(a, b) xac dinh va ¢6 dao ham riéng lién tuc tai moi diém (a, b) € R .

i=1l

5 n
23 st by 2 -5 2t boso)
1=1 i=1
i:(} ( Ja+(£x Jb leyl
Xét he: ‘;‘f‘ o = i
!sl i=1

(2.4.9)
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i=1

2
n n
Héco det(A)=n ) x2 - (z xiJ 20 (theo Bunhiacopski), ddu bang xay ra khi
i=1

va chi khi x; = x, = ... = x,,, nhung diéu nay xem nhu khéng xay ra trong thuc té.

Vay det(A) > 0.

Hé phudng trinh (2.4.4) c6 nghiém duy nhat:

(2.4.5)

i=1

a= 5 =
n n
n >y X e [Z xi}
i=1 i=1
n 2 n n n
&) HE )
b = i=1 i=1 i=1 i=]
2
n X? XiJ

Diém My(ag, by) 12 diém téi han duy nhét cia ham f(a, b).

Tai moi diém trong R 2 ham f(a, b) con cé cac dao ham riéng cip 2 lién tuc.

N61 riéng, trong lan can cta My(ay, by), ta c6 cac dao ham riéng

lién tuc,
2 n 2
da i=1 0a db
Dé dang tim dude:
2 n
A=ZL )= 23 52
da i=1

Taco: A > 0va

BZ_AC =4[ nE X.
1
1=1

2
Il

] —4n2xi2=
1=1

o B e
pa’®’ dadb’ gh?

3 3%t
=2 ) x;; —=2n
Zz Y P
o%f . o f
Mg) =2Yx; C=Z(Mp)=2n.
sadb o) ol R

2
n In
-4 an?-—(le] = —4det(A)“(D,
1=1 i=1

Vay My(ag, by) 12 diém cyc tiéu ciia ham f(a, b). Hai s8 a, b cAn tim chinh la
a = ay, b = by trong céng thiic (2.4.5).

Dai lugng y duge biéu thi gin diing: y ~ agx + by, véi (ag, by) xéac dinh béi (2.4.5).

Phudng phap giai quyt-vamdé-dstravirrtrinh bay dudge goi 1a phuong phdp

binh phuong bé nhat.
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2.3.3. Mot s6 luu y

Trong céng thitc (2.4.5) & bidu thic tinh a, ta chia ca ti va mAu cho n?, dudc:

S = xy-; x§
K~ ()]

P 1 s o, 1 a T 1 o 2
trong dé: x=—2xi,y=—2yi; X.‘f:"zxiyi; X =
n D ia1 Ny

i=1

n

=

x?. *)
1

=
T didy suy ra a va hé sd tuong quan mau r cung dau va giai thich dude néu
r > 0 thi su phu thuéc giita hai day sé liéu x;, y; 12 déng bién. M3 rong ra cho sy
phu thudc gitta hai dai lugng x va y la dong bién. Truong hgp r < O thi ta ciing c6
suy luan tuong tu.
Chia ca hai v& ctia phuong trinh thit hai & hé (2.4.4) cho n ta dude: b=y -ax.
Nhu vay a va b cAn tim trong bai toan tim dudng thdng y = ax + b da néu &
trén duge viét ¢ dang gon hon la:

a= X222 p=y-ax (2.4.6)
x*-(x)
trong do: X, ;, ;(_5, E dudc tinh theo (*).

Céng thuc (2.4.6) giip ta tim a va b nhanh hdn céng thice (2.4.5). Tuy nhién,
néu tit miu thyc nghiém (x;, y;) cho trudc cé thé ddi bién dude thi viéc tim a va b
thuan lgi hon nia.
¥i:s=¥n

bat: u; = ™ < X; = Xg +AXY;; visT < Yy =Yo t+Ayv;
trong dé: xp, vg, Ax # 0, Ay # 0 1a tuy chon.
Thi: g= D BXY - pay-ax 2.4.7)
ul _(u) Ax

trong dé: X =Xg+AXY;y
da biét.
Ban doc tu chiing minh (2.4.7).

Il

i i = '_"2 T # ra
yo+Ay.vva u, v, u, uv dude tinh theo cac u; v

Dya vao miu thyc nghiém (x;, y;), 1= ﬁ , ¢6 ti1 hé hai dai lugng (x, y) bao gic

n
ta ciing tim dude a va b dé€ D (ax; +b-y; )2 bé nhat. Nhung chi nén dung xap xi
i=1

y=ax+b khi biét R, |~ Ftonci e
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Véi a va b vita tim dude tir bai toan dat ra, dai lugng y dude tinh gan ding
theo ham bac nhédt cua dai lugng x bdi phuong trinh y = ax + b. Tuy nhién,
chi duge 4p dung phudng trinh nay véi nhiing x thudc khoang réng hon khoang

(min x;, max x;) chiit it ca vé hai phia.

Vi du 1: Theo ddi su phu thudc giita chiéu cao X (em) va cdn nang Y (kg) cua
20 hoc sinh nit 9 tudi cé két qua sau:

x;(em) | 115 | 112 | 103 | 117 | 115 | 112 | 117 | 130 | 114 | 115 | 126 | 113 |
vikg) | 16 | 19 | 14 | 21 | 17 | 17 | 20 | 25 | 19 | 19 | 23 | 20
m, 1 |1 21122138312
_ 12
Cém;cap (x;,y),1=1,12, n= Zmi =20,
1=1
a) Tim hé s8 tuong quan maur,,.
b) Tim phudng trinh y = ax + b sao cho § (ax; +b-y; )2 nho nhat.
i=1
Giai: Ta c6 bang:
i X, NG m; m; X; m; y; m; x;° m; y;* m; X; ¥;
1 115 16 1 115 16 13225 256 1840
2 112 19 1 112 19 12544 361 2128
3 103 14 2 206 28 21218 392 2884
4 117 21 1 117 21 13689 441 2457
5 115 17 1 115 17 13225 289 1955
6 112 ) 2 224 34 25088 578 3808
7 117 20 2 234 40 27378 800 4680
8 130 25 1 130 25 16900 625 3250
9 114 19 3 342 57 38988 1083 6498
10 115 19 3 345 57 39675 1083 6555
11 126 23 1 126 23 15876 529 2898
12 113 20 2 226 40 25538 800 4520
12
Z 20 2292 377 263344 7237 43473
i=1
1 12 1 12
-2 - b3 114,6..|..18,85..1..13167,2 | 361,85 | 2173,65
e = THU VIEN
HUBT
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2173,65- 114,6x18,85
J13167,2 - (114,6)" x J/361,85-(18,85)"

a) Taco: r= = 0,901635 =~ 0,902.

b) Vi ¢ |r| kha gén 1 nén cé thé x&p xi y ~ ax + b thod mén diéu kién dau bai,
vdl

1 ack
., 2178,65 114s5’<182=85 = 0.394829612 ~ 0,395;
13167,2-(114,6)

b= y-ax =-26,39747356 =~ -26,3975.
Pudng thing hay phudng trinh cAn tim 1a: y = 0,3950x — 26,3975.

Vi du 2: Quan sat lugng sita duge vt ra & mai 1an cha 8 ba me mot cach nghu
nhién ta c6 bang sb liéu sau:

Tubi x 21 24 | 97 30 33 36 39 42

Ludng sia y (ml) | 105 | 110 | 105 90 95 90 85 80

a) Tinh hé s8 tudng quan r gilta x va y.

8
b) Tim phuong trinh y = ax +b thod man Y (ax; +b- Yi)2 nho nhét.

1=1
Giai:
bat: v, = s ;30 & x; =30+ 3u; vy = i ;90 & y; =90 + 5v;.
Ta cé bang:
.i X ¥i u; v u;’ v WV,
1 21 105 -3 3 9 9 -9
2 24 110 -2 4 4 16 -8
3 27 105 -1 3 1 9 -3
4 30 90 0 0 0 0 0
5 33 95 1 1 1 1 1
6 36 90 2 0 4 0 0
7 39 85 3 -1 9 1 -8
8 42 80 4 =B 16 4 -8
b3 4 8 44 40 -30
Lyl 05 1 55 5 _3,75
n_ 8 4 THU VIEN
HUBT
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_ -375-05.1
Y 55-(0,5)2 . 512

b) Vi |r] ~1 nén c6 thé tim phuong trinh y =ax +b thoa man diéu kién diu bai.

a) r,

-0,927.

Cé: x=30+3u=30+3.0,5=3L5 y=90+5v=00+5.1=95
. '3=75"U=52' L 3 135 b=95+315.1,35-13753.
5,5-(0,5) 3

Phuong trinh can tim la : y = -1,35x + 137,53.

Vay: a

2.4. Bai toan tim phuong trinh (hay duong cong) y=ax® +bx + ¢

Bai toan:

Nho quan sat hé hai dai lugng (x, y) ta c6 n cap s liéu (x;, y)), tic 1a c6 miu
thuc nghiém:

X Xq X9 X3 S X; Tk Xn

y ¥i Yo i R ¥ e Va

Tim a, b, ¢ hay tim phudng trinh y= ax” + bx + ¢ sao cho

n
f(a, b, ) = > (ax} +bx; +c~y;)? bé nhat.

i=1
n 2
Giai: Xét ham f(a, b, ¢) = Z(ax}? +bx; +c- yi)2 , ham nay c6 cac dao ham riéng
i=1

f'y, £y, £, tai moi diém (a, b, ¢) va:

n B A
f'a=) 2(ax? +bx; +c—yi)xi2; fly=) 2(axi2 +bx; +c-y;)x;;

i=1 i=1

L |
ARES W 2(ax? +bx; +c-y;) -

i=1
Xét hé:
n n n n
fo}a+[2x?}b+(2xf}c = > xfy;
i=] i=1 i=1 1=1
f'a =0 ( n n n n
£ =0 S xf} a+[2x?]b+(2xi]c=2xlyl
£ i=1 i=1 i=1 i=1
¢ n n n
ZXEJ a+(2xf]b+nc = Zyi
(\i=t UL EA i=1
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Néu hé ¢6 nghiém duy nhét (a,, by, ¢,) thi nghiém nay la toa d6 chia diém téi
han duy nhat cua ham f. Dua vao mét s6 diéu kién khéc nita, ngudi ta ching minh

duge (ay, by, cp) 1 diém cyc tiéu ctia ham f(a, b, ¢).
Do d6 (ay, bg, ¢p) chinh 1a gia tri cAn tim cta (a, b, ¢).
Vidu 1: Cho hai day sé liéu:

X 1 2 3 4 (x;)

vy -2 0 4 10 (v)

4

Lap ham bac hai y = ax?+ bx + ¢ thoa méan Z(a\xi2 +bx; +c- yi)z bé nhit.

i=1

Giai: (a, b, ¢) can tim la nghiém cda hg:

4 4 4
Y xf a+(2x1}b+[2x?}c = 23123’1
i=1 1=1 1=1
L o 4 4 4
4 in a+ in b+ in c = leyl (*)
1=1 1=1 i=1 i=1
4 4 4
dxf|a+|Yx | b+ 4c = Yy;
i=1 1=1 1=1
Lap bang
1 Xi ¥i sz xia X.‘ XiYi xiﬂb’ i
1 1 -2 1 1 1 -2 -2
2 2 0 4 8 16 0 0
3 3 4 9 27 81 12 36
4 4 10 16 64 256 40 160
b 10 12 30 100 354 50 194
364 100 30 194 3,04 1 0,3 1,94
Hé (*)c6: A=[100 30 10 50 1 0,3 0,1 0,5
30 10 4 12 0,3 0,1 0,04 0,12
1 03 01 (1 0,3 0,1 0,5
—(3,64 1 0,3..194[—>10_=-0062 -0,064 0,17 |—>
0,3 |0z 0% T \AEN.01| 0,01  —0,03
HUBT
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1 03 01 05 1 0,3

-0 -6,2 -54 17 |—»|0 1

0 1 1 -3 0 -6,2
a=1
(*) c6 nghiém: {b=-1
c=—2

0,1 0,5 1 0,3 0,1 0,5
1 -3|->|0 1 1 -3
-5,4 17 0 0 8 -16

Két qua phuong trinh cén tim la: y = x* —x - 2.

Vi du 2: Cho 5 cip sd liéu (x;, y;) ¢6 dude tit hé hai dai ludng (x, y):

X; 0,56 0,84

1,14 2,44 3,16

Vi -0,8 %0

- 0,98 1,07 3,66

5
Lap phuong trinh: y = ax® + bx + ¢ thod méan diéu kién: Z(&x;q +bx; +c-y,;)>

bé nhat.

i=1

5
Gidi: Tim (a, b, ¢) dé f(a, b, ©) = Y (ax? +bx; +c~y;)? bé nhit. Suy ra (a, b, ¢)

1=1
la nghiém cua hé:
X:

4
i|at

e

5
2
1=1 1=1 =1
5 & 5
< Zx? a+ fo} b+[leJc
i=1 i=1 i=1
(5 5
Zx? a+ in] b+ 5¢
1=1 1=1
Tinh:
5 5
Y x; =8,14; 3 x? =18,26;
i=1 i=1
5 5
> y; =1,98; > xjy; =11,797;
i=1 i=1

Thay vao (*) va giai ¢ phoHg trnh

118

5
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i=1

5
> Xy )
=1
5
i=1
5 5
Y x?=4833 > x{=13744
i=1 i=1



137,44a + 48,33b+18,26c = 40,71 a =~ 0,98687
48 33a +18,26b+ 8,14c =11,797 = b~ -1,95383
18.26a+ 8,14b+ 5¢ = 1,98 c=~-0,02721

Cé theé lay: y = x* - 2x.

BAI TAP LUONG GIA
Hay chon két qud ding:

1.  Chshimmasaesied—vh, S1x b Khbvi. T =, i

X y &
Két qua:
\ : ¥ i .
A, lux+luv=i:2 B. -—u,{+-1-uy=2—];:h
x - X y y-
C. = u'x +_l u;, = _2,:1 D. Két qua khac.
X y 2

2. Chox= f(x}y}+g(3{~]r véi f, g tuy ¥ c6 dao ham cép 2.
v

Tim: E = x? z:(x -—yzz;y +X z;L -y zy.
Két qua:

4x

B

h |

A E=

B. E=x?yf +£ g -xy°f -x g"+2—xg1
¥ y
C. E=0
D. Két qua khac.
3. Tim cyc tri ciia ham s6: z = x® + y* - 3xy.
Két qua:
Zewe dai = (0, 0) = 0, Zoye gy = 2(1, D)= -1
Zewe tidu — Z(1,1)=-1
Zeye dai = 4(0, 0) =0
Két qua khac.

>
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Cé 5 cép s6 lidu quan sat dude (X, y), 1= L5 ti hé hai dai lugng (x, y):

(1; 1,25), (1,5; 1,4), (3; 1,5), (4,5; 1,75), (5; 2,25).
Tim hé s6 tudng quan r?

Két qua:
A. r=0716 B. r=0,912
C. r=0,804 D. K&t qua khac

Cé 5 cap s6 liéu quan sat dude (x;, y;), i =1, 5 tit hé hai dai luong (x, y):
(1; 1,25), (1,5; 1,4), (3; 1,5), (4,5; 1,75), (5; 2,25).

5
Tim phuong trinh y = ax + b thoa méan diéu kién D (ax; +b- yi)?' bé nhat.
i=1

Két qua:
A. y=0,202x + 1,024 B. y=0,451x + 1,882
C. y=0,602x + 4,065 D. Két qua khac



Chuong III
TICH PHAN

W

Bail
TiCH PHAN BAT DINH

MUC TlELF

~Hoc xung béu nﬁy s:n‘ﬂ vién c6 kha ning: s ?
1. Trink bdy duge dinh nghm tich phén bt dmh cac tinh chd’t cua tfch. 4
phén bét tfmh : :

2 Ap d:mg duge ede phuong phdp tmh tich phan bdt d‘mh phu:dng phap dot
biéh va phu’r_mg phdp tich phén titng phdn dé tinh duge tich phén.

3. Tinh d'wdctmh phén ctia phén thite hitu ty, ham '-lu'r;mg gidc va ham vb ty.

1. NGUYEN HAM VA TiCH PHAN BAT DINH

Trong chudng truéc ching ta da biét ring, néu mét ham sé f(x) kha vi trong
khoang (a, b) thi c6 dao ham trong (a, b) va cé thé tinh dude dao ham f'(x) cua né.
Bay gid ta xét bai toan ngude lai, néu cho trudc mot ham s6 f(x) xac dinh trong
khoang (a, b), hdi c6 tén tai hay khéng mét ham s& F(x) kha vi trong khoang (a, b)
va c6 dao ham F'(x) = f(x)?
1.1. Dinh nghia nguyén ham

Ham s6 F(x) dude goi 1a nguyén ham ctia ham s6 f(x) trén khoang (a, b) néu véi

Vx € (a, b) ta c6 Bt hapd PRy ek dx.
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Néu thay cho khoang (a, b) 1a doan [a, b] thi ta phai c6 thém:
F'(a + 0) = f(a) va F'(b - 0) = f(b).
Vidu:

4 i} 5 "
1) F(x) = -3~x3 -§x2 +x+5 12 nguyén ham ctia f(x) = 4x?* - x + 1 trén R .
~ 4.3 19 : o Mg g 2 .
2) G(x) = -3-x —ax +x la nguyén ham cua g(x) =4x“-x+ 1trén R.
1 i .
3) Hx) = —§cos 2x la nguyén ham cua h(x) = sin2x trén R .

4) R(x) = tgx 12 nguyén ham cua r(x) =

— trén R\{E+kn, k ez}‘
cos” x 2

1.2. Dinh 1y

Néu F(x) la mét nguyén ham ciia ham sé flx) trén khodng (a, b). Khi dé vdi moi
hang s6'C, F(x) + C ciing la mét nguyén ham cia fix) trén khodng do.

Nguoe lai, moi nguyén ham cua ham sé f(x) trén khodng (a, b) déu cé thé viét
dudi dang F(x) + C, vdi C la mét hang sé.

Né6i khac di: Néu F(x) 14 mét nguyén ham ctia ham f(x) trén khoang (a, b) thi
{F(x) + C, C € R} la ho cac nguyén ham hay la tit ca cac nguyén ham cua f(x)
(Ban doc tu chitng minh ho4c tham khao chitng minh dinh 1y).

1.3. Dinh nghia tich phéan bat dinh

Tich phén bdt dinh cia ham f(x) xac dinh trén khoang (a, b) 1a ho tit ca cac
nguyén ham cta né6 trén (a, b) va duge ky hiéu la jf(x)dx .
[fx)dx = F@x) + C,
trong d6: F(x) 14 mét nguyén ham cua f(x) hay F'(x) = f(x);
C 1a mot hang s6 tuy y.
Ky hiéu: J' : ddu tich phan;
X : bién 14y tich phén;
f(x) :ham s6 dudi dau tich phan;
f(x)dx : biéWTHUE Aug: day tich phan.
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Trd lai cac vi du trén ta cé:

I(zlxz - x+ Ddx = %xa—-;—x2+x+0;

j.sinEde = —%c052x+ C:

I d}; =tgx+C.
cos™ X

1.4. Tinh chat cta tich phan bit dinh

1) (jf(x)dx)' =f(x)

2) d( [Ex)dx) = £(x)dx

3) [df(x)=f(x)+C

4) faf(x)dx =a [f(x)dx (a #0)

5) [(fx) +g(o)dx = [f(x)dx + [g(x)dx

6) jf(t)dt = F(t)+C = [fu(x)u'(x)dx = Fu(x)) +C

Mét vin dé dat ra 1a nhitng ham no c6 nguyén ham?

1.5. Pinh 1y vé sy ton tai ciia nguyén ham

Moi ham s6 f(x) lién tuc trén [a, b] déu c6 nguyén ham hay tich phdn bdt dinh
trén doan do.

Tit dao ham cac ham s& sd cdp cd ban ta suy ra cac tich phan, goi la tich phan
co ban.

Badng tich phédn co ban

1) dex:C 8) _[sinxdx:-cosx+C
2) Idx=x+C Q)I dz‘ -
a 1 a+l cos® x
3) IK dx = x**+C (@=-1) i
o+l 10) _[ ——=—cotgx+C
4) _I'Elixln|x{+0 B X
X B e
5) Iexdx=ex +C 11) Jl+x2 = arctgx +
x dx ‘
6) Ia“dx= B +C (0<a=#l) 12)_[ = =arcsinx + C
Ina 1-x

7) Icosxdx =sinx+C
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Vidu I1: I(2x5 -3x% +x+ 3)dx =2 Ixsdx -3 _[x2dx +dex +3 _[dx

2

=1x6—x3+3-+3x+0.
3 2
Vidu 2: J(cosx~ = dez_[cosxdx dx
sln x sm X
=sinx +cotgx+C.
Vidu 3: —E-ldxh-[x "dx+ [x2x=-2_lic
X X

Muén tinh tich phén bat dinh cta mot ham s6 f(x), ta so sanh tich phéan cin
tinh véi cac tich phan co ban dé thuc hién cac phép bién ddi thich hgp, sau dé dua
tich phén can tinh d6 vé dang tich phén cd ban réi ap dung cong thiic.

2. CAC PHUONG PHAP TiNH TiCH PHAN

2.1.

thdy ngay dude tich phan cAn tinh d6 gin véi dang tich phéan cd ban nao, nhung
néu thuc hién mét s§ phép déi bién thich hdp ta c6 thé dua né vé dang tich phén

Phuong phap d6i bién sé

Trong nhiéu trudng hgp, khi tinh _[ f(x)dx néu dé bién tich phan la x thi khéng

cd ban.

2.1.1. Déi bién sé' dang 1: x =¢ (t)

Trong mdt s& trudng hdp, thuc hién phép déi bién x = o(t), ta dudc:

JEx)dx = [fo(t) @0t = [g()at

d day biéu thite _[g(t}dt c6 dang cua cac tich phan cd ban.
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Vi du: Tinh I = [Va® -x%dx.

Gidi: Vi muén khit céin bac hai ta thuc hién phép d8i bién x = asint.

Ta thiy: -a <x<anén -=< <t
2 g~

f . X

.‘512—:\':2 =acost; dx =acostdt;t = arcsin —.

a

1l

[ =22 Jc052 tdt = a2 JHCTMdt az(%t +%sin2t} +C.
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2
: T _ = f
Ta cé: a:—smi?tzéasmtacmt:%x T o

2
Vay I az—xzdx=%xvaz—x2 +%arcsin§+c.

a
2.12. Déi bién sé'dang 2: t =¥ (x)

Ta c6 thé thuc hién phép d6i bién t = W(x) thi dt = ¥’ (x)dx va khi d6 tich phan
cén tinh trd thanh: ’

j f(x)dx = jg(“}’(x)) Y(x)dx = jg(t)dt
& day biéu thite [g(t)dt c6 dang cla cac tich phan cd bén da biét.
Vidu 1: Tinh 1= j(2x + 37 P0dx,
Giadi: Dat t = 2x + 3; dt = 2dx.
101 101
I =l _[tm“dt = - +C = (2x +3) + C.
2 202 202

Vidu 2: Tinh 1= j(x2 ~5xdx .

Gigi: Dat t=x*-5; dt = 2xdx.

4 2 _\4
]::_l_jtﬁdt=,l_:._+C=.(i.—5)_+C_
., 2 8 8
Vi du 3: Tinh 1= [—2%
xIn“x

Giagi: Dat t=Inx;dt= %
X

= -ﬂ=—-—]:- e’:—-——-L+C
2 t Inx
Vidy 4: Tinh I = [———dx.
§ a +x

Giai: Ta cé:

125



Tuong td ta cling chiing minh duge tich phéan:

dx . X dx
I= =arcsin—+ C tu =arcsinx+C.
'[ a2 - x2 a '[\Il—x2
Vidy 5: Tinh 1= [— "> —dx
cos“x+4
Giai: Dit t = cosx; dt = — sinxdx.
1 1 t 1 coSX
I=- dt =— —arctg—+C =- = arct +C.
et g VY 2 g{ 2 J

2.2. Phuong phap tich phan tirng phan

Gia st u = f(x) va v = g(x) 12 hai ham s& kha vi va ¢6 dao ham u’ =f'(x):
v' =g'(x) 1a hai ham s§ lién tuc. Khi dé, theo quy tdc 14y vi phan caa tich ta cé:
d(uv) = vdu + udv hay udv = d(uv) — vdu. Vi nguyén ham cua d(uv) 1a uv nén ta
suy ra:

Judv =uv- J'vdu .

Quy téc lay tich phan ting phin nay chuyén viéc lay tich phan ctia biéu thiic

udv = uv'dx vé tich phin ctua vdu = vu'dx ma & dé tich phan cia vdu dé tim hon.

Nhilng dang tich phan sau diy thudng ding quy téc 1dy tich phan ting phén:

ka In™ xdx, J'xk sin bxdx, ka cos bxdx, kaea"dx,

Vidy 1: Tinh 1= [x* Inxdx.

du:ﬂ
— u=Ilnx X
Giai: Dit i = 9
dv = x“dx X
v="—
3

Do dé6:
3 3
I= ijInx dx = x—ln:\:— IE— l dx
3 3 x

3 1 x3 3

= ngdx = ——lnxh%+c.

=—Inx-—

3 3
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Vidu 2: Tinh I = [x sin 2xdx.

U=x du =dx
Giai: Dat { =

dv =sin2x dx v:——é—cos2x

Do dé:

I= Ixsiandx = lJ|:t:|:ns?..x+l _[cos2xdx = l::c cos2x+lsin2x+C.
2 2 2 4

Vidu 3: Tinh I = J'x2e"dx.
Gidi: T4t nhién & day, c6 thé dat
u=x? {du = 2xdx
=
dv = e*dx v=e
I= IxQe"dx = x2 e¥ —2[xe"‘ dx.

v=e*

e |U=X du =dx
Dat tiép: i~

dv = e*dx
Ta cé:
I = Ixex dx = xe* - Iexdx=ex(x -1)+C.

Vay I=e*(x?-2x+2)+C.
O vi du nay ta c6 thé vist:

I= }xz e*dx = e*(ax® + bx +¢)+C.
Suy ra:

x%e* = [e“(a&uﬁ2 +bx+c)+ C]r = e¥(ax? + bx +¢) + eX(2ax + b)
=e* [ax2 +(2a + b)x + (b +c)J

Diing cach cén bing hé s, suy ra:
a=1;b=-2;¢=2

Vay 1= Ixzexdx=ex(x2—2x+2)+c.

127



3. TICH PHAN CAC PHAN THUC HUU TY

3.1. Tich phan phéan thitc don gian

1)

2)[

3) j Mx +N

X—a

dx, k > 2, nguyén;
(x — a

x +px+q '

1) _[ Mx +N

dx , k> 2, nguyén
2 4 pX + q)
trong d6: A, M, N, a, p, q 1 céc s8 thue, p? - 4q < 0.

Néi cach khac la tam thic x° + px + g khéng c6 nghiém thuc va luén duong véi

moi X.

Xét timg dang tich phén trén ta cé:

. | A dx = Aln|x-a|+C (3.1.1)
X—a
. [ Akdx=Aj(x-a)-kdx=i(x-a)1'k+c,k:zz,nguyén (3.1.2)
(x-a) 1—k
M M
—(2x+p)+N-"=p
. —2de= 2 5 2 4x
X“+px+q X“+px+q

d[x+2]
J-d(x +px+q) (N-Mp)j 2
2

> ;
B +px+q x+-13) s q_P_?
2 4
i 2x

=3 o epxrq) + EME L e 2P
e 2 J4q-p? 4q9-p
2
s Mln(x2 +px+ q)+Z—I{Iigarctg—zxi +C (3.1.3)
2 4T="T =" -
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. IM dx =

(x2 +pxX + q)k

_[ (2x + p) i +[N“EPJI dx .
(x +px+q) 2 [ . 2 p2
Xx+=| +|q-—
( 2 { 4)

_ M +px+ k! M
2 k+1 o g5 P I

Dat: t =x +-§ va aZ=gq -% tich phan (*) c6 dang:

dt
I = !(t2+a2)k
1 ra+t2-t2 It I J- t2dt
2 (t2+a) 2 (t +a )k L 2 (t +32)k
~ J t 2tdt 4_1_ J-td(t2+a)
32 = 292 (t +a2)k a? il a? (t2+a
1 1 2, .2\-k
=—1I, ;+—— |td(t“ +a”) .
g A 2:;12(1:—1)I

Ap dung ¢ong thic tich phan tiing phéan véi:
u=t=du=dt; dv= {:1[(‘52 +a2 )l—k1 = v= (t2 +a2)1_k

Jed(t? + a2k = (12 + a2)'* - [t 40yl Rdt =

=1 —-1-1 + 1 s -1
e L T nB gl

1 L
L - 2k -3)I,
: 2a2(k—1)[(t2+a2)k”1+( . 1}

. ¢ L1 2k-3
2&2(1(—1)(1;2-1"32}]{_1 5.2 2k -2

hoac I k-1

trongdé Iy ;= IL

THUY VIE |\l
|‘_| U 5 T

9- TOANCAOCAP

(t2 & 32)1(—1

Ve

(3.1.4)
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Céng thic tinh I, (3.1.4) dudc goi la cong thize truy héi. S8 di goi 1a cong thic
truy héi vi ap dung céng thiic nay tinh I,, ta lai dua vé tinh I _; (thdp hon 1 bac),
tinh I,_, qua I _,, ... Do d6 sau (k - 1) ldn lién ti€p ding céng thic (3.1.4) sé di t6i
tich phén quen thuéc I, sau:

I, =I 2dt 5 zlarctg1+C. (3.1.5)
t°+a a a

Dé trd vé bién x, trong két qua ta thay t = x + 2.

Nhu vay, ta da tinh dudc tich phan ctia cac phan thite don gian.
1
-x

Vidy I:Tinh 1= [——dx.

Giai: Ta cé:

J - dx=-ln‘5—x|+C.
5-x

9
Vidy 2: Tinh 1= [——dx.
1+x2
Giai: Ta cé:
e [[ 1 ) . dx
I= |—————dx=||1- dx = |dx -
I T4%" 1+ x2 I I1+x2
=x —arctgx + C.
Vidy 3: Tinh I = %ﬂ—dx.
X“+x+2
Giai: Ta cé:
=l 6x+2 . _3 ﬁmdx*ljzi_
2°x“ +x+92 Rl S 2°x*“+x+2

d(x+l]
3 9 1 2
==1 +X+2) - =

2n(:-c x+2) 2!

2
(3] [
X4+=| 4§ —
2 2
. p o
=—In(x*+x+2)-= arctg. +C
V7 V7
2
1 2x+1
== In (x% + X $.2)———.arctg C
7 N
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t"+a

Gidi: Ap dung céng thic (3.1.4) ta duge:

1 t
I, = 2x2-3)I
¥ 2a2(2—1)[(t2+a2)2"1+( " )1]

1 [ t 1 t}
=——|———=+—arctg— |+C
242 ’52+a2 a a

= : - : arctg£+C
2a%(t? +a?) 2a° a
2
Vidy 5: Tinh 1= [—2X*6 gy
X“ +2x+10)

Gidi: Ta co:

I=_[ 22x+2 3|:1x+4_[ = L 3dx
(x“+2x+10) (x* +2x+10)

d(x+1) B (x2 +2x +10)72

=J'(x2+2x+10)_3d(x2+2x+10)+4j +41*

3
[(x+1)2 +9]

Dit:x+1=t

i, dt e

I "Im_lg'
Theo cong thic (3.1.4) ta cé:

t 1 2k-3
2a2(k-1)(t2 +a2)% 1 % 2k-2 °
6dﬁya=3,k=3tacc’:-:

t S 1 6
2x3%x2(t2 +3%)2 3¢ 6-2
t 1 t t

1.
ma I, = + arctg-—+Cﬂ—-—- +— arctg — +C
2x32(t2+3%) 2x33 3 18(t2 +9) 54 3

t 1 t 1
5 7+ arctg +C
36(t2 +9)> 12| 18(t2 +9) 54 3
ot Lt 1
36(t2+9)°  216(t2+9) 648
x+1 x+1 1 x+1
= 5 2+ 5 + arctg
36(x° +2x+10)¥  21R/(x= 1+ 9¢x £ 10y H4R

13=

3
I = x I
3 g 2

Vay: I3 =

t
arctg +C

+C.
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Tém lai:

-1 x+1 x+1 1 x+1
I= 5 R ook 5 + arctg +C
2(x“ +2x+10)° 9(x° +2x+10)* 54(x° +2x+10) 162 3
2x-17 x+1 1 Xx+1
= 2 T - + arctg +C.
18(x“ +2x+10) 54(x“ +2x+10) 162 3

3.2. Tich phan cac phan thite hitu ty
3.2.1. Phén thize thuc su va phdn thice don gian
Xét phan thiic hitu ty:
_P(x) by+bix+.. TR can W
1

Q(x)  ap+a;x+..+a,_ X" +a,x"

P(x)

X

P("; goi 14 phan thic khong thuc su.
b4

R(x) véia;,b;eRvaa,,b, #0.

- Néu m <n thi

dudce goi la phan thie thuc su.

- Néum >n thi

P(x)

(x)

Néu

132 phén thic khong thuc su thi bing cach chia tit cho méiu bao gid

ta ciing ¢6 thé biéu dién né dudi dang tong ctia mot da thic va mét phan thic
thuc su.

Viée lay tich phin phan thic hitu ty sé dudc quy vé viée 1ay tich phin bén
dang phan thiic don gian da xét ¢ trén nhé dinh 1y sau.

3.2.2. Dinh Iy

Moi da thic bac n, véi hé s8 thue Q(x) = ap+ a;x +... + a,x", a, # 0 déu c6 thé
phén tich thanh tich cac thira s6 1a nhi thitc bac nhat va tam thic béac hai khong
c6 nghiém thuc, trong dé ¢6é thé cé nhiing thita sé trung nhau:

Qx)=a,(x-a)*(x- b)P..(x2 + px +q)*...(x2 + Ix +8)°
a,b,...,p,q.l,s €R

véi {p? -4q <0,...,I% 45 <0
a+B+...+2(u+...+0)=n

P(x)

c¢6 thé phan tich thanh téng cac
Q(x)

Khi dé6 phan thic thuc su tudng ng

phén thic téi gian:
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P(x) A A, Ay, B B, BBI

= + +..+ + +...
Q(x) (x-a)* (x-a)*l x-a (x-b (x-b)P! NCEON
Mx+N  Mix+N; +Mp_1X+Np-1

{:{2+px+q)‘l (:{2+px+q)“_l x2+px+q

=1 "

*oet

-+

(x? +ix+8)" (xX+lx+s) X2 +1x+s
trong dé: A,Aq,...,P,_1,Q,_ 12 cac hiang s6 duge xac dinh theo phuong phap hé s6
bat dinh ma chung ta sé gidi thiéu qua cac vi du dudi day.

3.2.3. Mét s6 vi du vé tich phdn cdc phan thitc hitu ty

x* +2x3 +x2+2x+1

Vidu 1: Tinh 1= | - dx.
X“+1
Giai: Ta cé:
I= [ x*+2x+ ]dx— x2dx + [2xdx +
I[ %= 41 '[ '[ '[x +1
x5
=?+x +arctgx +C.
Vidy 2: Tinh 1= [— 2%
idu 2: Tinh _'[xﬁ—x2-
Giai:
I:
J'xz(xa—lj ‘[2(1{ 1)(x +x+1}
Phan tich — 12 thanh tdng cac phéan thite don gian:
X“(x-D(x"+x+1)
1 A B C Dx+E
2 5 e i '
x“(x-1D(x°+x+1) x* X X-1 x°4x+1

Quy déng mauy thic ta dude:

1=A(x-1)(x% +x+1)+Bx(x -1)(x® + x +1) +Cx*(x® +x + 1)+ (Dx + E)x*(x - 1)
< 1=B+C+Dx'+(A+C-D+E}x*+(C-Ex*-Bx-A

Déng nhat hé s8 cac don thitc ddng dang 6 hai vé ta c¢6 hé 5 phuong trinh 5 an:

(Ko
B=0

<C-E=0
A+C-D+E=0
B+C+D=0
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Nghism cfia hé phuong trinh trén [a: A=<1 B=0,C= % D=-r mal

3’ 5
Ta da phan tich ham duéi d&u tich phan thanh tdng clia cac phan thitc don gian
1 1 1 1 1 x—1
== -—x
x° - x® x> 3 x-1 3 x%4x+1
Vay:
dx x-1
=—|—=+= ———dx
Ixs—x J-X 1 3'[x2+x+1
=x-1+—ln‘xw1|+~1— z.z';ltédx.
3 x“+x+1
i g 1, .2 1 dx
=—+=In|x-1l-=In(x* +x+1)+= |—————
x 3 | | 6 ( BH) 2-[ 12 3
X+ = —
(3] 3
11 1 2 X+3
=—+—=In{x-1-=In(x"+x+1)+—=x arct
Sasr sl )*3 g£
2
1 1 1 2 1 2x +1
==+—=In|x-1]-=In(x* +x+1)+—=arctg———+C.
x 3 ety 6 J3 J3
Vidy 3: Tinh 1= [ L S 9
(x - 1(x—2)(x—3)
i 4 x -2x+9 x F & 52 n .
Giai: Phén tich thanh tong cac phéan thic don gian.

(x-1)(x-2)(x-3)

Ta c6:

x2 -2x+9 A . B = C
(x-1)}(x-2)(x-3) x-1 x-2 x-3
Ta c6 thé diing phuong phap hé sé bt dinh dé tinh cac hé s6 A, B, C trong
phan tich trén nhu di 1am & vi du 2. Tuy nhién, khi da thitc mau tach ra duge la
tich ctia cac don thitc bac nhat thi ta c6 thé tinh A, B, C nhanh, gon hon theo
cach sau:
Vi phan tich trén la déng nhat thitc, phan thite d6 ding véi moi gia tri clia x,
nén dé tinh hé sé A ching han, ta nhén ca hai vé€ véi x — 1, duge:
x? -2x+9 B

C
m-A+x_2(x—1)+st(x—l)
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1-2x1+9 _
(1-2)(1-3)
Tuong tu, mudn tinh B ta nhin ca hai vé cia déng nhat thic ban dau véi
_22-22+9 _
(2-1)(2-3)

Chox = 1, ta co: A= A=4.

(x — 2), roi cho x = 2 ta duge: B

32-23+9

Vacudicing C=——— =
(3-1)(3-2)

x%-2x+9 4 9 N 6

iy (x—-1)(x-2)(x-3) x-1 x-2 x-3

2

x“-2x+9 dx dx dx
Nén 1= g 92 g 6

en I(x-l)(x-—2)(x——3) * Ix,—l e

=4In|x-1|-9ln|x - 2|+6In[x -3|+C.

x2+x+3
(x—2)(x+1)3

2
X *X*° _ thanh téng cla cic phan thitc t6i gidn, dung

(x -2)(x +1)

dx.

Vidu 4: Tinh I= |

Gidi: Dé phan tich

dinh 1y trén ta cé:
2
X +x+33= AL Bq+ B10+B2.
(x-2)(x+1)° x-2 (x+1)" (x+1)* x+1

Pé ¥ ring, trong vi du nay néu lam theo cach cua vi du 3 thi chi tinh duge:

2 . ey
A-Zr28 Lp (DPeCD+3
(2+1) 3 (-1-2)
Do vay, ta cé:
x? +x+3 1 1 B, B,

(x - 2)(x +1)° ) 3(x*2)u(x+1)3 +(x+l)2 T+l
3x2 +3x+9  (x+1)® —3(x-2)+ 3B, (x + 1)(x - 2) + 8By (x - 2)(x + 1)°
3(x-2)(x+1)P 3(x - 2)(x +1)}

& 3x% +3x+9=(1+3By)x> +(3+3B, )x% - 3(B; +3By)x+7-6B; -6B,

Déng nhit hé sd ta cé:
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1+3B2 =0

3+3B, =3 B=i
=
_3(B, +3B;)=3  |B, =_§
7-6B, —6B, =9
x2+x+3 1 1 1

Vay

(x-2)(x+1)° 3(x-2) (x+1)7 3(x+1)

2
3 dx dx 1 ¢ dx
Nenl= [—2 122 gx- -=
J(x—Z](x+l)3 ij 2 '[(x+1)3 3Ix+1

X— 2[ 1
x+1! 2(x +1)*

- —t
3

+C.

Chi ¥: Trong mét sé trudng hop dac biét ta c6 thé tim duge tich phan cac phan
thitc thuc su bang cac phép d6i bién thich hgp.
x2dx
(x-1°
Gigi: Dat: x-1=t=>x=t+ 1= dx=dt.

Vidu 5: Tinh 1= j

B e T L O T e
Imj __" = dt_j(t +2t™ 1t 70)dt

_.1_2 1 . -6t Eit 8 o8- ss(x4 -3 &
2t2 3t 4t 12t 12(x -1)
P
:*Bx “4x+1+0.
12(x*1)4

Vidy 6: Tinh 1= [————
X +6x +5

xdx f xdx
+6x2+5 “(x2+3)° -4

Dat t = x* + 3, ta c6 dt = 2xdx. Do dé:

Giai: Ta cé: I =

t-2 x2+1

t+2

In

0| =

11,
2 4 X2 +5

Vidu 7: Tinh I = dx.

'{x4 —3x% -4

Gidi: Dé tinh tich phan-trén-ta-c6-thé-dung-phueng phap hé sé bit dinh dé
phén tich biéu thuc duéi d&udich phan Thiill ddélphén thite don gian.
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Ta cé thé biéu dién
1 1 1 Ax+B C D
1 T 4 B 2 =g T T +
x1-8x2 -4 (xZ+1x%2-4) (Z+D(x-2)(x+2) x“+1 X+2 x-2
rdi diing cac cach da gii thiéu dé tinh A, B, C, D. Tuy nhién, c6 thé dung cach
thém bét vao ti s6 dé di dén két qua nhanh hon:

1 _(x2+1)—(x2—4)i{ O ]
Z+D(x2-4) b5xZ+1(xE-4) 5lx*-4 x%+1
1l x+2-(x-2) 1 B 1 1 1
EL(x—z)(mz) T2 +1]_ 20(x-2) 20(x+2) 5(x2+1)

Tacé:I=I—4—12~——dx=i dx 1 pdx _% dx
x* -3x“ -4 207x-2 207x+2 57x%4+1
1 x-2| 1
=—1In - —arctgx +C.
o0 lx+2| B

4. TICH PHAN MOT SO HAM LUQNG GIAC

Gia sit cdn tinh tich phan I = [R(sinx,cosx)dx, trong d6 R(u, v) la mot bidu

thic hitu ty dé1 véi u, v (u = sinx; v = cosx).

4.1. Phuong phap chung dé tinh tich phan [R(sinx,cosx)dx

Phuong phap chung dé tinh tich phan nay la dat t = tg% vl - <X <.

% arctgt = x = 2arctgt, = dx = 2{11:2
. 1+t
2
= IR(sinx, cosx)dx = IR 2t2 ,1 52 Zdt2 _
1+t° 14t° J1+t

Diy la tich phan ciia mot ham hitu ty déi véi t ma ta da xét d trén.
dx

Vidu I: Tinh 1= :
R i -[4sinx+3cosx+5

Giai: Dat t=tg% Vil —T<X<T.

]=I “_[ 2dt
4mnx+3 +5
Sl 1+t2)(4>(——2t— + 3(1_i]+5]

‘if_tg } +t2
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- 2dt 2[4t [d

8t+3-3t2 45457 22 +8t+8 t2+at+d -(t+2)
=—t12+C=-tg§+2+C.
-
Vfdy.2:T1’nhI=%_[ 1-a* 2dx O<a<1l -n<x < 7n.
1-2acosx+a

Giai: Thuc hién d6i bién t = tg%, ta cé:

dt = (1-a?) | . dt

l1-a J' 2
1+t2 —2a +2at® +a% +a’t2

2 1-t> 4
(1+t°) 1—2au——2+a
1+t

2
1 gt - 1-2 J. d[(1+a)t |

=(1-a?) -
I(1~cat)2+(1+a>2t2 I+a Y[1+a)t] 2 +a-a)?

3 i g
T (1+a)1-a)
Trong mét s6 trudng hgp dic biét, néu 4p dung phuong phéap chung néi trén cé
thé dua dén tich phén clia cac ham hitu ty phitc tap. Trong khi d6 ta c6 thé di dén
két qua nhanh hon bing cac phép bién ddi thich hdp.
dx

1+cosx

arctg E—f& t]+C=arctg G+a tg%)i-c.
-a -a

Vidu 3: Tinh I = J‘

Giai: Ta cé:

1+cosx=2c0525:>1=_f
2

dx

sInx

Vidu 4: Tinh 1= |

Giai:

L. . g X 5
Ta c¢é: sinx = 251115 COSE' do dé:

xR
Lk, { B
dx 3 mz (2]
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4.2. M6t s8 trudng hop dic biét
4.2.1. Mét s6' truang hop ddc biét ciia R(sinx, cosx)

Truong hop 1: Néu R(sinx, cosx) 12 ham chin d6i véi sinx va cosx,
tic 1a R(-sinx, —cosx) = R(sinx, cosx) thi dat t = tgx hodc t = cotgx.
Truong hop 2: Néu R(sinx, cosx) 12 ham 1& d6i véi COSX,
tdc 1a R(sinx, —cosx) = -R(sinx, cosx) thi dat t = sinx.
Truong hop 3: Néu R(sinx, cosx) 12 ham 1é déi véi sinx,
tic la R(-sinx, cosx) = -R(sinx, cosx) thi dat t = cosx.
dx

2 g 2

Vidu I: Tinh 1= | .
sin”“ x+2sinxcosx —cos“ X

Giai: Vi ham duéi ddu tich phin 14 him chin déi véi sinx, cosx nén ta dat

t=tgx => x=arctgt = dx = dtz
1+t
sinx = - ;  COSX = : -
J1+tg2x \/1+t?' ’ -,f1+tg2x 14t
Do dé
dt dt
I=.f(1+t2)[ t22 2—';—2-—%}]*'2)’2':"1
1+t 14+4t° 1+t
1 |t+1-42] 1, ltex+1-V2|

+C =

1
j(t+1)2 (+2)? 2J§ nt+1+\f§] 2J- |t.gx+1+-.f_|

Chd y: Tich phén trén c6 thé tinh dude don gian hon néu ta chia ca ti s6 va
mau s6 cua ham duéi ddu tich phan cho cos®x, that vay:

dx
. -
I=J‘ cos” x =I d(tzgx) ~= 1, |tex+1 V@-i-C.
tg?x +2tgx -1 “(tgx+1)°-(V2)2 2J2 |tgx+1+v2
Vidu 2: Tinh 1= [— %

sin” xcos“ x

Giai: Vi ham duéi dau tich phan 1a ham ch&n déi véi sinx, cosx nén ta dat
t = tgx. Ta cé:
tgx _ tg4x

4
d(tgx) =—+d’2g—;sin4x= : = = w
cos“ x 3 ey L+ tg k)
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v v fOEERP t4 +2t% +1
Nén: I=| . dt= | Tt
—j&+2j ——_tﬁg——Lq{:—@x—jL— -

+C.
t 3td tgx  3tgx

Vidu 3: Tinh I = j(cos X +cos’ x)

31!1 X+ 51114 X

Vi R(sinx, —cosx) = ~R(sinx, cosx) nén ham duéi ddu tich phan la mét ham 18
dé1 véi cosx. Dt t = sinx = dt = cosxdx.

2 2 5 ol
I=ICOS x(1 + cos” x)cos x dx _J-(l t )(2 t) j-Z—St +t

dt
sin? x(1 + sin? x) t2(1+t2) t2(1+t2)
=J-t2(t2+1)+2(t2+1)—6t dt = [at+2 [t-2de - sj
t2(1+t2) 1+t2

= t--f——ﬁarctgt+c =sinx — ‘2 - 6arctg(sinx)+C.

sinx

: .. 8
Vidu 4: Tinh I = j(s‘“x *;m %) ax.
COS &X

Giai:

dx.

. . 3
I= J-(81nx+s1n x)d _J-(1+sm X)sin x

cos 2x 2cos® x —1

Vi R(-sinx, cosx) = -R(sinx, cosx) nén ham dudi d4u tich phan la ham lé déi
vdi sinx. Dat t = cosx = dt = —sinxdx.

2- t) ! _122-1-3 . 1

I I2t~,2 1 I w21 [Idt SJ’(\ﬂ}g 1]
=l1; \f_t 1 C—lcosx— |J§cosx 1‘
2 2\!? i !\f_cosx+1|

4.2.2, Tich phan dang jsinm xcos" xdx

Ta xét ba trudng hdp sau:
Truing hgp 1:  m lé: dit t = cosx:
n lé: dit t = sinx.
Truong hop 2:  m, n ehdnva-it-nhat-mét-trong-hai-sd d6 Am thi dit t = tgx.
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Truomg hop 3: m, n chin va déu duong thi c6 thé ding cac céng thic sau dé
bién d6i ham dudi ddu tich phan:

2 2

sin“ x = %{1 —cos2x), cos”“ x = %(1 +c0s2x), sin XCOSX = %sinizx.

Vidu: Tinhl = J'sin2 xcos® x dx .

I= i _[sinz 2% dx = -Elg J.(l -cos4x)dx
1

=—jdx~ljcos4x dx = lx—isin-'-iznw(].
8 8 8 32

4.2.3. Cdc tich phan dang jcos{ax)cas(bx)dx; _[sin(ax)sin(bx)dx;
fsin{ax)cos(bx)dx
Duing cac céng thic:

1) cos(ax)cos(bx) = —é-[cos(a +b)x + cos(a - b)x]|
2) sin(ax)sin(bx) = %[cos{a ~b)x —cos(a + b)x]

3) sin(ax)cos(bx) = %[sin(a +b)x +sin(a - b)x]

Vidu 1: Tinh 1= Isin 2x cos bx dx.

I= % J'[sin(2 +5)x +sIn(2 - 5):«{] dx = %[ _[sin Txdx - Is'm Bxdx]

= “11—4C057x+%cos3x+0 _ cos 3X _cos'?x +C.

6 14

Vidu2:Tinh I = _[cosxcos o COSE dx.

I=l _r[coa;s—xﬂ:osE ca:)s—z'E d:c=l Icos§-005£dx+_"cosicos£dx
2 2 2 4 2 2 4 2 4

1 Tx 5x Ix X
== COS — + COS — dx+I cos— +cos— |dx
4 4 4 4 4

[Icos Z—de+ Icos % dx + Icos % dx + jcos E dx]=

e | =
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114 . 7x 4 . 5x 4 . 3x o X
=—|—= sln — +—8in — +— 8in — + 4sin = |+ C
4 |7 4 5 4 3 4 4

. Tx . Bx 1 . 3x . X
=—8INn— + — sIln — + — sin — + sin — + C.
T 4 5 4 3 4

5. TICH PHAN MOT SO HAM VO TY

Khi tinh tich phan cac ham vé ty ta thudng ding phép ddi bién thich hop dé
dua tich phéan da cho vé dang tich phan ham hitu ty, titc 1a "hitu ty hoa" tich phan
da cho. O day ta chi xét mét s6 dang don gian.

m r

5.1. Dang IR(x,x'ﬁ_,...,x; )dx
R(u, v,..., ©) 12 ham hitu ty clia cac dé1 s6 u, v,..., ® vA m, n,..., r, s 1a nhiing &
nguyén duong.

Dat x = t* vdi k = bdi s6 chung nhé nhét ctia cac miu sé (n,..., s).

x(%:Jrl)

Gidi: Dat x = t® = dx = 8t"dt.

Vi dy: Tinh 1= | dx.

(t2+t)8t7dt (t-1dt 8 (d(t2+1) | dt
I= = _8 T e
I t8(t2 +1) ‘[t £1 I t2 41 I

=4 ln(t2 +1)-8arctgt +C = 41n(J; +1)-8arctg ¥x +C.

5.2. Dang [R(x, Vax? +bx+c) dx véia=0;a, b, c la hing s&

Xét tam thitc bac hai dudi ddu can, ta cé:

5 [( b)g b2—4ac}
ax“+bx+e=a||lx+—| ——m—
2a 432

: ( 2 bx cJ 2 2b b2 b® 4ac
vi a|lx“+—+—=|=a|x°+=—x+ = +
a a 2a 4a% 4a® 4a®

Dat u=x+—b— = du =dx.
2a
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a) Néu b* - 4ac > 0 thi:
\Jax2+bx+c=\/§ u? —a? khia>0;
vax? +bx +c =v-a va? -u? khia<0
b? - 4ac
4a%

b) Néu b? — 4ac < 0 thi:
\Jax2+bx+c.zn’€ u?+a? khia>0

b? - 4ac
432 )

trong d6: o =

trong dé: al=-

Con khi a < 0 thi tam thic bac hai dudi c&n luén am (biéu thite v6 nghia). Nhu
viy, ta da dua tich phén trén vé mét trong ba dang tich phéan sau:

JRI (u,Va? +u?)du, dat u=atgt;
IRg(u,u'az ~u?)du, dat u=asint;
_[R3(u,w'u2 -0 )du, dat u .-
cost
[q2 2

Vidu 1: Tinh 1 = I—— dx .
X

Giai: Dit x = asint; —g ot sg- = dx = acostdt ;

\/a2 —x% = \/a2(l—sin2 t) = a|costf =acost (vi cost = 0).

2
a cos t 1-sin“t
I=I I( sin” )dt a_[—————dt a.[smtdt
asint sint sint
1 st
=a1ntgn—+acost+C=aln.—— +acost +C.
2 sint sint
2 2
Vi sintzi; cost =22 "X pén
a a
ave’ -x’ 2__2 7_ 2
a a‘ - a-va‘-x
[=aln|—- - & s lmainlem ¥ TR loagntiond o)
X X a X
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dx

xv’az +X.2

Vidu 2: Tinh 1= | (a > 0).

T
Giai: Dat x = atgt, et osdx= ad2t :
2 2 cos“t
a a :
\{a2+x2=\/a2(1+tg2t)= =—— (vicost>0).
|cost| cost
I—‘.‘ acostdt _EI dt
cos?t atgt a a -cost tgt
1 dt 1 t 1
=—J-_ =—ln|tg— +C=—inr_—1—-—c'_3St +C
a‘smt a a sint sint
Ta 66: tgt:_:i:smtzi sint =£
a cost a 1—sin2t a
2 . 2 2 2 . 2 | x2 : X
= a“sin“t=x"-x"sin“"t = smt= 5 = sint =
a +x a? + x>
2 2
X
=cos’t=1- 5 T 23 2:>cost,=,_a._
a“+x° a“+x a? +x2
1, [Va?+x® -a
Viay I=—-In|———+C.
a X

Ngoai ra, ta ¢6 thé dung phudng phap déi bién s6 khac dé tinh cac tich phan
vo ty.

. e R.

V‘X2+Cf. .

Gidi: Ta thuc hién phép d6i bién Euler: Vx2 +a =t-x, 1&y vi phan ca hai v&
ta dudc:

Vidu 3: Tinh 1= j

—}ng—=dt—dx = {1+;de=dt

Vx% +a x% + o
2

S NE FOAE e 5 O e R =t
Vx© +a \J'x2+[1

dx __dt

2
==X -
\J'J{2+G. t
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Vay I=jii£t—=1n\ti+C=1n vx2 +a +x|+C.
Vidu 4: Tinh I = j—m‘i’f——..
(x-1)V1-x2
GilipSgeste s a5 xal = dgeait
t t t2
2
-2 = 1_[1+1] _ L1+3t
E t>
dt |
2 dt
Vay I=- t =
J‘—I}——ld—-l—:zn I“—1—2t
t/t

Vil-x?>>0 < |f{<1 = x-1<0 = t<O0 nén It|=-t.

Way Tsradd=ohslesl R0

1-x

- - - 4y = - e o ﬂ o - . -
Trd lai vi du 2, ngoai cach doi bién x = atgt (—% <t< E)’ vdi vi du nay ta cé

thé déi bién cach khac:

dx
Vidu 5: Tinh [ = |————== (a>0).
'[xv'a2+x2
dx
2
Gi&i:Tacé:Izj S .D"_At3=t:>g}—{-=—ldt.
32 X ){2 a
S
2
I=—-1—_[ it =—-1—ln t+Vt2+1|/+C (theo vi du 3)
a2 +1 a
I:lln —1—— +C=lln t-Vt2+1|+C
4 t+vt® +1 a
a
Thay t =—, ta dudc:
X
1 \0‘32+x2—a
I==1In +C.
a X
THU VIEN

HUBT
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5.3. Mgt s6 tich phan dang vo ty c6 thé dung phuong phap déi bién
theo cac ham hypecbol

Tt dao ham cta cac ham hypecbol di biét & chuong 11 ta cé:

J'shxdx =chx +C; Ichxdx =shx + C;
I d: =thx + C; _|' d; =-cothx +C.
ch”x sh®x

Trong mét s6 trudng hop, ¢ thé dang phuong phap déi bién sé theo cac ham
hypecbol dé tinh cac tich phan dang vé ty.

Vidy I: Tinh 1= [ (a>0),

\1'}{2 +El2

Gidi: Poi bién x = a sht = dx = achtdt.

d
Izj' X =J-ach;cdt =IaChtdt=_[dt=t+C.
Vx?% + a2 avsh“t+1 a cht
t -t 2t _
Tirsht:-}i,taduqc: o :}2—X=et-~}~:e .
a a 2 a et e"
[ 9 2
_+..
o aelt —9xet —a=0 & t=XTYX *t3
a
X x2+a2 1 2 2
Vie'>0Onént=ln|l-+——"—|=ln—+In|x+vVx? +a?|.
a a a
Ta cé:
I=In|x+vVx%+a? +1ni+C = In|x+Vx®+a% |+C.
a
Vidu 2: Tinh 1= (a, x > 0).

.[ dx

Gidi: Déi bién x = acht = dx = ashtdt.

dx ashtdt ashtdt
I= J' = | = = [dt=t+C.
Jx* ~g? aveh’t -1 j asht I
Tucht= X, ta dudge:
a

& bt 2x e 1 et +1
—_= —_—=e 4+ o—_ <>
a p. & -1 § @é‘
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2t
o aet —2xet +a =0 et =

2 2
. . X X°-a 1 < C
Vie'>0,x>0nén t=1In [:t—-———}~ln—-+]n {xi x‘z—az].
a a

Ta co:

Izln(xiﬁxz—azJHn l+C = In {xidxzua2J+C.

a

Do tinh duy nhat cia nguyén ham ham sé nén ta cé thé chon

I=In [x+v‘x2-aQJ+C.

BAI TAP LUGNG GIA
Hay chon két qua dung:

3
I. TinhI= j"—?’ﬂiﬁiﬁ_
sinx+5
Két qua:
: sin? x
A. 1=5sinx- - 24In(sinx +5) + C

o
; sin” x
B. 1=-5sinx+ =

=1

+ 24In(sinx + 5) + C

b 2
€ TE Bging- 228§ _12 +
siInx+5

D. Két qua khac.
dx

2. Tinhl= = )
(x+\jx‘3+1](x2+1}
Két qua:
2
A remd e B. Isamtex=invslel +0
x2+l
2
N L ""1” L C . Rifions Fhio.
X© + |
| THU VIEN
HUBT
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dx

3. Tinhl= |— " _ bing phuong phap thém bét.

j.(x+3)(x—2)2 3 S

Két qua:

A, Temete ol Loy 578 [
b(x-2) 25 x-2

_ 1 +——1-ln X+3 +C

5(x-2) 25  |x-2

G Pt 2 | e
5(x-2) 25 |x+3

D. Két qua khac.

4. Tinh1= [xyx?+1 In(/x®+1)dx.

Két qua:

%J(xgnﬁ {3Inﬂ'x2+1 ; 1} +C

B. I= %\/(x2+1)3 ]iln\/x2+1 —1} +C
& = %\f(x2+1)3 {31n~.fx2+1 —1} +C

D. K&t qua khac.

5. Tinh1= [x (1+x*)arctex dx.
Két qua:
1 I 9 2 X3
A, I==arctgx(x*+1)* - —-x|+C
4 3
1 I 2 2 x>
B. Izz arctgx (x“ +1) +—3—+x +C
3 -
C. I=—1— arctgx(x4+2x2)~§——x+lnx - +C
4 I 3 x+1
D. Két qua khac.
THU VIEN
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Bai 2
TiCH PHAN XAC DINH

MUC TIEU

Hoc xong bai nay sinh vién c6 kha niang:

1. Trinh bay dudc dinh nghia tich phan xdc dinh bdng cdch ldp téng S,,
tinh gidi han va ¥ nghia hinh hoc cua tich phan xde dinh.

2. Ap dung dudc cdc phuong phdp tinh tich phén xdc dinh: cong thic

" Newton —Leibnitz, phuong phdp déi bién va phuong phdp tich phén tieng
phdn dé tinh tich phdn.

3. Tinh gdn ding duoge tich phén xdc dinh bang phuong phdp hinh thang
va phuong phdp Simpson.

1. TICH PHAN XAC DINH

1.1. Dién tich hinh thang cong

Cho ham s& y = f(x), xac dinh va lién tuc trén doan [a, b], ngoai ra gia su f(x)
khéng Am trén [a, b]. Xét hinh thang cong AabB la hinh giéi han bdi dé thi cta
ham sé f(x) trén [a, b]: cAc dudng thing x = a, x = b va truc hoanh Ox (hinh 3.1).

)’l

-

0l a= XXy N2 Kil XN Xn = b x

Hinh 3.1
Ta chia doan [a, b) thanh n doan nhé béi cac diém chia:

8 E XEaemteaaX o F i 9 FERY
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Cac diém chia x; 1 =0, 1...., n) dudc chon tuy ¥, tuin theo thi tu ting dan va

diém dau x, tring véi a, diém cusi X, tring véi b. Tit cac diém chiax, =1, n-1)
ta dung cac dudng x = x;, nhu thé ta da chia hinh thang cong AabB thanh n hinh
thang cong nhé P, ,x, ;x;P, i = 1, n). M3i hinh thang cong nhé c¢6 day la
Ax; =X; -X;_; (i=1, n). Trén méi doan [x,.,, x;] 14y mét diém tuy ¥ £ khi d6 tung
dé y; ing véi hoanh d¢ &; 1a y, = f(Z,).

Néu tng véi mdi doan nhé [x,, x;] ta dung mét hinh chit nhat ¢6 kich thuée 1a
(x; - x;-y) va (&) thi dién tich cta né la: f(£)(x; - x,_).

Lap tong S,;:

Sn = £(&1) (x; = xp) + £(&y) (x, — %)) +... + ) (x, — x,9)
hay S, = if(fﬂ- JAX; (3.2.1)
i=1]

trong dé: Ax; = X; — x;_1; 5, chinh la dién tich hinh bac thang (hinh 3.2).

¥y
A
P, i
/] \:\{’t- P é
O =% & X1& X Ner & Ni L

Hinh 3.2
Dién tich S cua hinh thang cong AabB bing téng dién tich ctia cac hinh thang
cong nhd P;_;x; ;x;P; (i = 1, n). Ta thdy ring, dién tich hinh bac thang sai khac véi
dién tich hinh thang cong AabB cang nho néu n cang 16n va cac Ax; cang nhé. Do
d6 ngudi ta dinh nghia dién tich hinh thang cong AabB nhu sau:
Néu tong (3.2.1) dan t6i moét gidi han xac dinh S khi n — o sao cho
max Ax; — 0 thi S duge goi 1a dién tich cia hinh thang cong AabB.

l1£i<n

Vay dién tich cua hinh thang cong AabB la:

n

S=_lim 3 f(§)Ax;.

n‘.—axjxl—v{)izli .
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1.2. Dinh nghia tich phan xac dinh

Cho ham f(x) xac dinh trén [a, b]. Chia tuy y doan [a, b] thanh n doan nhoé bdi
cic diém chia: a =xy < X; <X9 <...< X, =b.

Dat Ax; = x; —=x;_; va trén méi doan [x;_;,x;] 1y mét diém & tuy y (i=1, n).
i n
Lap tong: I, =2 FE hx;.
1=1

I, dude goi 1a téng tich phdn ciua ham f(x) trén doan [a, b]. Cho s6 diém chia

tang v6 han (n — «) sao cho max Ax; — 0. Néu trong qué trinh d6 ma I, dan téi
ls1sn

mét gidi han xac dinh I, khéong phu thudc vao cach chia doan [a, b] va cach lay
diém &, Khi dé ham f(x) dudc goi la khd tich trén doan [a, b], va I dudc goi la tich
phén xde dinh cia ham f(x) trén doan [a, b] va ky hiéu la:

b n

= [foodx = lim ) f(E)Ax;.

max Ax; =03

3 day: (a,b]: doan 14y tich phén; a: can dudi;
b: can trén; x: bién lay tich phan;
f: ham s6 1ay tich phén; f(x)dx: biéu thitc duéi ddu tich phén.

b
Chu y 1. Tich phan jf(x)dx (néu c6) chi phu thude vao ham f(x) duéi ddu tich
a
phin va cac cin a, b ma khang phu thude vao bién tich phan.
b b
Tde la: [f(xdx = [£(t)dt.
a

a

Chi y 2. Khi dinh nghia tich phan xac dinh, ta gia thiét a <b.

b a
— Néu b < a ta dinh nghia: J'f(x)dx= E Jf(x)dx.
a b

a
~ Néu a = b ta dinh nghia: J'f(x)dx =0.
a

Chii y 3. Néu f(x) lién tuc va khéng Am véi Vx e [a, b] thi dién tich hinh thang
b
cong xac dinh boi y = f(x), y =0, x = a, x = b bing _[f(x}dx, Dé la y nghia hinh hoc

cua tich phan xac dinh.
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1.3. D4u hiéu kha tich ctia mét s6 ham quen thudc

Sau khi dinh nghia vé tich phdn xac dinh, mét vAn dé dat ra la: Nhing ham
nao thi kha tich trén doan [a, b]? Van dé d6 duge khéng dinh bdi dinh 1y sau:

1.3.1. Dinh ly 1

Néu fix) lién tuc trén [a, b] thi f(x) kha tich trén [a, b].

Chii y: Dinh 1y trén cho ta mét diéu kién du dé€ ham f(x) kha tich trén [a, b]. D6
khong phai 1A mét diéu kién cAn. M6t ham kha tich trén [a, b] thi khéng nhat thiét
lién tuc trén doan dé.

Ngudi ta ciing chiing minh dude ring, néu f(x) c6 mot diém gian doan loai I
x =c trén [a, b] thi né kha tich trén doan &y va ta cé:

c

b b
f(x)dx = |f(x)dx + [f(x)dx. y4
J [ J

Y nghia hinh hoc cia ménh dé la dién tich
hinh thang cong ting véi ham f(x) c6 diém gian
doan loai I tai x = ¢ bang téng dién tich cac
hinh thang cong aAC,c va ¢CyBb (hinh 3.3).

Ménh dé trén van ding néu f(x) c6 mét sé
hitu han diém gian doan loai I trén [a, b].

0

Hinh 3.3

1.3.2. Pinh Iy 2

Néu fix) bi chin trén [a, b] va c6 mét sé hitu han diém gidn doan trén [a, b] thi
flx) kha tich trén [a, b].

1.3.3. Dinh Iy 3
Néu f(x) bi chdn va don diéu trén [a, b] thi kha tich trén [a, b].

1.4. Tinh chAit cta tich phan xac dinh

Pé khoéi phai nhéc lai nhiéu lan, trong cac ménh dé dudi day khi néi dén tich
B
phéan jf(x)dx chiing ta déu hiéu la f(x) dugc gia thiét 1a kha tich trén [a, B].

o
Tinh chat 1
b b
[Cf(x)dx = C [f(x)dx, C 1a hing s6;

a a
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b b b
JlEG) + g(ldx = [f(x)dx + [g(x)dx.

a a a

Tinh chdt 2
b ¢ b
If(x)dx = jf(x)dx + _[f(x)dx, ctuyy.
a a C

Tinh chdt 3 (trong tinh chit nay a <b)

b
a) Néuf(x)=>0,x € [a,b] = jf(x)dxz 0.

a

b b
b)  Néuf(x) <g(x),x € [a,b] = [f(x)dx < [g(x)dx.

a

c) Néu f(x) kha tich trén [a, b] = |f(x)| kha tich trén [a, b] va

b
[Ex)dx

b
< [lfeo)]dx.

b
d) Néum<fx)<M, x e [a,b] > mb-a)< jf(x)dx <M - a).

Tinh chdt 4: Dinh 1y vé gid tri trung binh

Néu f(x) lién tuc trén doan [a, b] thi trén doan dé cé it nhat mét diém £ sao cho
b
[E(x)dx = f(E)(b-a).
a

Chitng minh: Vi f(x) lién tuc trén [a, b] nén ta ¢c6 m va M 14 cac gia tri bé nhat
va 16n nhat cua ham f(x) trén doan dé.

: b
Ta cé6: m(b - a) < jf(x)dx <M@®b-a) (b>a)
a
1 b
hay m < If(x)dxs M.
b-aEl

Ciing vi f(x) lién tuc trén [a, b] nén trén doan dé c6 it nhit mét diém & sao cho

1 b
f(g) = E!f{x)dx.
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b
Do d6 : _[f(x)dx =f(E)b-a).

Chu y: Gia sit cung AB la dudng biéu dién cua

Y4 .

f(x) 2 0 trén [a, b]. Y nghia hinh hoc cua dinh ly vé C P
gia tri trung binh 1a: Trén cung AB bao gid ciing c6 7 AF
it nhat mét diém C c¢6 hoanh dox=§(a<&<b)sao A
cho dién tich hinh chit nhat aDEb diing bang dién
tich hinh thang cong AabB (hinh 3.4). :

b 0 a g b X

Gia tri f(¢) =
Hinh 3.4

trung binh cua f(x) trén [a, b].

1
Vidu 1: Tinh j x2dx theo dinh nghia.

Gidi: Vi f(x) = x* lién tuc trén [0, 1] nén né kha tich trén [0, 1]. Do d6 ta cé:

1 n
2 : 2
x“dx= lim ) Ax: ,
'[ max Ax, —0 Z(él) 4
0 0 )
trong d6 gidi han cua vé phai ton tai khéng phu thuée vao cach chia [0, 1] va cach
lay diém &;. D& viéc tinh toan dugde dé dang, ta chia [0, 1] thanh n doan nhé bing

nhau va I8y cac diém &; la cic ddu miit phai clia mdi doan nhd, khi dé ta cé:
L

Ax. = 1, éi:;r.(i:j.nl (]= 12 Tl}
n n

va max Ax; — 0 tudng dudng véi n — oo,

2 n
Do dé: I 2dx = lim Z[l-—) = lim —13-2
n

n—oe n

= lim =@2+2%4... + n?)= lim Ll ks P S
n—=wn n—ow 6n 3
: 1
Vay Ixzdx = —.
5 3
Vidu 2: Dung tich phan xac dinh tim gidi han
o um[ el }
n-o| n? 4 12ZanasRe THI m,g An?
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n n n
Giai: Datl, = G e o, B
n“+1° n®+2 n“ +n

C6 thé viét I, dudi dang:

L 2 “
2 2 2
II'I: n ‘)-.}- n + a + ._n—_
L 2} n)?
1+[--] 1+[ ] 1+[-]
n n n
. : + - + PO
n 12 o e
1+[.) 1+[ ] 1+[..]
n n n
Xét ham f() = - : 7> ham 55 nay lién tuc trén [0, 1], do d6 kha tich trén
1+x
. - . 2 -~ 1—0 = a D ”!
[0, 1]; duing phan diém déu Ax; = —— va cac diém chia:
n
1 1 . e
Xg =0, x; =—; ...} xi=—1-,1 = O,n,
n n

chon diém &, = x,, ¢6 tdng tich phan la I, do dé:

lim 1, =1= =arctgx%=§.

n—»m

2

(=R B
2

1+x

2. CONG THUC NEWTON - LEIBNITZ

2.1. Dinh li co ban gita nguyén ham va tich phan xac dinh
Néu f(x) kha tich trén [a, b], f(x) ciing kha tich trong [a, x] véi x € [a, b]. Do dé

X X
tich phan [f(t)dt 1a mdt ham cia x (ham cha can trén). Ta dit O(x) = [ft)dt.
a

a

Dinh ly: Néu fix) lién tuc trén [a, b] thi ham @Xx) c6 dao ham trén doan do va
d X
®'(x) =—| [f(t)dt | =f(x) (3.2.2)
dx X

X
Néi khac di, ®(x) = jf(tadr, rmbtneuyér-him-eta-ham f(x) trén [a, b).

a
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Chitng minh: Lay x e (a, b), cho x mét s& gia Ax sao cho x + Ax € (a, b). Khi dé
ta co:

x+Ax X
AD = O(x + Ax) - O(x) = j f(t)dt — J‘f(t)dt

X X+ Ax

+Ax X
j f(t)dt — J'f(r,)dt: [ f(t)dt

X

= )jf(t)dt +

Theo dinh ly vé gia tri trung binh, cé mét diém & ndm gita x va x + Ax sao cho
X+ Ax

[ f(®)dt = fE)ax.

X
r 5 AD
Do dé ta c6 AD = f(E)Ax hay e 2.
X
Cho Ax — 0, khi d6 £ — x va vi f(x) lién tuc tai x nén f(&) — f(x). Do d6 ta c6:

fiin 22 <y gy = fi)
Ax—0 AX  Eox

Diéu nay chiing té ring, ®(x) c6 dao ham tai x va ®'(x) = f(x).
Mit khac, tai cdc mit x = a, x = b ciing chiing minh tudng tu nhu trén ta dugc:
D'(a + 0) = f(a); ©'(b - 0) = f(b).
Vay tai moi diém x € [a, b] ta déu cé: ®'(x) = f(x).
Tt dinh 1y trén ta suy ra ngay hé qua sau.
Hé¢ qud: Moi ham lién tyc trén [a, b] d8u c6 nguyén ham trén doan do.
2.2. Cong thic Newton — Leibnitz

Dinh ly: Néu flx) lién tuc trén doan [a, b] va F(x) la mot nguyén ham cia né
trong doan dé thi

b
jf(x)dx =F(b) - F(a) (3.2.3)

Pang thic (3.2.3) dude goi 1 cong thitc Newton — Leibnitz.
Chitng minh: Theo gia thiét, F(x) 12 mét nguyén ham ctia f(x) trén [a, b] va

theo hé qua trén thi
O(x) = jf(t)dt
a

cling la mét nguyén ham ¢uafx) trén, [a, b
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Do d6 F(x) va ®(x) chi khac nhau mét hang s6 cdng, tic la: ®(x) = F(x) + C.
Dé xac dinh hing s6 C, cho x = a ta c¢é: ®(a) = F(a) + C.

a
Nhung ®(a) = j f(t)dt = 0, do d6 C = -F(a). Vay

D(x) = jf(t)dt = F(x) - F(a),a<x <b.

Cho x = b, trong biéu thiic trén ta cé
b
[E(t)dt = F(b) - F(a).
a

b
Vay jf(x)dx = F(b) - F(a).

a

Ngudi ta thudng ky hiéu F(b) - F(a) béng F(x):, nhu vay céng thic Newton —

Leibnitz dude viét thanh

b
[£0dx = F(x)]; = F(b) - F(a).

2
Vidu 1: Tinh _ﬂl - x|dx.
0

Giai: Ta co:

2 1 2
fl1-x/dx = [(1-x)dx+ [(x-1dx
0 0 1
o |1 2|2
__ -0 o) -(0-1)+(3-0)-1
2 |, 2 \1 2) |2

Vi du 2: Gia tri trung binh caa ham f(x) = sin%(x) trén doan [0, 2n] bdng
2n

1 2n 1 2n 1 1
— _[sin2 xdx = — j(l—cost)dx:—[x~—sin2x]
2n a 4an 3 2 0

dr
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3. CAC PHUONG PHAP TiNH TICH PHAN XAC PINH

3.1. Phuong phap déi bién trong tich phan xac dinh

Tuong tu tich phan bat dinh, trong tich phan xac dinh nguoi ta ciing dung cac
phép déi bién thich hop dé tinh tich phan.
3.1.1. Péi bién sé'dang 1: x = o(t)

Dinh ly: Xét tich phan I]'f(x)dx, vdi [ lién tuc trong [a, b]. Gid s thuc hién
a
phép doi bién x = @(t) thod man:
1) ¢t) c6 dao ham lién tuc trong [, fJ:
2) pla) =a; P = b;
3) Khi t bién thién trong (o, ] thi x bién thién trong [a,b]
Khi do:

b p
jf(x)dx = If{(p(t)]q}'(t)dt (3.2.4)

[

Ching minh: Gia st F(x) 12 mét nguyén ham cta f(x) trong [a, b], khi dé:

b
j f(x)dx = F(b) - F(a) (3.2.5)

Mat khac, vi F(x) la mét nguyén ham cta f(x) trong [a, b] nén Flo(t)] sé& 1a mot
nguyén ham cua flp(t] ¢'(t) trong [o, P] va:

4]
[flo(0)] ¢'(t)dt = Flp(®) - Flo(c)] = F(b) - F(a) (3.2.6)

Lt

Tit (3.2.5) va (3.2.6) suy ra ding thic (3.2.4).

5 : 4 dx
Vidy I: Tinh = [—

pX"+4

bat: x = 2tgt, te[—E;E).
2 2

Khi x=0=t=0;
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A

Vay ta dat x = 2tgt, v610<x<2thi0<t < —.

4
Ta cé:
1 1
5 = 5 dx =— dt = 2(1 + tgt)dt.
Xx“+4 4d(tgTt+1) cos“t
T l"!
2 4 4
1
Vay: I:J' de =J' 21 2(1+tg2t)dt =—Jdt=lt i =E‘
0X“+4 4tg"t+1) 2 2 |o 8

Vi du 2: Chiing minh ring, néu f(x) lién tuc trong [-a, a] thi:

0 néu f(x) la ham lé

a
_[f(x)dx =¢ 2 . o _
e ZIf(x)dx néu f(x)la ham chan

0

That vay, theo tinh chit cia tich phan xac dinh ta c6:

0
j f(x)dx = [ f(x)dx + j f(x)dx.

Trong tich phan thi nhat o vé ‘phai I; = If(x)dx 461 bién x = -t ta cé:

-a

] a a
= - [f(-t)dt = [f(-t)dt = [e(-x)dx.
a 0 0

Do dé:
a a a a
[ fe0dx = [f(-x)dx + [feodx = f[fG0) +£(=x)]d
0 0 0

—a

a
Vay: néu f(x) 18, titc 1a f(-x) = —f(x) thi jf{x)dx =0

—a

néu f(x) chin, tic 1a f(—x) = f(x) thi jf(x)dx 2 jf(x)dx.

—a

3.1.2. Péi bién sé dang 2: t = Hx)

b
Dinh 1y: Xét tich phan_[f(x)dx, vdi flx) lién tuc trong [a,b].

a

159



Néu phép déi bién t = ‘Hx) thod man:
1) 'Hx)_ bién thién don diéu trén [a, b] va c6 dao ham lién tue;

2) flx)dx tro thanh g(t)dt, trong d6 g(t) la mét ham sé lLién tuc trong khodng
dong [‘Ha), ‘Hb)] thi:

b Y(h)
[f(x)dx: j g(t)dt. (3.2.7)
a Y(a)

Chiing minh: Gia st jg(t)dt =G(t)+C, khi dé:

[E(x)dx = [g(t)dt = G(t) + C = Gy(x)]+C.

Do dé:
b b vy YO
[f(dx = G[¥(x)]| =G[¥(b)]-C[¥(a)] = G(t)y (a; = (j] g(t)dt .
a a ‘Y(a

Chi y: Khi diung céng thue (3.2.7) can luu § ham s6' t = W(x) phai don diéu trén
[a, b]. Néu khéng don diéu, cé thé xay ra truong hgp W(a) = ¥(b) véi a # b (ching
han ham s6 t = sinx, x € [0, n]). Khi d6 tich phan & v& phai (3.2.7) bing khéng, con
tich phén ¢ vé& trai lai khac khéng. Céng thic (3.2.7) khéng ding nila.

smx

m
2

Vidu 1: Tinh I = I dx.
0

1+cos X

Giai: D6 bién t = cosx, ham s& t = cosx don diéu trén [O,%].
Khix=0=t=1,khix= % =t = 0; dt = -sinxdx.

Nenl——j dt—l_[

5 7, dt = arctg‘t = arctgl —arctg0 = =
1+t t 4

4 " 2 2x -1
Vidu 2: Tinh 1= [ ————dx.
1 -x+3

Gidi: Dat t = x® — x + 3; dt = (2x -1)dx.
Khix=1=t=3;khix=2=1t=5.
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Chii y: Ta c6 thé bién d6i nhu sau ma khéng cAn phai dua ra bién t:

2

ln{x“2 —x+3‘

2
j (x -x+3) =lnE¢
i 3

X*—%+3

1

3.2. Phuong phap tich phan titng phan

Dinh ly: Gia st u(x) va v(x) la nhitng ham sé6 c6 dao ham lién tuc trén doan
[a, b] thi:

b by
Iu(x) vi(x)dx =[u(x)v(x)] - J'v(x}u'(x)dx
b I T
hay ju(x}dv = [u(x) v(x)]] - j v(x)du.
Chitng minh: '

Ta cé: [u(x) V(x)]' =u'(x)v(x) +u(x)v'(x)

b , b b
o I[u(x) v(x)] dx = J-u’(x)v(x)dx+_[u(x)v'(x)dx

b b
= [uGovidx =[u) ve] [} - [veou'(x)dx

b
h b
Vi du = u'(x)dx,dv = v'(x)dx nén ta co: _‘udv =uv| - J'vdu.
! a a 4
! 1
Vidu 1: Tinh 1= _[x e3¥dx .
0
i du=dx
Giai: Dat
{dv —e¥dx | |v== e
3
1 i )1
I= Ixegxdx =—xe*| -= jeaxdx
3
0 0 0
1 1
=lxe3x - le‘gx - -193 —3934-1 l(‘)9 +1).
o 9 0 3 9 e afp
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e

Vidu2:Tinh I = len xdx.

Giai:
du = %
Ds u=Inx - X
dv = xdx x2
vV=—
2

e

s x2 15 x2
I= _[x Inxdx=—Inx| - = j—dx
2 2 X
1 1 1
x> ] 1 o x* e e2+1
=—Inx| —-—x ‘ =~——[21nx—1]| = :
2 ; 4 1 4 1 4

4. TINH GAN PUNG TiCH PHAN XAC DINH

b
Chiing ta da biét cach tinh tich phan xac dinh ff(x)dx bang dinh nghia, bang
a
cong thitc Newton — Leibnitz va céc phuong phap déi bién sé, phudng phap tich
b
phan titng phin da néu & phan trén. Déi khi J.f(x)dx khéng tinh ding dude, ching
a
han khi ham f(x) khéng ¢6 nguyén ham biéu dién bing ham sd cap ho#c khi phai
tinh nguyén ham rit phitc tap. Vi du cac nguyén ham sau day thuc su ton tai
nhung khéng phai 1a mét ham so cép:

k . .9 9 sinx
Ie X dx, _[sm(x )dx, fcos(x Ydx, _[ :

dx, jlr};x s b

b
Khi d6 ta phai tinh jf(x)dx bing phudng phap tinh gan ding.
a
Céc cong thiic tinh gin ding trong phan nay déu dua vao y nghia hinh hoc clia
tich phan xac dinh.

4.1. Cong thic hinh thang

b
Gia su phai tinh Jf(x)dx , trong do6 f(x) > 0 va lién tuc trén [a, b] (a <b).

a
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Chia doan [a, b] thanh n doan nhd bing nhau bdi cac diém chia:

A=Xg<X;<Xp<..<Xp=Db

bat h:b_a; x; =Xg+ixhi y; =f(x;) (1=0,1,2,.,n)
n
}.l ' /
A
Yol %
O xo x Xn X

Hinh 3.5
Né&u thay mdi hinh thang nhd giéi han bdi cung y = f(x), truc Ox va duong

~2 ya hai day 12y, = f(x),
n

D . . =y 3 b
X = X;_;, X = X; bdl hinh thang ¢ chiéu cao h =

y; = f(x;) (hinh 3.5).
Ta c6 cong thite gin diing sau day dude goi la cong thite hinh thang:

b h h h
I= jf(x)dng(yo +y1}+5(y1+y2)+ s F E(ynhﬁyn) (3.2.8)
0 5

Goi biéu thic & vé& phai (3.2.8) la Iy c6:
I[=Ip :h[%ﬁlﬂ.rl +¥y +...+yn__l} (3.2.9)

Khi f(x) < 0 va lién tuc trén [a, b] thi cong thic (3.2.9) van dung.
Ngudi ta da ching minh dude ring, néu f(x) cé6 dao ham cdp 2 bi chan va néu
b
diing cong thitc (3.2.9) dé tinh gin ding [f(x)x thi sai s0 mac phai la:
a
(b-2a)’M,
12n°

trong d6: M, = max|f"(x)| véiVxe [a.b].

8(11) =H"ITI <
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4.2. Cong thirc Simpson

b
Gia su phai tinh _ff(x)dx, trong d6 f(x) > 0 va lién tuc trén [a, b] (a < b).

a
Chia doan [a, b] thanh 2n doan bing nhau, bdi cac diém chia:

a=X) <Xy <Xg <..<Xg, =b,

Dat hzh—g_i » X3 =Xxp+ixh; y; =f(x;) 1=0, 1, 2,..., 2n)
n

¥t B
)
Aﬁ Dy fx) /
Y 4% .—'/
1A % 7] ///
Yol A 4 ¥an
497725550004
Z] VWi
0] a=xp x, b=xm x
Hinh 3.6

Ta thay méi cép hinh thang nhd lién tiép (hinh 3.6). giéi han béi cung y = f(x),
truc 0x, cac dudng x = x; _;, X = X, X = X, 4, bang hinh thang cong giéi han bdi truc
Ox, cac duong x = X;_;, X = x;,; va cung parabol di qua ba diém M(x,_,, 7.,
NG, v, P(Xis1, Yisr) €6 truc song song véi Oy (hinh 3.7) va c¢6 phuong trinh

b
y = ax” + bx + c. Khi d6 ta c6 thé xép xi [f(x)dx bdi dién tich ciia n hinh thang
3 a
parabol néi trén,

}l’-l\

y
N
M y=ax’ +bx +c
P
7
A ] > 5 g
Of = x X X A . X
Hinh 3.7 Hinh 3.8
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Vi phép tinh tién khéng lam thay déi dién tich ctia mét hinh nén dé viéc tinh
toan dude don gian, ta tinh dién tich S cia hinh parabol gidi han bdi cac dudng
y=0,x=-h, x = h, y = ax* + bx + ¢ (hinh 3.8) véi:

Y. =¥|g-—h =ah® —bh+c

g = )’|x=0 =C

¥ =Y‘x=h =ah? +bh+c

h 3 a h
S= I(axz +bx +c)dx =(anx—+bx—+cx)
3 2
_h "h
_h

= 3(2ah2 +Bc)=%[(ah2 —bh+c)+4c+(ah2+bh+c):| = S=%(y_ +4yp+y,)

Do dé:
i’ h
I= jf(x)dx ~ —3-[(}*'0 +4y1 +¥2) + (Yo +4Y3 +Y4) + ..+ (Yon-2 + 4Yon_1 + Yon) ]
a

(3.2.10)
Goi vé phai cua (3.2.10) 1a Ig ta c6:

h
I= IS = ‘g[yo + Yon + 4(yl + Y3 G +y2n,l) + 2(}/2 + ¥4 o A }'21.1_2)] (3.211)

Khi f(x) < 0 va lién tuc trén [a, b] thi cong thitc (3.2.11) van diing.

Ngudi ta chiing minh dude rang, néu f(x) c6 dao ham cap 4 bi chan thi sai sé
mac phai trong trudng hop nay la:
(b-a)’ M,

8(2n) =|I-1Iq| < :
| =1y 180 (2n)*

trong d6: M, = maxlf”}(x}r vii Vx e [a,b].

1
Vi du 1. Tinh gan ding tich phan _f\)1+x2dx bing céng thic hinh thang va
0
cong thic Simpson.

Gidi: Chia [0, 1] thanh 10 phan bing nhau'(n = 10):

h=01;x,=0+ix0,1=0,1xi,y, =41+x> (i=0,1, ..., 10)

THU VIEN

HUBT
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™ Yi =m
x,= 0,0 vo = 1,0000
x,= 0.1 y, = 1,0050
X, = 0,2 y, = 1,019803903
x;= 0,3 y; = 1,044030651
B x,=04 y, = 1,0770
-
=0,b vy, = 1,1180
x;= 0,6 ye = 1,1662
x;=0,7 y, = 1,2207 i
xs= 0,8 ys = 1,2806
Xe=0,9 yo = 1,3454
! Vo= 1,4142

Theo céng thiic hinh thang (n = 10):

i
f 1+x2dxzo,1[9’if’2—yﬁ+y1 +¥o +...+y9] ~0,1x11,4838 =1,14838.
0

Theo céng thitc Simpson (2n =10 = n =5):

1

0,1
J' 1+x%dx a«-—[yn +Y10+4(y  +Yas+ Y5+ Y7 +Y9)+2(Y2 + Y4 +Ye +yg)]
0

0 1[1+1,4142 +4(1,0050 +1,0440+1,1180 +1, 2907 +1,3454)
+2(1,0198 +1,0770 + 1,1662 + 1,2806)

. 9['%_ «[2,4142 + 22,9324 +9,0872]

SO %@ ~0,1x11,47793333 = 1,147793333.

T

0

Gia tri dung cua tich phan da cho la:

x+\n'x2 +1

1

_[ 1+ x2dx ={£v‘x2 +1 +lln
2 2 2

=%J§,+%lnh+ﬂ O707106781+-;—1n(2,414213562)
= 1.14779357), TH:U\Q_EN



3 ,
Vi du 2: Tinh gin dung tich phan _[e' % 4x bang céng thie hinh thang.

-3

i W A - 2 a “ - - -
Gidi: Ta thay: f(x) = e * 1a ham chin nén ta co
3
2 2
e X dx=2jehx dx .
0

Chia doan [0, 3] thanh 10 phan bang nhau (chon n = 10):

—

jofe]

h=03;x=0+ix03=03y,=e™ (i=0,..., 10)

* yi= e X

x,= 0,0 ¥o=1

x,=0,3 vy, =0,91393119
x,= 0,6 y, = 0,69767633
x;=0,9 y, = 0,44485807
x;= 1,2 y, = 0,23692776
X;= 1,5 y; = 0,10539922
x;= 1,8 v, = 0,03916390
%= 2,1 y, = 0,01215518 !
Xg= 2,4 ys = 0,00315111
¥o= 2,7 ye = 0,00068233
Xy = 8 Yo = 0,00012341

Theo céng thitc hinh thang (n = 10):

% sl 03
_[e dx:—o—[(y0+y10}+2(y1+y2+...+ ygj]
o 2

~ 0,15(1,00012341 + 2x 2,45394509)

< 0.15%5.90801368 = 0,8R(3202038

3
=3 j o * dun Ox( QHP“O"(}%“—T r'?"d(}ﬁlf‘:ﬁ
-3 e\
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Vi du 3: Ap dung céng thitc Simpson d€ tinh gan ding tich phan

m

2
[cosxdx véi sai s8 nhé hon 0,00001.
0
Gidi: Trude hét ta phai xét xem muén thod mén yéu cAu ctia bai toan thi phai

chia doan [O,g] thanh bao nhiéu doan nho?

-

g S - af a . 5 (b—a)5M4 -5
Véi gia thiét cua bai toan 8(2n) <0,00001 =10"° = —— — < 107°°.

180(2n)*

Ta co:

0| =fcosx| <1 véi vx.
VayldyM,=1;a=0; b=§

7:5

5 b
= —x1<100 = @n)* > Z 210 o)t 5t uatx
25 x 180 x (2n) 2% %180 36

=2n > 57 x ,4‘1 =~ 8,5.
' 36

Chon 2n = 10. Vay ta sé chia doan [ 2] thanh 10 phén bing nhau.

Tudng tu vi du trén, danh cho ban doc hoan thanh.

BAI TAP LUONG GIA
Hay chon két qua dung:

1. TinhI= :
'[x +4/2x-1
Két qua:
1 : 1
A, I=2In2- = B. I=2In2+ =
2 2
C. I=2In3- g D. Két qua khac.

168



Két qua
T b
A I= — B T8 T
343 43
C. I= 31 D. Két qua khac.
3
dx
Tinh I = j—-——
04(x? +9)*
Két qua:
S B. I= — —
9(~2 +2) 9(e? +1)
o 1= N2+l B, &8 oqud kike.
(2+2)

Tinh gan dang tich phan I = 1j ox bang phudng phap hinh thang véi
oy1+x!

n=10.

Két qua:

A. 1=0,92644745 B. 1=0,89858792

C. I1=1,0118028 D. Két qua khac.

Tinh gin dung tich phan I = 3 = bing phuong phap Simpson véi
o1+t

2n = 10.

Két qua:

A 1=0,9270397 B. 1=0,8985879

C. 1=0,868952 D. Két qua khac.
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Bai 3
TICH PHAN SUY RONG

MUC TIEU

Hoc xong bai nay sinh vién c¢6 kha ning:

1. Trinh bay duge dinh nghia tich phdn suy réng trong hai truing hop:
khodng ldy tich phén la vé han va ham dudi ddu tich phén cé diém gidn
dogn vé cuc trong khodng ldy tich phén.

2. Biét cdch ldy tich phdn suy réng trong hai trudng hop: khodng ldy tich
phan la v6 han va ham dudi ddu tich phan cé diém gidn dogn vé cuec
trong khodng ldy tich phdn.

Ta da xét khai niém tich phan x4c dinh véi gia thiét:

— Khoang 14y tich phén [a, b] 12 hitu han.

— Ham dudi d4u tich phén lién tue hay chi c6 mét sé diém gian doan loai I trén
[a, b].

Bay gio md rong dinh nghia tich phan xac dinh trong hai trudng hgp:

— Khoang lay tich phan la vé han.

— Ham dudi dau tich phan c6 diém gian doan vé cyc trong khoang 14y tich phan.

1. KHOANG LAY TiCH PHAN LA VO HAN

1.1. Khoang liy tich phan 1a [a, +x)

Gia st ham f(x) xac dinh trén [a, +») va kha tich trén moi doan hiiu han
b
a <x<b<+w, Xét tich phan If(x)dx , tich phéan 4y ton tai vi moi b > a.
a
Ta goi gidi han (hitu han hay la v6 cung)
b
lipr—feny (3.3.1)
a

b3+
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la tich phan suy rong cua f(x) trong [a, + «0) va ky hiéu la:
+0
[ fGxxx (3.3.2)
a
Trong trudng hop giéi han (3.3.1) hitu han, ta néi tich phan suy rong (3.3.2)
héi tu va gidi han (3.3.1) la gia tri cia né va viét

+oo o]

[ fx)x = lim [eeoax (3.3.3)
b—s 400
a a
Néu gidi han (3.3.1) la v6 cung va

hay khéng tén tai, ta néi réng tich
phén suy rong (3.3.2) phdn ky.
Vé phuong dién hinh hoe, néu
f(x) = 0 v61 Vx > a va tich phan suy
a0
rong [ f(x)dx hoi tu vé I thiIla dién

a

°

tich hinh thang cong vd han (hinh 3.9). 0
Hinh 3.9
1.2. Khoang lay tich phan la (-, a]
Tudng tu nhu trén ta dinh nghia tich phén suy rong
a a
[ f0x)dx = Jim [fx)dx (- <c<a) (3.3.4)
0 ¢

a
Néu f(x) > 0 v6i Vx < a thi tich phén suy réng jf(x) dx 1a dién tich hinh

—o0

thang cong vé han (hinh 3.10).

¥4

A

Hinkh 3.10
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1.3. Khoang 14y tich phén 1 (~co, +)
Ta chia khoang d6 thanh (-, a), [a, +o) va viét

+f[mf:'(ls:)-:lx = E]' f(x)dx + Tf{x)dx (3.3.5)

Déi véi ddng thic (3.8.5) tich phén suy réng _[f(x)dx chi hdi tu khi va chi khi

ca hai tich phan & v& phai héi tu.

+00
Hinh anh hinh hoc cta tich phan [ f(x)dx 1a (hinh 3.11):

-0

y = fix)

-]
o
-

Hinh 3.11

2

a0
Vidu 1: Tinh j
o X +x— 2

Gidi: Ta cé:

Jo-T - tim [ 1L
2x2+x 2 2(X+2)(X 1) |:|—>+m32 x-1 x+2

b
2l = B 1(1 i 1-1111] lim LinHB-1

1 2
9 b—r+w3 b+2 4 b——b+m3 b+2 3

In4==In2.
3

+o0
Vi du 2: Xét tinh héi tu cta tich phan j % (a > 0).
X

Giai: Ldy b > a.

b
b
eVéia=1: jd—lenlxr = Inb-Ina;
a X a
+00
[ =Tm == Tim {Iob—tha) = +wo.
2 X AEEE, THUE

172



b l-a l-a _ _l1-u
Véiasl [LX_X .
x¢ l-a 1-w
a a
a0 b +0o0
.[_x. = lim 9.?.: Iim _L[bl'u_al_u]: al—{)‘.
x® bo+w * x* boiw 1-a
a a
u—.
T dx - . S e
Vay j—a (a > 0) hdi tu khi a > 1; phan ky khi a. < 1.
X
a
Vidu 3: Tinh I
1+x
x
Hinh 3.12
+a0 0 +a0
9 d
Giai J i =j x2+f dx2
1+x w L¥X 1+x
0 0
dx ' n T
o Iim arctgc:—(——-J=—
_;[, L+x> j-1+x -0 2) 2
T odx 2 n
. = lim = lim arctgh=—
6[1+x2 b—+wo 1+x2 b=+ c-B 2
T =N
Vay = —+ —=7
_£ 1+1|v:2 2 2
T dx
Vidy 4: Tinh tich phan 1= | ;
0 14%*
" W T | —dt
Giai: Thuc hién phép bién dbi: x = T =>dx———§—
t

Khix — 0thit - +eofKRixX = T thi t > 0

khia<1

khia>1
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Ta cé:

+ 0 +0 2 + 2
d t
e il F o m et Fee L Ol et
o l1+x [1+—14-]t2 1+t 1+x
t

Yyx® 1+x I[]14»:1(4
1+ 1
LR sl 2 +00 __2_
1= [E gyl | X dx
2 0 1+x 25 Bl
7

Lai thuc hién phép d6i bién z = x - 2 & dudc:

X
l T arctg — 2 m——w——ﬂ
2 1 2o 5 Bl 22

Vi du 5: Chitng minh ring:

Giai: Dat %:t::{hc:\f@dt va x =2t

=i -0

2
_et'

e E i TT Bt B T
I= xe 2dx+ [ xe 2 dx|=— 2te”t V2 dt+ [V2te™ J2dt
| Je o Tt el ] e o
0 +a0 o |0

1 - % 4.2 1 2

—| e d({t*)+ | e d(t%) |= -

& [ a ||

0 }
1 0 —a0 ) 0
=—|-e +&  -&  + 1+0-0+1|=0.
= o - I-
2. HAM DUOI DAU TICH PHAN CO DIEM GIAN DOAN vO CUC
TRONG KHOANG LAY TiCH PHAN
Gia st ham f(x) kha tich trén moi doan [a, b — €] véi € > 0 bé tuy y va khéng

gidi n61 khi x — b — 0. Ta gdoi gidi-han (hilu han hay vo cung)
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b-¢
lim f(x) dx (3.3.6)

+
£ —r
0 a

1a tich phdn suy rong cua f(x) trén [a, b) va ky hiéu la:
b
J£(x) dx (3.3.7)
a

Trong trudng hgp gidi han (3.3.6) 1a hitu han, ta néi tich phén suy réng (3.3.7)
héi tu va giéi han (3.3.6) la gia tri cua né:

b b-¢
[f0)dx = lim [ f(x)dx (3.3.8)
g—0"

Néu gidi han (3.3.6) la vé cuang hay
khong tén tai, ta néi tich phén suy réng
(3.3.7) phn ky.

Vé phuong dién hinh hoe, tich phan

b
suy rong _[f(x) dx véi f(x) = 0 trén [a, b]
a
va hoi tu vé T thi I 1a biéu thi dién tich
hinh thang cong v6 han (hinh 3.13).

Tuong tu, ta dinh nghia tich phéan suy 0
rong cua ham f(x) kha tich trén moi doan
[a + €, b] va khéng gidi ndéi khix - a +0:

b b

ffx)dx = lim | f(x)dx (3.3.9)

4
r—0
a a+e

PR ]

Hinh 3.13

Néu ham f(x) khéng gidi néi khi x — x, véi x, € (a, b), ta chia doan [a, b] thanh
hai khoang [a, x,), (Xo, b] va viét:

b Xp b
[f(x) dx = If‘(x) dx+ [ f(x)dx (3.3.10)
a a Xp

b
Trong déng thic (3.3.10), tich phan suy réng [f(x)dx hoi tu khi va chi khi ca
a
hai tich phdn suy réng d vé phai hdi tu.

b
Vé phuong dién hinh hoc, tich phan suy réng [f(x)dx biéu thi dién tich hinh
4

thang cong vb han (hinh 3. L4)
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Hinh 3.14

Trong trudng hdp f(x) c6 diém gian doan vo6 cdc tai x = a (hoéc x = b), néu ta da
biét F(x) 12 ham lién tuc trén [a, b] va 1a nguyén ham cta f(x) trén (a, b] (hoic
b
[a, b)) thi tich phan suy réng jf(x)dx c6 thé dude viét la:
a

b
ﬁunsz@-F@. (3.3.11)

Céng thuc (3.3.11) van ding trong trudng hdp f(x) c6 mdt s6 hitu han diém
gian doan vo cuc trén [a, b] néu nguyén ham F(x) ctia né lién tuc trén [a, b].

1
Vidy 1: Tinh | .
o | 2

1-x

Giai: Ta c6 ham duéi diu tich phan khong gidi néikhix > -1+0vax —> 1-0.

_

Ij i = +I = lim J —— + lim T _dx
B Lige 1 1}' - A1 e-0" . ,|l' e=0" U1 — 52

lim [arcsin O — arcsin(-1+¢)] + lim [arcsin(l - €) — arcsin 0]
e—=0" e—0"

]

Il

lim [-arcsm( 1+s)]+ hm arcsin(l - s)—E Bex
e—=0" -0 2 2

Vi du 2: Xét su hoi tu cua tich phin suy rong
tj dx

—_— (b>a;a>0).
a(b—x)"

Gidi: Ta c6 ham dudi @&t tich phan kieng BIoTHoT KR x —» b - 0.
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b-¢
[ S Sy Y I S L T NS
: (b-x)* l1-a a a-1
b b-g 1-a
I—dx = lim I ox = (b—a) 4 lim g™ ¢
a (b—x)a t—=0" & (b-x)u l-a a-1¢50°
4o néul-o<0<a>1
—: (b_a)l—ﬂ

néul-a>0=a<l
l1-a

eVéia=1:
b-¢

b
_{ i lim {—ln!b—x\} =In|b- a]-11rn ln|b|

(b-x) -0 -0
da a
=1n‘b—a|+ lim In|—=|=+eo.
=0 &
i b dx - ar -~ N ar
Do dé: I— héitunéuO<a <1;phin ky néua = 1.
J(b=x)*
Tuong tu I_,__ hdi tu néu 0 <o < 1; phan ky néu a2 1.

s x=a)
Vi du 3: Tinh j i
1L 3 ; T
Giai: Ham duéi dau tich phan khéng giéi noi khi x — 0; nhung nguyén ham

2
g e B g i " :
cua né la 5}:3 lién tuc trén doan [~1, 1] nén ta cé:

1

muw

I

MIC-O

!

Sﬁ?%

BAI TAP LUONG GIA
Hay chon két qua dung:

; A dx
1, Tmh1=j =
i o X +1

Két qua:
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A I=-T_
V2
C. I=0
n.r'
Tinh 1= /f cos® xdx
27 sinx+1
-ny
Két qua:
A TI=8
g I=1
b
Tinh 1= IL.
J(x-a)(b-x)
Két qua:
A I=n
C. I=-n
v arctg x
Tinh I = _[—-—ggdx.
0 (1+;\{2)/2
Két qua:
A, Tes i
2
B, T=cfed
2
0
Tinh I = j ——%ﬁ-—.
S x=1)"(x+1)
Két qua:
A TI=-
C. I=+4+w

=

I:@
2

Két qua khac.

I=0
Két qua khac.

I=

0o A

Két qua khac.

I=E+1
2

Két qua khac.

L=

[

Két qua khac.



Chuong IV
PHUONG TRINH VI PHAN
PHUONG TRINH VI PHAN UNG DUNG

KHAI NIEM MG DAU

1. BAI TOAN DUA DEN PHUONG TRIiNH VI PHAN

Trong nhiéu bai toan ciia khoa hoc, ky thuat, y, sinh hoc, khi can moi lién hé
giiia hai dai luong x, y ta khong tim dudc ngay méi lién hé &y, ma chi tim duge mét
hé thiie gitia x, y va cac dao ham cta y theo x. Hé thitc d6 dugc goi la phuong trinh
vi phdn. Viéc tim mai lién hé giia y va x tit hé thic d6 duge goi la gidi phuong
trinh vi phén.

Vi du 1: Biét van téc phan huy cia radium ty 1& véi khéi lugng cta né tai théi
diém t. Goi M 1a khéi lugng ctia radium tai thoi diém t, khi d6 phuong trinh mb ta
téc d6 phan huy cua né la

M _ M
dt
trong d6: k 1a hé s6 ty 1& (k > 0). Khi thdi gian tang thi khoi luong cua radium

giam, do dé I 0.
dt
Vi du 2: Biét téc d phat trién cta vi khudn tai thoi diém t ty 1¢ vdi sinh khéy,
hodc mat do té bao vi khuin (trong cong nghé sinh hoc thudng danh gia qua sinh
khéi). Goi x (x > 0) 1a sinh khoi cua vi khuén (don vi: nghin, triéu t& biao vi khuén),
¢ 12 thai gian (don vi: gid, ngay,...). Khi d6 phuong trinh mé ta téc d6 phat trién cua
vi khuan theo thai gian la;

x|, K
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trong do: k 1a hé s phat trién (k > 0). Khi thai gian tang thi sinh khéi caa vi

khudn sang, do dé 3—}: > 0.

‘2. DINH NGHIA PHUONG TRINH VI PHAN

Phudng trinh vi phén la phuong trinh biéu dién méi lién hé gitta bién déc lap
(hay cac bién ddc lap) v6i ham chua biét va cac dao ham hode vi phan cua né. Néu
ham chua biét 1a ham ctia mét bién doc lap thi phuong trinh dude goi la phuong
trinh vi phdn thuong. Trong cudn sach nay chi xét cic phuong trinh vi phan
thudng. Pé cho gon, goi tdt cac phuong trinh vi phan thuong la cac phuong trinh
vl phan.

Dang téng quat ctia phuong trinh vi phan la

Fx,y.7,¥"..y™) =0
trong do: x la bién ddc lap; y = y(x) 1a ham s6 phai tim; y', y",..., y"” 1a cac dao ham
cua né.

Cép cua phuong trinh vi phdn 13 cdp cao nhit cia dao ham hoac vi phén c6
maét trong phuodng trinh.

Vidu:y' + ly =0 la phudng trinh vi phéan cap 1;
X

y+yx= x2 1a phuong trinh vi phén cép 1;
y"+y'x+y=2 la phudng trinh vi phéin cap 2.

Nghiém cua phuong trinh vi phdn 1a moi ham thoa man phuong trinh 4y, tic
12 moi ham sao cho khi thé né va cic dao ham ctia né vao phuong trinh ta dudc
mét déng nhat thite.

Chéng han y =9, trong d6 C 1a hang s6 bat ky, 12 nghiém ctia phudng trinh vi
: X

: 1 g . g a s p
phan cap 1: y' + —y =0 vi khi thé né va dao ham cua né vao phudng trinh ta
X

dugc dong nhat thic —£+l.9=0. Cho C nhiing gia tri khac nhau ta duge

xz X X

nhiing nghiém khac nhau clia phuong trinh, vay phuong trinh dé cé v6 s nghiém.
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Bail
PHUONG TRINH VI PHAN CAP 1

MUC TIEU

Hoc xong bai nay sinh vién c¢6 kha ning:

1. Trinh bay duge dinh nghia, nghiém téng qudt, nghiém riéng, dinh ly vé
su ton tai va duy nhdt nghiém clia phuong trinh vi phdn cdp 1.

2. Trinh bay duoe dinh nghia bén dang phuong trinh vi phén cép 1 thuong
gdp: phuong trinh cé bién phén ly, phuong trink ddng cdp, phuong trinh
tuyén tinh, phuong trinh Becnuli. :

3. Gidi duge bon dang phuong trinh vi phdn cdp 1 néu trén.

1. TONG QUAT VE PHUONG TRIiNH VI PHAN CAP 1

1.1. Dinh nghia
Phuong trinh vi phén cép 1 1a phuong trinh c6 dang téng quat
F(x,y,y)=0 (4.1.1)
trong dé: F 1a ham cha ba bién x, y, y'. '
Néu giai duge phuong trinh dé d6i véi y' thi phuong trinh vi phan cdp 1 ¢6 dang

y'=f(x,y) hay %zf(x,y) (4.1.2)

trong dé: f 12 ham cua hai bién x, y.

Vi du: 3yy*+'4x2 sl yzdx +xdy=0, y'=xy+ x% 1a nhitng phuong trinh vi
phancap 1. -
1.2. Pinh 1y vé su ton tai va duy nhat nghiém

Cho phuong trinh vi phdan cap 1 v'=f(x, y). Gia st flx, y) lién tuc trong mot
mién D cia mdt phdang Oxy va gia s (xg, yg) la mét diém thuée D. Khi dé trong
mét lén cdn nao do cua diem T ="1x, ton tai it nhat motnghiém y = y(x) cua phuong

trinh (4.1.2), ldy gid tri y, kit x = %
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Ngoai ra, néu E(’x, y) ciing lién tuc trong mién D thi nghiém dy la duy nhat.

Ta thita nhan dinh 1y nay.
Diéu kién ham y = y(x) 14y gia tri y, khi x = x, dudc goi 1a diéu kién ban ddu
va thyong dudge viét

Y X=X{] :yO"

1.3. Nghiém tong quat, nghiém riéng, tich phan tong quat, tich phan riéng
Ta goi nghiém téng qudt ciia phuong trinh vi phéan cap 1 13 ham
v = o(x,C) (4.1.3)
trong d6 C 1a mot hing s6 tuy ¥, thod man phuong trinh vi phén cip 1 da cho.
Ta goi nghigm riéng cha phudng trinh vi phan edp 1 1a méi nghiém y = ¢(x,C;)
ma ta nhan dudc tif nghiém téng quat bing cach cho hing sé tuy y C mét gia tri cu

thé C, thod man diéu kién ban diu y x=xq = Y0-

Vi du 1: Tim nghiém téng quat ctia phudng trinh y'+ Y_0va nghiém riéng
b

thoa man diéu kién y|,_, =3.

Nghiém téng quat ctia phuong trinh nay 1a y = 9
X

Nghiém riéng dude xac dinh tir diéu kién trén 1a y = E
X

Déi khi giai phuong trinh (4.1.1) ho#ic (4.1.2) ta khong duge nghiém téng quat
duéi dang tuong minh y = ¢(x,C) ma duge mét hé thic c6 dang ®(x,y,C)=0, né
xac dinh nghiém téng quat duéi dang an. Hé thic &y dude goi la tich phén téng
quadt cua phuong trinh.

Khi d6 hé thic ®(x,y,Cy) =0 c6 duge bang cach cho C trong tich phan téng
quat 13y gia tri C, thoa man diéu kién ban dau va dude goi la tich phdn riéng cha
phudng trinh.

2
Vi du 2: Phudng trinh vi phan ———dx + 2 idy =0 (x # 1, y # —1) ¢6 nghiém
x3-1 y+

=]

tong quat dudi dang an la:

%*“!"3 =thry=2infyri=6
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Heé thitc trén dude goi la tich phdn téng qudt ciia phudng trinh da cho.

Phuong trinh (4.1.2) ¢6 thé c6 mét sb nghiém khéng nam trong ho nghiém tong
quat, nhitng nghiém &y dude goi 1a nghiém ky di.

Sau day ta xét mot s6 dang phudng trinh vi phan cap 1.

2. PHUONG TRINH KHUYET

2.1. Phuong trinh khuyét y
Dinh nghia: Phuong trinh khuyét y 1a phuong trinh ¢6 dang: F(x, y') = 0.

Néu phuong trinh giai ra duge d6i véi y' c6 dang y' = f(x), chi viéc ldy tich phan
hai vé, ta dude:

y= jf{x)dx -F(x)+C,

trong dé: F(x) 12 nguyén ham cua f(x).
Vi du: Giai phuong trinh y'-cosx=0.
Giai: Tacé: y'-cosx =0

::»d—yzcosx = Idy=§cosxdx = y=sinx+C.

dx

2.2. Phuong trinh khuyét x
Pinh nghia: Phuong trinh khuyét x 1a phudng trinh ¢6 dang: F(y, y') = 0.

Néu phudng trinh cé dang y' = f(y) = %X =f{y)=>dx = % L&y tich phan hai
X y

vé ta dude x = F(y) + C, F(y) 1a nguyén ham cua ]'_(1-_) .
y

Vi du: Gial phuong trinh y' = y2 (y # 0).

Giai: Ta co: F]—}1=_‘,r2 = Id—y:_"dx = xz__l_+c,
dx yz y

3. PHUONG TRINH VI PHAN CO BIEN PHAN LY

3.1. Pinh nghia
Phuong trinh vi phan c6 bién phdn ly 1a phuong trinh cé dang:
f, (x)dx + fo(y)dy =0 (4.1.4)

trong dé: f;(x) 1a ham cua piéndée fap ¥ HIY) 14 kim cua bién doc lap y.
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2

; X 2 .
Vidu: = dx + 5 2 dy =0 la phuong trinh c6 bién phan ly.
+X

y‘ + 2
3.2. Cach giai
Tir (4.1.4) ta c6:

f, (x)dx = —f5(y)dy.
Lay tich phin hai vé&, ta dugc:

Ifq (x)dx = —_[fg(y)dy
hay F(x)+Fy(y)=C. (4.1.5)
trong do: F,(x) 1a nguyén ham cua f,(x), F,(y) 12 nguyén ham cia fy(y).

Vi du: Gii phuong trinh —dx + 2y dy =0.

1+x”° y2 +2
Giai: Ta co6:
ngx:— 22y dy .
l+x yo+2

Lay tich phan hai vé, ta dudc:

I = dx:——_[ 2y dyz%ln(1+x2)=—ln(y2+2}+c

1+x° y2+2
= InV1+x? :—1n(y2+2)+1n|C\¢ 1+x% = 20 .
yo+2

Chu y: Xét mot phuong trinh vi phan c6 thé dua vé dang phuong trinh cé bién
phéan ly sau day:

M; (x)N; (y)dx + My (x)Ng(y)dy = 0. T (4.1.6)
Néu My(x) # 0 va Ny (y) # 0, chia hai v& ctia (4.1.6) cho My(x).N;(y), ta dugc:

M) 4, No)
My (x) Ny (y)
Khi d6 tich phan tong quat cta (4.1.6) sé la-
N
j—Ml“‘) dx + I—z(y}dy =C.
Mg(x) Nl(}f')
Néu M,y(x) = 0 tai x = a hodc Ny(y) = 0 tat y = b thi bing cach thu truc tiép vao
(4.1.6) ta thay x = a (y tuy ¥) hodc y = b (x tuy ¥) ciing la nghiém ctia (4.1.6).
(Khéng xét truong hop x =4 dong thor iy Wi phyong trinh (4.1.6) bi suy bién)

dy =0.

HUB
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Vi du: Giai phuong trinh
x(y +1)dx +(x® = 1)(y -1)dy = 0.
Gidi: N&u y+1#0,x2 -1+ 0 thi phuong trinh da cho c6 thé viét lai:

X

-1
3 dx + ¥ dy=0.
x“ -1 y+1

Do d6 tich phén téng quét cua phudng trinh da cho la

I

x7=i]

W s -y
dx+Iy+1dy—ﬂ

hay éln‘xz - ll +y-2Inly+1|=C.
Néu x2-1=0 = x=+1,y+1=0 = y=-1: bang cach thi truc tiép, ta thay
x=2x1,ytuyy; hodcy =-1,x tuy y ciing 12 nghiém ctia phuong trinh da cho.
4. PHUGNG TRINH DANG CAP CAP 1

4.1. Pinh nghia
Phuong trinh ddng cdp cip 1 1a phuong trinh c6 dang:
'=f(x,y) : (4.1.7)

trong dé: f(x, y) c6 thé biéu dién duge thanh ham clia ty so hai bién s [f{x, y) = q{xn.
X

Vi du: Phuong trinh (xy - y2)dx - (x* = 2xy)dy =0 la phuong trinh ding cap

2
: i
dy ¥ pae p=X X8
dx x%-2xy ' T i
X

cidp 1 vi vdi x # 0 ta co thé viét

A

4.2. Cach giai

Phudng trinh ding cap cdp 1 (4.1.7) viét duge dudi dang
d_X=w(XJ_ (4.1.8)

dx X

THU VIEN
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bat % =u hay y = ux, trong d6 u 12 mét him méi ctia x. Khi d6 ta cé:

dy _ u+ xd—u
dx dx
Thay vao (4.1.8) ta dudc:
u+xd—u=w(u) hay xE=tp(uJ+u. (4.1.9)
dx dx
—~ Né&u @(u)-u # 0 thi ti (4.1.9) ta cé:
dx  du
Xx o¢(u)-u
la phudng trinh ¢6 bién phéan ly. Lay tich phan hai vé phuong trinh, ta dude:
du
In|x| = +C =d¢(u) + In|C|,
g I o(u)-u ? |

trong d6: ¢(u) la mét nguyén ham cha ——— .
@(u)—u

Vay nghiém téng quat ctia phuong trinh (4.1.8) 1a x = Ce®V/*) |
- Néu p(u)-u =0« @(u)=u, (4.1.8) tré thanh:

dy _y
dx x

Ta thay y = 0 1a nghiém cua phuong trinh.
Véi y = 0 c6: L SN LA W
y X Yy X
< In|y| = In|x|+C & y = Cx.
Vay nghiém t6ng quat ctia phudng trinh 12 y = Cx.
— Néu o@(u)-u=0taiu=ug, bdng cach thit tryc tiép, ta thdy ham y =ugx
cung la nghiém cta phudng trinh da cho (4.1.8).
Vi du: Giai phuong trinh (xy — y?)dx - (x? - 2xy)dy = 0.

Gidi: Nhan thay x = 0 1A nghiém cia phuong trinh da cho. Véi x # 0 thi y:iz‘-
khéng phai 1a nghiém, nén cé phuong trinh
2
y_[x]
dy x \x

dx 1-9Y
X
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Dat & i v6i diéu kién x # 0, ta cé:

X
du u-u’ du u?
Uu+x—= — X— = )
dx 1-2u dx 1-2u
-~ Néuu=0:
d -2
—x=:l zudu — %:r‘[d—‘;—_[—dz‘; u+C
X u X u u
X
1 2 2;
= Injx|=-=-Inu®*+C=> [x= — yZe¥ =Cx.
u 1

el u2

- Néuu =0« y =0, thé truc tiép vao phuong trinh ta thay y = 0 la nghiém
cua phuong trinh.

Pat biét x = 0 cing 1a nghiém cta phuong trinh da cho.
Tém lai, nghiém cua phuong trinh la

x=0

x

Cx = y2%e¥ véi C tuy y

Chu y: Phuong trinh dang: P(x, y)dx + Q(x, y)dy = 0, trong d6 P(x, y) va Qx, y)

) i g Y o . : s 5 win w P s
la hai ham s6 thudn nhit cung bac, cing la phuong trinh dang cap, vi ty so —6 co

thé biéu dién dudi dang f[i] . Chang han, cac phudng trinh:
X

(3xy — TyH)dx + (5y* - 2xy)dy = 0;
y(x* - 3yH)dx - (x* + 6x’y)dy = 0

]a nhitng phudng trinh vi phan cap 1 thuan nhit.

5. PHUONG TRINH VI PHAN TUYEN TiNH CAP 1

5.2. Pinh nghia
Phuong trinh vi phdn tuyén tinh cdp 1 la phuong trinh c6 dang
y'+p(x)y = q(x) (4.1.10)

trong dé: p(x), q(x) 1a cac ham lign tuc 3t &)

187



Néi cach khac, d6 1a mét phuong trinh bac nhat d6i véi ham phai tim va dao
ham cua né. Néu q(x)=0 thi (4.1.10) dugc goi 1a phuong trinh vi phéan tuyén tinh
thudn nhat. Néu q(x) # 0 thi (4.1.10) dugc goi 1a phuong trinh tuyén tinh khéng

thuan nhat.

Vidu: y'+

y =0 la phuodng trinh vi phan tuyén tinh thuin nhat.
x“+1

y'+ 4xy = (x* +1)3%* la phuong trinh vi phan tuyén tinh khéng thuin nhat.

5.2. Cach giai

Trude tién ta xét phudng trinh vi phan tuyén tinh thuan nhit tuong Gng cta
(6.1.10)

y'+p(x)y=0. (4.1.11)
Véiy # 0 tit (4.1.11) ta c6 thé viét:

dy = —p(x)dx .
Y

Lay tich phan hai vé ta dudc:
Inly| = - [p(x)dx+1In|C| = y= Ce™/px)dx (4.1.12)

D6 1a nghiém téng quat ctia phuong trinh (4.1.11). Ngoai ra, bang céch thi
truc tiép, ta thdy y = O cling la nghiém clia phuong trinh tuyén tinh thuin nhat
(4.1.11) va la mot nghiém riéng ang véi C = 0.

Bay gio xem C khong phai la hing s6 ma 1a mét ham cla x, hay tim C(x) dé
cho (4.1.12) tré thanh nghiém cta phuong trinh vi phan tuyén tinh khéng thuan
nhat (4.1.11). Muédn vay, 1dy dao ham hai vé ca (4.1.12) ta dudc:

yle '(x)le'Jp'(x)dx —C(x)p{x}e'lp(x)dx. (4.1.13)

Thay (4.1.12) va (4.1.13) vao (4.1.10) ta dudc:

C')e TP — Cop(x)e TP 4 Copoe TP - g(x)
hay dC = q(x)efp{x)dxdx.
Do d6: C(x) = [a@el M ax + K
trong dé: K 1a mét hing s6 tuy .
Vay: y=Ke P00, o [pO0K [0 o fPOIIRG (4.1.14)

\
\ \l
i

1+11)

1a nghiém téng quat cua phidng trinh (4°f}{ﬁ) '

I

188



Phudng phap giai trén goi la phuong phap bién thién hdng s6. Ta nhan xét
rang, s6 hang thu hai trong vé phai ctia (4.1.14) 1a mét nghiém riéng ctia phuong
trinh (4.1.10) dng véi K = 0; con s6 hang thit nhat la nghiém tong quat cua
(4.1.11). Nguoi ta cé thé chiing minh mét cach téng quat rang: Nghiém téng quat
ctia phudng trinh vi phan tuyén tinh khéng thuan nhat bing nghiém téng quat
cua phudng trinh thuan nhat tudng tng céng vl mét nghiém riéng nao doé cua
phuong trinh khéng thuan nhat.

Vidu 1: Tim nghiém téng quat ciia phuong trinh

y'+ L y =3x
X
va mot nghiém riéng thoa man diéu kién y|x=1 =1.
Giai: Trude hét giai phudng trinh tuyén tinh thuan nhat tuong tng
y'+ 2 y=0.
X

Ta thdy y = 0 1a mét nghiém cta phudng trinh tuyén tinh thuan nhat.

Véiy # 0:
isi=—ly hay J‘gz— i}E+C
dx X y X
C
= Inly|=-In[x/+In|]C| = y==.
X
- A - i = a* - & a? = C +*
Nghiém tédng quat cua phuong trinh tuyén tinh thuan nhatla y = — (*).
X

Bay gio col C = C(x) va ldy dao ham hai vé cua (*) ta dudc:

Thay vao phuong trinh ban dau, ta dugc:

i£_£+£‘:3x =i dC=3x2dx:> C=X3+K
x dx x2 2

Vay nghiém tong quat ciia phudng trinh da cho la:
K

2
y=x"+—.
X

Véi diéu kién y|,_; =1tac6 K =0, do d6 nghiém riéng cia phuong trinh thoa
man diéu kién da cho la yp=x%-
THU VIEN
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Vi du 2: Giai phuong trinh
e’dx +(xe¥ -1)dy = 0.
Gidi: Néu xem y 12 ham s8 phai tim ctia bién s6 x va viét phudng trinh dudi
dang (xe” —1)y'+e¥ =0 thi phuong trinh &y khéng thudc nhitng dang da xét. Néu
xem x la ham sé phai tim cuaa y, ta dude phuong trinh

i 1
X'+x=—
oy

N GaE . e = = -
trong dé: x' = d—x . D6 1a mét phuong trinh vi phan tuyén tinh cap 1 dé1 vdi ham sé x(y).

Y
Giai phuong trinh thuan nhat tudng tng ta duge
EH{ =0 hay gi=—dy
dy X

dodé x=Ce™.
Cho hdng s C bién thién dé tim nghiém téng quét ctia phuong trinh khéng
thuin nhat, ta cé

x'=C'(y)e™ -C(y)e™.
Thay vao phuong trinh ban dau:

Cy)e? -C(y)e™¥ +C(y)e ™ =¥ = {;—C =1
y
= C=y+K.
Vay nghiém téng quat la:
x=(y+K)e™ hay x=Ke™ +ye™.
6. PHUONG TRINH BECNULI
6.1. Dinh nghia
Phuong trinh Becnuli la phuong trinh ¢6 dang:
y'+p(x)y = q(x)y* - (4.1.15)

trong dé: p(x), g(x) la nhiing ham sé lién tue, o 1a mét s6 thuc.
6.2. Cach giai

Phuong trinh (4.1.15) tré thanh phudng trinh vi phan tuyén tinh khi o = 0 hay
a = 1. Vivay, gia thiét a # O.va.a.#.1.V6i.y.#0,chia-haivécia (4.1.15) cho y*, ta dudc
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1-a _ (%),

y *y'+p(x)y
Patz=y ™“ . tacé z'=(1-a)y “y’, phudng trinh trén tré thanh
z'+(1-a)p(x)z = (1 - a)q(x),
12 phuong trinh vi phin tuyén tinh cadp 1 déi véi z.
Vi du: Giai phuong trinh

y'+ 1 y+(x+2)3y2 =0,
X+2
Giai: Néu y # 0, chia hai vé& cia phuong trinh cho y? ta duge
y 2y ——y e (x4 2) =0,
Xx+2

Diatz=y ! tacé z'= —y“zy', phuong trinh trén trd thanh

. .
X+2

12 mét phuong trinh vi phéan tuyén tinh, vdi p(x) = —-—1—5, q(x) =(x+ 2)3.
X+

Nghiém cua phuong trinh la:

[ 3 uf 0%
7z = Ke ¥+2 4o’ x+2 I(x s 2)38 Y W Keinix+2| +e]n|x+2! j‘(x +2)3e_lnlx+2|dx
3
= K|x +2|+ix+ 2' I(_x_ir“ldx
|x+2‘
4
:K(x+2)+(x+2)j{x+2)2dx _ K(x+2);—(x+2)

3
= y= .
K(x+2)+(x +2)*

Khi y = 0, né ciing 1a mét nghiém ctia phudng trinh, dé6 12 nghiém ky di.
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BAI TAP LUONG GIA
Hay chon két qua ding:

1.  Giai phudng trinh vi phén: y' = Lo ;
Iny+1
Két qua:
A. xlnx=ylny+C | B. x+lnx=y+Iny+C
C. xInx+x=ylny+y+C D. Két qua khéc.

2.  Giai phuong trinh vi phan: (3x? + y?)y + (y% - x%)xy' = 0.

Két qua:
[y =0, X tuy y =0, xtuvyy
A . 9}’)’ B ¥ = L
| X(x" +y*)-C7y=0 y(y° +x")=Cx

[y=0, xtuyy .
(3 9 _ 5 D. Keét qua khae.
[ (x* +y°)° =C"xy

3. Giai phuong trinh vi phan: y' - xzfl =0; ylx= B =2
Két qua:
A y=2x+1)2 B. y=2J(x+1)
C. y=2(x+1) D. Két qua khac.

4.  Giai phuong trinh vi phan: y' ——?-3-% =(x+1)°.
X +

Két qua:
[ 2 6

A y=(x+1)° O dogy B. y= : 5 C+(x+1)
L 2 (x+1) 6
ol (EADP _

G y=sl+1)* 0+ 5 D. Két qua khac.

5. Giai phuong trinh vi phan: 2ydx + (y - x)dy = 0.
Két qua:

=0 ,
s _ la nghiém cua phudng trinh

A. x=Ky+yln|y‘ véliy;t[]va{ .
X tuy y
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» . Jy=0 : — :
vy =0 va __ lia nghiém cua phudng trinh
X tuy y

B. x=

K
— +
y

B |

L8

s =0 s - " ’
C. x=Ky+ —y-ﬂ, voiy =0 va J}’ _ . la nghiém cua phudng trinh
In|y| { X tuy ¥

D. K&t qua khac.

Bai2
PHUONG TRINH VI PHAN CAP 2

MUC TIEU

Hoc xong bai nay sinh vién ¢6 kha nang:

1. Trinh bay duge dinh nghia, nghiém téng qudt, nghiém riéng, dinh ly vé
su tén tai va duy nhdt nghiém cua phuong trinh vi phén cdp 2.

2. Trinh bay dude dinh nghia ba phwong trinh vi phén cdp 2 thuong gdp:
phuong trinh tuyén tinh thudn nhdt, phuong trinh tuyén tinh khong
thudn nhdt, phuong trinh tuyén tinh cé hé s6 khong déi.

3. Giai duoc ba dang phwong trinh vi phén cdp 2 néu trén.

1. TONG QUAT VE PHUONG TRINH VI PHAN CAP 2

1.1. Pinh nghia

Phuong trinh vi phdn cdp 2 la phuong trinh c6 dang
F(x,y,y',y") =0 (4.2.1)

trong dé6: F 1a ham cta cac biénx, y, ', v".
Néu giai duge phuong trinh (4.2.1) déi véi y , né c6 dang

y" =f(x,y.¥")

trong dé: f 12 ham cua cac bién x, y, y'.
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Vidu: y"-y'y+xy=0, y"-2xy=xe* la nhiing phudng trinh vi phén cip 2.
1.2. Dinh ly vé sy tén tai va duy nhat nghiém
Cho phuong trinh:  y"=f(x,y,y". (4.2.2)

Néu f(x,y,y") lién tuc trong mét mién D nao dé trong R® va néu (x,, vy, y'o) la

mét diém thuéc D, thi trong mot lan c@n nao do cua diém x = x, tén tai it nhat mot
nghiém y = y(x) ciia phuong trinh (4.2.2) thod mdn cdc diéu kién

y‘x=x0 = .yO ] yl x=xq = y10 (4.23}

Néu ?—f(x,y,y'), ;f (x,y,y") cing lién tuc thi nghiém &y la duy nhét.
oy

Ta thua nhan dinh 1y nay.
1.3. Nghiém téng quat, nghiém riéng

Ngudi ta goi nghiém téng qudt cua phuong trinh (4.2.2) 12 ham s&
y = (x,Cy,Cy), trong dé6 C,,Cy 12 nhiing hing sé tuy ¥, thod man phuong trinh.

Véi moi (xq,¥0,¥'g) ¢ d6 cac diéu kién ctia dinh 1y tén tai va duy nhat nghiém
dugc thoa min, c6 thé tim duge cac gia tri xac dinh C, = C? | C, = CJ sao cho ham

s8 y = 9(x,C{,C) thod man didu kién y|,.,. =¥0 »¥'|xex, =¥'0-

X=X,

Nguoi ta goi nghiém riéng cua phudng trinh (4.2.2) 14 ham sé y = tp(x,CD,Cg)
ma ta c6 dude bang cach cho C,,C, trong nghiém téng quat cac gia tri C? : Cg
thoa man diéu kién (4.2.3).

Déi khi ta khong tim duge nghiém téng quat ctia phuong trinh (4.2.2) duéi
dang tudng minh y = ¢(x,C;,Cy) ma tim duge mdt hé thie 6 dang d(x,y,Cy,Cy) =0
thoa man phuong trinh da cho.

Hé thie @(x,y,C,,Cy) =0 xac dinh nghiém tong quat ctia phuong trinh (4.2.2)
dusi dang an dudc goi 1a tich phén téng qudt ciua né.

Khi dé, @(x,y,CO,CS) = 0 xac dinh nghiém riéng ciia phuong trinh va hé thic

d6 duge goi la tich phdn riéng, trong dé C? va Cg thoa man diéu kién ban dau

Y X=X =Y¥o, ¥ X=X =Y
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2. PHUONG TRINH VI PHAN TUYEN TINH CAP 2

2.1. Pinh nghia
Phuong trinh vi phin tuyén tinh cip 2 la phuong trinh vi phan ¢6 dang
y"+p(x)y'+q(x)y = f(x) (4.2.4)
trong d6: p(x), q(x), f(x) la nhiing ham s6 lién tuc.
Phuong trinh dude goi 1a thudn nhdt néu f(x) =0, la khéng thuan nhdt néu
f(x) = 0.
Vidu I: y"+ (2x+1)y'+(}c2 +1)y=x-5.
Vidu2: y"+(2x+ 1)y + (x2 +1)y =0 la phuodng trinh vi phan tuyén tinh thuan
nhit tusng Ung cua phuong trinh trén.
2.2. Phuong trinh vi phan tuyén tinh ciAp 2 thuan nhat
Phuong trinh vi phan tuyén tinh cdp 2 thuan nhit c¢6 dang
y"+ p(x)y'+q(x)y =0. (4.2.5)
2.2.1. Dinh ly 1
Néu y,(x) va yo(x) la hai nghiém cua phiuong trinh (4.2.5) thi C,y,(x)+ Cayy(x),
trong dé C, va C, la hai hang s6, ciing la nghiém cua phuong trinh do.
Chitng minh: Vi y,(x) va yo(x) 1a nghiém ctua phuong trinh (4.2.5) nén
y"1+p(x)y'1+q(x)y, =0
y"2+ p(x)y'g+a(x)yy =0

Nhan phuong trinh trén véi C,, nhan phudng trinh duéi véi C, réi céng lai
ta dudc

(Cyyy +Cayg)"+ P(x)(Cyy; + Cayz)'+q(x)(Cry; +Cayz) =0
Vay: C,y; + Cyyy 12 nghiém cia phudng trinh (4.2.5).

2.2.2. Dinh nghia
Hai ham s6 y,(x), yo(x) dudc goi la déc ldp tuyén tinh trén doan [a,b] néu ty

5 Yz(x)
yp(x

goi 1a phu thuée tuyén tinh;

khéc hing s8 trén doan dé. Trong trudng hgp trai lai, hai ham sd dy dude
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Vi du: Hai ham s8 sinx va cosx déc 1ap tuyén tinh trén R vi:

sin x L S
= tgx khac hang so trén R .

COs X

— X : TR
Hai ham s6 2e™ va 7e* phu thuéc tuyén tinh vi: o
Te’

~1| 3

2.2.3. Dinh Iy 2

Néu y,(x)va yo(x) la hai nghiém doc lap tuyén tinh cua phuong trinh vi
phan tuyén tinh thuan nhdt (4.2.5) thi y = C,y,(x)+ Cyys(x), trong dé Gnls 8
hai hang sé'tuy y, la nghiém tong qudt ctia phicong trinh ay.

Ta khong chitng minh dinh 1y nay.

Vi dy: Phuong trinh y" +y =0 c6 hai nghiém riéng y1 =COSX, yp =sinx la hai
nghiém ddc lap tuyén tinh, vay nghiém téng quat ctia phudng trinh la

y = C; cosx + Cysinx
véi C;, Cy 12 hai hing s6 tuy .

Chu y: Néu y,(x) va y,(x) la hai nghiém phu thudc tuyén tinh ctia phudng
trinh (4.2.5), ta ¢6 y,(x) =Ky, (x), véi K 1a mot hdng s nao d6. Do d6 biéu thie
y = Cry1(x) +Cays(x), Cy va C, 12 hai hing 8 tuy ¥, c6 thé vist y = (C;K + Cy)yq(x),

né thuc sy chi phu thuée mét hang s tuy ¥, nén khong la nghiém téng quat cta
phudng trinh (4.2.5).

Dinh ly sau day cho ta cach tim nghiém téng quat ctia phuong trinh tuyén tinh
thuan nhét véi he s§ bién thién néu biét mot nghiém riéng khac khéng ctia né.

2.24.Dinh ly 3
Néu da biét mét nghiém riéng y,(x)# 0 cua phuwong trinh vi phdn tuyén tinh
thudn nhdt (4.2.5), ta c6 thé tim duge mét nghiém riéng y,(x) ciia phuong trink
&6, déc lap tuyén tinh voi y,(x), 6 dang yo(x) =y, (x).u(x).
Ching minh: Dit y = y,(x).u(x). Ta cin tim u(x) sao cho y thod man phudng
trinh (4.2.5). Ta cé:
Y =y utyiul
y'=y" u+2y' u+yu".
Thé vao phuong trinh (4.2.5), ta dugde

yiu"+ 2y + W CER FBY 1 T 4y, i 0.
=\ THU VIEN
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Nhung y";+py';+qy; =0, viy, la mét nghiém cua (4.2.5).
Vay ta dude phuong trinh cap 2 déi vdi u, khuyét u:
yiu"+(2y' + pyu' =0.
Piat u' = v, ta dude phuong trinh cap 1 déi véi v
y1v'+ 2y +py)v=0

2y
hay gi: - i~1—+p1dx.

v y]. )'
LAy tich phan hai vé& ta dudc:

In|v|=-2In|y,|- jp(x)dx =-2ln|y, |+ ¢(x) + In|C, |

p(x) a?(x)
= v=C; i Cig(x), véi g(x)=—
Y1 Y1
Do dé : u =10 Ig(x)dx = C,G(x)+Cy

trong d6: G(x) 1a mét nguyén ham cua g(x).
Vﬁy: by Z[CIG(X)+CQI}"] =C]}'1G(X)+C2y1,

Chon C,=0, C, = 1, ta dudc yy = y,G(x), d6 la mot nghiém cua (4.2.5), doc lap

tuyén tinh véi y,, vi

(-“'i} =G0 =g(x) ==
L-‘h

plx)
#0.

vi
Vi du: Tim nghiém téng quat cia phuong trinh
1- x2)y“+ 2xy'-2y =0.
Gidi: Dé thay rang, y, = x la mét nghiém riéng. Ta tim mét nghiém riéng khac,
cé dang y, = x.u(x). Ta co:
y'g =u+xu’
y'o =2u'+xu".
Thé vao phuong trinh da cho, ta dude:

(1 —xz)(2u'+ xu'")+2x(u+xu)-2xu=0 hay u"x(l1- x2)+2u' =0.

Dat u'=v, tacé: (/;J:\‘ THU VIEN
EEY HuBT
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Lay tich phan hai vé, ta dudge:

d ' -
—v=—2[(l+ iq]dx
v X 1-x°
1-—-

2
= ln[v[:—21n‘x‘+1nl1ﬁx2l+1n|l{l‘ = v=K, ; :Kl(%—l]
X X

trong d6: K, 1a hiang sé tuy y.
Chon K; = -1 ta dude v =1-—, do dé:
. X

d—u=1—l,, => u=x+—1-+K2.
dx b X

1 g
Chon K, =0, ta dude u = x+—, vay y2=xu=xz+1.
X

Hai nghiém y, =x, vy =x?+1 la dbc lap tuyén tinh, nén nghiém téng quat
cua phuong trinh la:
y = C1x+02(x2 +1)
trong dé: C,, C, 14 hai hang sé tuy .
2.3. Phuong trinh vi phan tuyén tinh cap 2 khong thuan nhat
Phuong trinh vi phédn tuyén tinh cAp 2 khéng thuin nhat c6 dang
y"+ p(x)y'+a(x)y = f(x). (4.2.6)
2.3.1. Pinh 15 1
Nghiém téng qudt ctia phuong trink khéng thudn nhdt (4.2.6) bang tong cla

nghiém téng qudt ciia phuong trinh thuén nhdt tuong ing (4.2.6) vdi mét nghiém
riéng nao dé ctia phuong trinh khéong thudn nhdt.
Chitng minh: That vay, goi ¥ la nghiém téng quat ciia phudng trinh (4.2.5),
Y 12 mo6t nghiém riéng nao dé cua phuong trinh (4.2.6).
Pat y=5+Y.Tacé y'=¥+Y', y"=3"+Y". Thé vao phuong trinh (4.2.6) ta
dudgc:
y'+p(x)y'+q(x)y =¥"+ Y"+ p(x)}(¥'+ Y ") + q(x)(¥ + Y)

A ROV H G R "+ p(0Y '+ q(0) Y]
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Theo gia thiét:
y"+p(x)¥'+ q(x)y = 0;
Y"+p(x)Y '+ q(x)Y = f(x)
do dé: y"+ p(x)y'+q(x)y = f(x).

Viay y=5+Y cung la nghiém cua phuong trinh (4.2.6). Vi ¥ phu thudc hai
hiang s6 tuy y nén y =y + Y ciing phu thudc hai hang s6 tuy y, do d6 né la nghiém
téng quat ctia phuong trinh (4.2.6).

2.3.2. Dinh ly 2 (Nguyén ly chéng chdt nghiém)

Cho phuong trinh: y"+ p(x)y'+ q(x)y = fi(x) + fo(x). Néu y,(x) la mét nghiém
riéng cua phuong trinh y"+ p(x)y'+q(x)y = f1(x); yo(x) la mét nghiém riéng cua
phuong trinh y"+ p(x)y'+q(x)y = fo(x) thi y=y,(x)+ys(x) la mot nghiém riéng
cua phuong trinh da cho.

Chutng minh: That vay ta co:

y "+ p(x)y'+a(x)y = (v +y2)"+ p(x)(y; + y2) '+ a(x)(y; +y3)
= [y "L+ p(x)y' + q(x)yl} + [y "o+ P(X)y 'y + q(X)yg]
= f, (x) + f5(x).

Vay y = y,(x) +yo(x) 12 mét nghiém ctuia phuong trinh da cho.

3. PHUONG TRINH VI PHAN TUYEN TINH CAP 2 CO HE SO
KHONG PO1

3.1. Phuong trinh thuan nhat
3.1.1. Dinh nghia

Phuong trinh vi phan tuvén tinh cip 2 ¢6 hé s6 khéng d6i thuin nhat la
phudng trinh c6 dang:

y"+py'+qy =0 (4.2.7)
trong dé: p, q 12 hai hé s6 hing sé.
3.1.2. Cach gidi

Ta biét rang, muodn tim nghiém téng quat ctia né chi cin tim hai nghiém riéng
doc lap tuyén tinh. Ta sé tim nghiém riéng cta né duédi dang

y=e (4.2.8)

trong d6 k 1a mét hing sd a0 d6 maAta'sd bim)
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Ta cé: y' = ke*®, y" = k2ekX | thé vao phuong trinh (4.2.7) dudc
ek* (k2 4 pk+q)=0.
Vi e** %0, ta c6 k% +pk+q=0. (4.2.9)

Viy, néu k thod man phudng trinh (4.2.9) thi ham s8 y =e** 14 mét nghiém
riéng cua phuong trinh (4.2.7). Phuong trinh (4.2.9) dude goi la phuwong trinh déc
trung cua phuong trinh vi phan (4.2.7).

Xét hai truong hop sau:

— Truong hop 1: Phuong trinh déc trung (4.2.9) ¢6 hai nghiém thuc phan biét
k, va k 5, khi &y phudng trinh (4.2.7) ¢6 hai nghiém

v :ek!x’ Yo :ekz}{‘

1 _glki=ka)x ghae hang s6. Do d6

Yo
2

Hai nghiém nay doc lap tuyén tinh vi

nghiém téng quat cia phuong trinh (4.2.7) 1a y = CleKJ" + CQEKE" , trong dé C,, C,
14 hai hang so tuy y.
Vi du: Tim nghiém cta phuong trinh y"+2y'-3y =0 thoa man cac diéu kién

Yee0=0, ¥euo=1.

Phuong trinh diic trung cua phudng trinh da cho la k? +2k -3 = 0, c¢6 hai
nghiém phan biét k; =1, k, =-3.
Vay nghiém téng quat cia phuong trinh da cho 1a

X

y =C,e" +Cze'3‘ ,
Dodé y'=C,e* - 3029'3" X

Tl céac diéu kién ban dau, ta cé:
Cl _3C2 =

Giai hé trén ta duge: C, = % ; By = —i , vy nghiém riéng phai tim la

1 ¢ 1 -3x
=—e¥ ——e™%,
¥ 4 4

— Trudong hop 2: Phudng trinh dac trung (3.2.9) ¢6 hai nghiém thuc trung nrau
ky = ky. Ta da c6 mdt nghiém riéngeiia phudng tpinbpe.2.7) la y; =eb1*.
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Ta sé tim nghiém riéng y, doc lap tuyén tinh véi y,; dudi dang
Vo = yj.u(x) = u(x)ek‘x.
Ta co:

" k-|_‘(

y'g=u'e +21«;1u;‘ss;k1

9
* o+ kfuekl".

Thé vao phuong trinh (4.2.7), ta dude

ek [u"+ (2k, +pu'+ (k% +pk; +q)u } =0.
Vi k, 1a nghiém kép ctua phuong trinh dac trung, nén ta ¢6

k%+pk1+q:0 ; k1=_—2p hay 2k; +p=0.

Do dé e¥*u" =0 hay u"=0.Suy ra u = Ax + B, trong d6 A, B la nhiing hang
s6 tuy y. Chon A=1, B =0 ta dugc u=x, vay yq(x)= xeiX,
Nhu vay, hai nghiém déc 1ap tuyén tinh cua (4.2.7) la
y1(x) =eX, yy(x) =xekr,
Vay nghiém tong quét cua (4.2.7) la: y = e}"”‘({jl +Cox).
Vi du: Giai phuong trinh: y"+2y'+4y =0.
Gidi: Phudng trinh dic trung cia né la k* + 2k + 4 = 0, c6 nghiém kép k = -2,

vAy nghiém téng quat la: y = g =% (C, +Cyx); Cy, Cy1a haa héng sb tuy y.

3.2. Phuong trinh khéng thuan nhat
3.2.1. Dinh nghia

Phudng trinh vi phéan tuyén tinh c4p 2 c6 hé s6 khong déi khong thuan nhat la
phudng trinh c6 dang: y"+py'+qy = f(x) (4.2.10)
trong dé: p, q 1a nhitng hé s6 hing sé.
3.2.2. Cdch gidi

Nghiém téng quat ciia (4.2.10) bang nghiém tong quat cua phudng trinh thuan
nhét tudng ting (4.2.7) cong véi nghiém riéng cua (4.2.10).

Trong phin nay ta chi-nghitreitr-eich-tim-nehiém riéng cua phuong trinh
(4.2.10) trong trudng hgp: THU VIEN

HUBT
201



f(x) = e™P,_(x) (4.2.11)
trong dé: P,(x) la mét da thic bac n ctia x va o. 1a mdt hing sé.
Tim mét nghiém riéng cua (4.2.10) dudi dang:
y =e™Q, (x) (4.2.12)
trong dé: Q,(x) la da thitc ciing bac véi P,(x) va ¢6 (n + 1) hé s6 chua biét.
Xac dinh cac hé s6 d6 nhu sau:

Lay dao ham hai vé ctia (4.2.12) ta c6:

y'=aQ,(x)e™ +Q', (x)e™;
y"=0? Qu(x)e™ +2aQ", (x)e™ +Q", (x)e**.

Thé y, y', y" vao (4.2.10) va rit gon lai ta dudc

O‘,an(X)eux +2(IQ'H(X)E[LX+Q"n(X:}Eux +paQn(x)e“x +pQ|n(x)eux +qeuxQn(x)

= e“xPn(x)
= eUX [Q"n(x) + (20 +D)Q', (x) + (a2 + po + q)Qn(x):| = e™ P, (x)

= Q" (x)+(2a+p)Q', (x)+ (e + po+q)Q, (x)= P, (x). (4.2.13)
Néu o khéng phai la nghiém clia phuong trinh dic trung (bao gém ca trudng
hop phudng trinh dac trung vo nghiém) thi a®+pa+q=0, do d6 v& trai cia
(4.2.13) ciing 1a mét da thidc bac n cuing véi da thiic § vé& phai.
Dong nhat cac hé s cia lu§ thita cing bac cia x & hai v& caa (4.2.13) ta tim
dudc cac hé sé ctua da thitc Q,(x) ((n + 1) hé s6 tit (n + 1) phuong trinh).

Phuong phap xac dinh hé s6 cua Q,(x) nhu trén duge goi 1a phuwong phdp hé s6
bat dinh.

— Néu a 12 mét nghiém don ctia phuong trinh dic trung thi

a? +poe+q=0 va 2a+p=20.
Trong trudng hgp nay da thic ¢ vé trai khéng con 1a bac n nita ma 1a bac (n - 1).
— Néu a 1a nghiém kép cta phuong trinh dac trung thi

a2+pa+q =0 va 20+p=0.
Trong trudng hgp nay da thide d vé trai khong con 1a bae n nita ma 1a bac (n - 2).
Muén cho ham § dang (4.2.12) nghiém diing phuong trinh (4.2.10) thi ta phai

ning bac cua da thic Q,(x).lén.mét hay hai bic.tuy.theo a la nghiém don hay
nghiém kép cua phuong trinkdéc trin o)

202



+ Truong hop 1: Néu a 1a nghiém ddn clia phuong trinh dac trung thi nghiém
riéng phai tim cua (4.2.10) ¢6 dang:

y = xe**Q, (x).

+ Truong hop 2: Néu o 1a nghiém kép cua phuong trinh déc trung thi nghiém
riéng cua (4.2.10) ¢6 dang:

y = x%eQ, (x)

trong d6 Q,(x) 1a da thic bac n ma cac hé s6 cua nb ta cé thé tim bang phudng
phap hé s6 bat dinh & trén.
Vi du 1: Hay tim mét nghiém riéng cua phudng trinh
y"'-2y'+y=1+2x
Gidi: Phuodng trinh dic trung c6 dang: k% —2k+1=0.

Trong trudng hop nay o = 0 khéng phai la nghiém cua phuong trinh déc trung
nén mét nghiém riéng ctia phudng trinh da cho 6 dang:

y =e**(Ax+B)=Ax +B.
Thé vy, y', y" vao phudng trinh da cho, ta duge:
Ax+B-2A=2x+1
A=2 A=2
=
B-2A=1 B=5
Vay nghiém riéng cia phuodng trinh da cho lay = 2x + 5.
Vi du 2: Tim nghiém téng quat ctia phuong trinh: y"-3y'+ 2y = e*(4 + 3x).
Gidi: Phudng trinh dic trung tudng tng c6 dang: k% - 3k + 2 =0,
Gidi phuong trinh dac trung ta dude k; = 1, k, = 2. Do d6 nghiém tong quat
ciia phuong trinh thuin nhat tuong ting ciia phudng trinh da cho la:
pCd® 0™,
Mit khae, a = 1 1a nghiém don cua phuong trinh déc trung nén mot nghiém
riéng cua phuong trinh da cho cé dang
y = xe*(Ax + B) =e® (A12 + Bx)
= y'=e*(Ax? + Bx) + e*(2Ax + B)

== AT T BO T2 2ATE B) + ¥ 2A.
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Thé vao phuong trinh da cho va rit gon ta duge:
e [A;F +(B+4A)x +2(B + A)] —3e* [Axg +(B+2A)x + B} +2e*(Ax? + Bx) = 6 (4 + 3x)
= Ax® +(B+4A)x+2(B+A)-3Ax2 - 3(B+2A)x - 3B+ 2(Ax2 + Bx) = 4 + 3x

= (Ax? +2Ax% ~3Ax%)+(B+4A - 3B-6A +2B)x + 2B + 2A — 3B = 4 + 3X
= -2Ax+(2A-B)=4+3x

{—2A=3 A=_g
iy —
9A-B =4 -

-

A e 5 3 i i P 3 .
Vay nghiém riéng cua phuong trinh khong thuén nhat la: y = e* {—; R ’Tx).

Nghiém téng quat ctia phuong trinh da cho la:

=0 e* 0™ —(%xz + ?x]ex.

BAI TAP LUQONG GIA
Hay chon két quad ding:
1.  Giai phuong trinh: y" -2y’ -3y =0.

Két qua:
A y=Ce*+Cpe B. y=Ce*+Cpe ™
C. y=e%(C; +Ce") D. Két qua khac.

2. (aai phuong trinh: y" -8y’ +16y =0.
Két qua:
A, y=e"(C; +Cox) B. y=Cpe** +Coe
C. y=e¥C;+Cox D. Két qua khac.

3. Giai phudng trinh: y"+2y' +y = e*(1 + 3x).

Két qua:
e* e”

A y=—(3x-2) B y=—(3x+2)
4 4

C. y=e*(3x-2) 'FMUI‘WIE‘LN‘ khéc.
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Giai phuong trinh: y” +y -6y =e?*(1 +x).

Két qua:
i 1 w 1
A p=CpPele P i n® B. y=C;(e® +e *)+=—xe®*
5 5
-3x 1 o & 2 z
C. y=e%(C; +Cox)+—xe D. Keét qua khac.
5

Giai phuong trinh: y"+ 2y' +y=e*+ 3x.

Két qua:

A y=(C,+Cyx)e ™+ %e“ +3x -6
B. y=(C;+ Cuox)e* + ie"+3x=~6

C. y=C, e"+C2xe-“+%e“+3x—6

D. Két qua khac.

THU VIEN
25> HUBT

TAI LIEU PHUC VU THAM KHAO NO18O

205




Bai 3
PHUONG TRINH VI PHAN UNG DUNG

MUC TIEU

Hoc xong bai nay sinh vién ¢6 kha nang:

1. Trinh bay duoge bén dang phuong trinh vi phén ing dung thuong gap
trong y sinh hoc: phuang trinh phdt trién té bao, phuwong trinh phdt trién
dich, phuong trinh phdt trién dén sé cia quén thé biét lip hodc khéng
biét lgp.

2. Tim duogc nghiém téng qudt va nghiém riéng cta bon dang phuong trinh
néu trén.

3. Bién luén va du bdo duge s6’ phén tiz mdc dich, déan sé cia qudn thé
nghién ciu. > ' ; P

1. PHUONG TRINH PHAT TRIEN VI KHUAN (HOAC TE BAO)

1.1. Xay dung phuong trinh
Goi: x la sinh khéi cta vi khudn (don vi: nghin, triéu vi khudn), xem x = x(t)
la ham lién tuc;
t 1a thoi gian (don vi: gio, ngay);
k 12 hé s6 phat trién cia vi khudn (k > D).
Khi nudi vi khudn ngudi ta nhan thay: tai thoi diém t tdc dd phat trién vi
khuén ty 18 véi hé s6, véi sinh khéi cta vi khudn, din dén phuong trinh:
x', = kx (4.3.1)

1.2. Giai phuong trinh

Bk B Sagg ﬂ:jkdt = In|x| = kt+C
dt X X

=x = Ce* 1a nghigmi-tong guat cua phuyeng trinh (4.3.1).
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Vi x 12 sinh khéi ctia vi khuan nén x >0, C> 0.

Gia st ldc bat dau nghién citu ta c6 sinh khéi clia vi khuan 14 %, khi dé coi
t=0tash K =C* =L

Vay nghiém riéng cua phuong trinh (4.3.1) ung véi diéu kién di cho la
i =i,

Tém lai: x' = kx; x|_, =Xo, k > 0 = x = x, e (phuong trinh phat trién vi
khuan).
1.3. Khao sat nghiém

Xét ham: x = xge** (k > 0).
- Tap xac dinh: Vt € R.
- x' = xgkekt, ta c6: x' > 0.

— Tiém cidn ngang x =0 vi lim x(t)=0.

L——or

— Bang bién thién

t — a0 0 o

— D6 thi

[ ]
Nhan xét: Sinh khéi ctia vi khudn tiang theo quy luat ham s6 mi tuong ing véi
thoi gian va k 12 hé s6 phat trién.
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2. PHUGNG TRiNH PHAT TRIEN DICH

Diéu kién bai todn:

— Dich khéng chita duge, quan thé cin cach ly véi xung quanh.

— Bénh dich truyén tit ngusi méc bénh sang ngudi chua méc bénh.

— Théi gian mac bénh dai hon théi gian truyén bénh.

2.1. Xay dung phuong trinh

Goi:  tla thoi gian (don vi: ngay)

x la s6 phan ti bi nhiém dich (don vi: 1, tram, nghin...), xem x = x(t)
la ham lién tuc.

y la s6 phan ti chua bi nhiém dich (don vi: 1, tram, nghin...), xem y = y(t)
1a ham lién tuc.

Gia s lic phat hién dich (khi t = 0) ¢6 s8 bi nhiém dich x = a va s6 chua bi
nhiém dich la y = b.

Quan thé bi dich sé& dude cb lap (cach ly véi méi truong xung quanh) khi dé ta
ludn coé:

x+y=a+bh.

Tai thoi diém t téc do phat trién dich ty 16 véi hé s8 phat trién cta dich, ty 16
véi su tiép xic gitta phan ti bi nhiém dich va phan ti chua bi nhidm dich, din dén
phudng trinh sau:

X, = oaxy =ax(a +b-x) (4.3.2)
v6i o 12 hé sb phat trién dich (o > 0).

Tai thoi diém t phuong trinh gidm s phén tit chua bi dich ty 1& véi hé s6 giam
ctia s§ phan tu chua bi dich, ty 1é vdi su tiép xuc gita phan ti bi dich va phan ti
chua bi dich, din dén phuong trinh sau:

==y =~ e+ h-y) . (4.3.3)
véi B 1 hé s8 giam s chua bi dich (3 > 0).

2.2. Giai phuong trinh

Trude hét xét phuong trinh (4.3.2):
dx

= +b~-x); =
= ax(a % ¥ a

t=0

dx

——— = qdt
::‘J-;(aer--};) -
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dx
-[x{a+b—x) ) Iadt

1 ja+b-x+x
a+b “x(a+b-x)

i | dx dx
— _— = dt
:>a+b[ % * J-a+bux] aj

= In|x| - Inja+b-x| = a(a+b)t + C

dx = afdt

S oY (S S ala+b)t + C
a+b-x
—, X ~ Ceulatht
a+b-x

Vi x la s6 phan tu bi dich (x > 0), y = a + b — x 12 s6 phan ti chua bi dich
(y > 0). Nén ta cé:

X

s Cec:.(a+b}r
at+b-x
= x = (a+b-x)Ce®@*0It x(l + Ce“[“b“) = (a+b)Ce*fa*
(a+b)Ce (athlt a+b
= X am B hay x = 5
1 & Ce®fathit 1+C, graiat bl

goi la nghiém téng quat cia phuong trinh (4.3.2).
Khit=0tacé :x=a,y=bvaC= % hay C,; =—l3.
: a
Vay nghiém riéng cua phudng trinh (4.3.2) thoa man diéu kién x |t=0 =a la

Wi ks (dang ham o(t)).
1 + be~(1(a+h)t

a

2.3. Khao sat nghiém

- Xét ham: x = ki .
T % b e—a(a+b)t
a

- Tap xac dinh: Vt e R.

b e
ﬁ(a+b)2 AP a(a+b)t
" a

i x' = — >0 v6i ¥t = ham s6 luén dong bién.
[1 % b e--m";n?:)[, \:

a B\ THU VI

T
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a?(a+b) [—b g G lj—b o AR
a

x'l = a
3
140D e—a(a+b)'iJ
a
- b -a(a+b)t
Khi x"=0 = —e =1
a
— o~@(a+b)t _ 2 = -—ofa+b)t =h'lE
b b
:>t=.—l_nE:tu;x=a+h:xu
ala+b) a 2

- Tiém cdn ngang: x=0vi lim @(t)=0;

t—»—oo

x=a+bvi lim ¢(t)=a+b.
t—+o0

— Bang bién thién

t —o0 7 +o0
x'(t) + +
x”(t) + 0 -
a+b
x(t) //
0
- D6 thi
x
a+b

t

Nhén xét: Khi thoi gian ting, s bi dich ciing ting (ham luén déng bién). T
lic cdng b6 cé dich dén thdi diém t = t, dich phat trién méi ngay tidng mdét nhanh
hon, sau thoi gian d6 dich phat trién méi ngay mot cham dan. Thoi diém t = t, 1a
thdi diém dich phat trién nhaph ah&tdo1adif v 18acha dé thi).
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Tuong tu phuong trinh (4.3.2), giai phuong trinh (4.3.3) ta c6 nghiém:
a+b
& o Blatbt

y:
1+

Ban doc tu khao sat nghiém ctia ham trén.
— D6 thi:

y.=a+b

1
3. PHUONG TRINH PHAT TRIEN DAN SO CUA QUAN THE BIET LAP

Theo d6i s6 dan, s6 sinh, s6 chét ciia mét quan thé trong 5 nam lién, ngudi ta
thu duge két qua sau:

Nam Sé'dén Sé'sinh Sé'chét
1996 171447 4220 903
1997 177363 3970 841
1998 179376 3325 843
1999 182011 3084 827
2000 189621 3264 849

Ty 1é sinh thé (ty suit sinh thé) la ty lé gidia sd tré sinh ra séng va dén sd
trung binh trong nam, goi tit 1a TLS.

Ty 1é chét thé (ty suit chét thd) la ty 1é gita s6 ngudi chét va ddn sé trung
binh trong ném, goi tit la TLC.

Béing bai toan phuong phap binh phudng bé nhat (Bai 4, chuong II) ta c6 thé
tim duge phuong trinh tuyén tinh giita sd dan (x) véi TLS (s); s& dan (x) véi TLC (c).

3.1. Xiay dung phuong trinh

Goi: x 12 s6 ddn (don vi: 1, tram, nghin...), xem x = x(t) 12 ham lién tuc;
t 1a thdi gian (don vi-nam).
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V@i quan thé biét lap, trong khoang thoi gian At (ti thoi diém t, dén t, + At)
véi At di bé, s dan ting Ax phu thudc vao s8 ca thé mdi sinh Ax, va sd ca thé
chét Ax,.

Thic la: Ax = Axy - Axy = (s — ¢)xAL (4.3.4)

trong d6: s 1a ty 1& sinh (don vi: 1, %, "/;)

c la ty 1& chét (don vi: 1, %, %)

Biét ring ty 1é sinh va ty 1& chét luén phu thudc vao s§ dan theo ham tudng
quan tuyén tinh bac nhat.

Truonghdp 1:  s=5,-s,x TLS tuong quan nghich bién
c=cy- X TLC tuong quan nghich bién
Trudng hgp 2 s=g;,-s;x TLS tuong quan nghich bién
c=cy+cix TLC tudng quan déng bién
Trudng hgp 3: s =g, + s,x TLS tudng quan dong bién
C=¢y-CX TLC tudng quan nghich bién
Trudng hdp 41 s=5,+s;x TLS tudng quan déng bién
¢ =cy+cix TLC tudng quan déng bién

o) day: s, s;, ¢p, ¢ > 0.

Quy luat thong thudng dan sé clia nudce ta hién tai dang phat trién theo trudng
hap 1:

Vi vay thay s, ¢ vao (4.3.4) ta dan dén phuong trinh:

it 2= (g o)k
At—0 At

dx _

= e (s—o)x
dx

C e ((sp — 81%) — (cp — ¢;x))x
dx

L= E = (Sg = CU)X . (S] = C])X2

Df_ﬁt: E=5;—Cp
h=s, -¢c;, trongdde, h>0.
Ta c6 phuong trinh:

%?: £X — h:_(:5 (phugng-trinh \_‘ef_wjnk}/l E N (4.3.5)
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3.2. Giai phuong trinh

dx B s 4 s
—==gx - hx? diéu kién x| = Xg
dt t=0

Ta cb:

Ko il - 2 [h dx - [hat
E ] £ x(g—x]
X X f %)
El-i+f e =5Jdt =>ln\x|—1n E _xl =et+C
X € h :
=x
h
X v EL
= In = ¢gt+C = = Ce"".
£ & _
b h
-Néul0<x< —:
X et € et
= Ce = x={—--x]Ce
B o h
h
sCe!'.l; €
::‘X(1+Ce€t)=£CEi:t = ¥ = h — = h *)
h 1+CE}' 1+ 1 e—f‘l-
) €
Dat X{::E.
Khit = 0 tacd C= X0 thay vao (*) ta c6
X, —Xp
% = Xe dang ham o(t).
]_ + xg h:xq e'c‘t’
Xp
~Néu x >=: s = Ce“:x=[x—£)09”
h € h
x_.
h
£ . £
Ce!.t
— x(Ce“—l) = Egett »x =N = h
5§ - I _ 1 et
THU VIEN '

HUBT
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Dat x, =

5o

Khit = 0 tacé C=—0L_ thay vao (*) ta c6

Xp-X,
... dang ham y(t).
_ XX _ et
X0
3.3. Khao sat nghiém
3.3.1. Khao sdt nghiém x= Xe dangham o(t)
: 1 xc _x(} e"-ﬁt
Xp

— Tap xéc dinh: Vt € R.

X . " ] - A .
- Qe'(t) = 0 5 0 v61 Vi = Ham sb luén dong bién.
i X, —Xp e-—E t ]

X X
(P”(t)= 0 0 3
1+ Xe=X0 et
Xp
X, . -Xn - 3 X 1 X, —-X
P =0 & "V oBt_) o get__ 70 . i_ Lipl¥e" %0 Ol=t¢,
}{0 XC—XO € xo

Tait =t,, ¢" ddi ddu ti (+) sang (-) nén t, 1a hoanh d6 diém uén.
- Tiém can:

lim @(t)=0 = x =0 1a tiém can ngang;
t——o

lim @(t) = x, = x = x, 14 tiém can ngang.
t—+a0

- Bang bién thién:

t — o0 £ + o
x'(t) + +
x"(t) + 0 i g

X | p—
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- Db thi:

t, 0 t

Nhén xét: Khi thoi gian téng, s6 dan ctia quin thé ciing ting (ham luén déng
bién). Thai diém t = t, 1a thdi diém dan sé ctia quan thé phat trién nhanh nhat. x,
1a dén s6 t6i da ma quén thé dat tdi, hay con goi la dén s6 ciia quan thé khi can
bing 6n dinh.

3.3.2. Khdo sdt nghiém x = cx dangham wy(t)

- Tap xac djnh: vt > lln X0 ~Xe (vix > 0).
€

X0
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B sl lubunihioh bidkvoives = 1 T0—%8
€ Xq
v (t)>0.
— Tiém cén:
. TS 5 3 5 1 Xg =X,
lim y(t) = =t =ty la tiém can ding, 6 ddy tg = — In <0
t—t, £ Xq

-Iim wy(t) = x, = x = x, la tiém c4n ngang.
L=+

— Bang bién thién:

t ty + o0
vy | -
+ o
y(t) \ 2

— Db thi:

x

R

t, 0] t
Nhdn xét: x, = % 12 dan s6 lic can bang 6n dinh. Néu ¢6 nhiing tac dong ngiu

nhién lam cho x(t) chéch khdi x, thi sau mét thoi gian né lai tré vé cin bang 6n dinh.

) X X, X
Tacé: x = @(t) = £ = e 0 =
1+ Xe7¥0 o-et  xg+(x,—xp)e™
Xp
Xp _ _ Xp

X X, —X = X X -
X X X 20

C c C C

Thoi ky dadu dan sé méi bat ddu phat trién x, rit bé = 20 ~0, khi dé
Xe

Xp
e—at

x=0(t) = =x0e“.
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Ta nhan thay dan s6 phat trién theo quy luat hAm ma. Ngudi ta goi la quy
luat Mantuyt.

4. PHUONG TRINH PHAT TRIEN DAN SO CUA QUAN THE KHONG
BIET LAP

4.1. Xay dung phuong trinh
Goi: x la s6 din (don vi: 1, tram, nghin...), xem x = x(t) la ham lién tuc;
t 1a thoi gian (don vi: nam).
Véi quan thé khang biét lap phuong trinh phat trién dan sé c6 dang:

% :Fj)i-—h)(2+De -D; (4.3.6)

trong dé: D, 1a s6 dan dén quan thé, D, 1a s6 dan di khdi quan thé.
Nho théng ké ngudi ta thudng thiy D, — D, 1a ham bac hai cua x:
D, - D;=np+nx +nx’
Thay vao phuodng trinh (4.3.6) ta co:

dx 2

—=np + +e)x —(h-1ms)x

S No +(ny +e)x-(h-ms)

dx 2

== —ax“ +bx+c (4.3.7)

véi:a = h—-1ng; b=n,+g c=ny #0.

Néu ny =0, a >0, b> 0 ta cd phidng trinh dang (4.3.5) nhu & truong hgp quan
thé biét lap da biét.

Sau diy xét phudng trinh: % =-ax’ +bx+c véi a > 0, phuong trinh bac 2 &
vé phai luén c6 hai nghiém phéan biét x,, x, va it nhat mét nghiém duong.
4.2. Giai phuong trinh

dx
dt

=-ax*+bx+c, a>0, x'tzo =Xp. (4.3.8)
4.2.1. Truong hop ca hai nghiém duong (0 < x;< xp)

d
H—?:—a(x—x])(x—xg) = a(K‘x1}(x2 —%)
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.[ dx = Jadt
(x —x; )(xg —x)
1 Ix“xl“‘B'xdx:aIdt
(x -Xl )(XZ - X)

e |
Xg9 — X1

1 dx dx
Xg — X [‘[X‘xl +jx2—xJ_ a'[dt
1 (1nfx—x1|—ln’x2‘xl]= at+C; Ctuy ¥

X9 — X4

1
= 11'!
X2 - X

x—-xl

X2—K

x-xll = at+c
K2"‘F

= In = (xg-x)at+C

x—x1 :CE(XE—X]}*B'-;C)O.

o —

12‘—x

_Né'u0<x<X1{X2f

XI -X - Ce (Kz—xl)&t

X9 —-X
= X -X = (Xg _x)ce{x2-xl}at
- X(Ce{xz-xl)at _ 1) - x2ce(X2~X:)at X

X Celtixiat Xy

Ca™a-3)at _ 4

L ]
X9 — X4 (*)

(xg ~%,)Ce M2 X2t

= X=X
1 Ce(xg_x')at _1 1 - 1 e—(!z—:ﬁ)at

Khit =0 taco C=21"%0
X2—XO

Thay vao (**) ta cé:
e | dang x; + yy(t).

1 - X27X0 o~(xy-x)at

X1 —Xp

—Né‘u x1<x<x2:
x"x]_ - Ce(XE“‘xljat-

Xg — X

218



pe X-x; = (x2 _x)ce[xg-x,)at

= x(ce(xz-xl)at+ 1) - xzce_{xz-xl}at ¥ %

3 xz Ce(xg—x-ljﬂt & X,

X=
Ce(Xe—xat | 4
(%o —%1)C (xy—xq)at B
= X=X ot I B =X, + Xg - X4 (%)
Ce (X2~xp)at | 4 T 1 o ~(xz-xp)at
C
: Xg - X
Khit = 0tac6 C=-20"1
X3 = *g
Thay vao (**) ta cé:
X9 — X
X = X + __2 1 dang % + @lt).
1 + o e | e (X2-xp)at
X0 —X%

_Néuxquz'ﬂ:x:

i = Ce (xp-x;)at

X — Xg
X-X, = (X-xg)CelXzxat

—
= chetxzrx'l)at - X

= x(ce(xg-xl)at _ 1)

- t
(xg-xy)at _ X,

Xog Ce
= X =
Ce(xg“xl]at - 1
- t
=x=Xx By osite =x + e i | (** %)
Ce (xe-x)at _ 4 1 - 1 _(xg-x;)at
C
Khi t = 0 tacé:
C= Xp — X
Xp —Xg
Thay vao (***) ta cé:
Xo — X
X = X; + > _)2{ 1 dang X, +'-I12(t).
¥ o 20000 e—(xg-xl}at
Xp =X
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4.2.2. Truong hop c6 mét nghiém ém va mot nghiém duong (x;< 0 < x,)
Giai tuong tu nhu trén:
~ Néu x, < 0 < x < x, thi nghiém la:

Xy ~ X
X = X; + 2

dang x; + @(t)
1+ o % e~(*x2-x))at 1

Xp =Xy

— Néu x; <0 <x, < x thi nghiém la:

Xy — X
X = X; + 2" 11

dang x; + y(t)
1 — *07%2 (xp-x))at

4.3. Khao sat nghiém ctia trudng hgp ca hai nghiém duong 0 < x, < Xg
4.3.1. Khdo sdt nghiém x = x, + Wy (t)

- Tap xac dinh: Vt < ty. t= 1 jp 2%

a(Xg—x;) X -Xg

Xop =X —(x0—
iy —X1)2 227%0 ;o (xg-x))at
X1 — X
1 0
- X':

2
[1 o DB e—txz—xnat]

= ham s6 ludn nghich bién véi moi t thude tap xac dinh.
— Tiém céan:

<0

im (x; +yy(t)) = —0 => t =t 12 tiém can ding
t—ty

B 1 X9 — X
o day: t,= In-2—0.
a(xg—%1)  X; -Xp

lim (x; +y;(t)) =x; = x =x, la tiém can ngang.
t—=—o

Bang bién thién

t -0 ty
x'(t) - H
Ll N =
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- D6 thi ham s&

X

4.3.3. Khdo sdt nghiém x =x; +¢(t)
- Tap xac dinh: vVt € R.

Xy — X -
(xg_xl).z_.g 0 ae (x'il xl)at’
Xn—X
1+ X270 -xpmxpat
Xp =%
(xz _xl)a 3-2 _xg_x;[_] e‘(xﬂ_xl}ﬂt {xz __E_C' e_(xﬂ_xl)at _ 1]
<" = X% Xp—X
- 3
Xo = X0 —(%Xy—
[1 + 2 _0 e (X._;g xllat]
Xg =X
Xo — X0 —(x— 1 Xg — X
Vel = 2% glxp-wial o Gt In=2—"90=t .
Xg — X a(xg —x1) Xg~X;

Qua t = t, ham x" d8i dau ti (+) sang (-) nén tai t = t, ham s6 c6 diém

- Xg + X
udn x,, = i St
2
- Tiém can:
lim (x; +@(t)) =x; =>x=%; la tiém can ngang;
{t—=—a0
lim (x; +0(t)) =X => x =Xy 12 tiém cAn ngang.
t—»+o0

— Bang bién thién:

t | —o & +o0
x'(t) + +
x"(t) + 0 -
x(t) =
- THUVHEN—]
HUBT
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- D6 thj

€0 i
4.3.3. Khdo sdt nghiém x = x, +y,(t)

- Tap xac dinh: V't > I ;

a(x, —xp) Xg—X;

Xqg — X i
_(xz _x1)2 ] = ae (x2 xl)a"
Xp —X N o7 . . ar
- x'= D -1 5— <0 = ham s& nghich bién.
Xp — X9 ~(x,-x,)at
1 — 20772 —(xo-x
[ Xp =X

— Tiém can:

lim (x; +yy(t)) = = t = t; la tiém can ding,
t—tg

2 - 1 =X
d day: ty = InXe~X2 g
a(x2 = xl) xo - xl

lim (x; +wy5(t)) = X9 = x = x, la tiém c&n ngang.
t—w

- Bang bién thién

t ta “+a0
x) | | .
+00
x(t) e
2
- D6 thi
L Q t
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Tudng tu, ban doc hiy khao sat nghiém cua truong hgp c¢6 mét nghiém am va
moét nghiém dudng (x, < 0 < x,).

D6 thi ham s6 x = x; + ¢(t)

D6 thi ham sé x = x; + ¥(t)

5. CAC VI DU

Vi du 1: & mot quén thé sinh vat gdm 5 nghin phén ti phat sinh mét bénh -
dich. Khi phat hién ra dich thi da c6 200 phéan t bi nhiém. Vi bénh dich chua biét,
nén ngudi ta tién hanh c6 lap quin thé d6 lai. Sau 5 ngay theo déi c6 thém 50
phan ti bi nhiém. Hay du bao s phan tu bi nhiém sau 15 ngay.

Giai:

Goi: n la s6 phén ti cia quén thé (don vi: nghin);

x 12 s6 phén tit bi nhiém dich (don vi: nghin);
y 1a 86 phéan ti chua bi nhiém (don vi: nghin);
t la thoi gian (don vi: ngay).
Khi d6 do quén thé bi ¢6 lap nén ta co:
X+y=n=5vax,=¢=02; y,-0 =48
T8¢ d6 phat trién dich theo thdi gian tudn theo phudng trinh vi phan sau:

x} ShkEe=kx (5 3 (1)
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Giai phudng trinh (1) ta dudc nghiém la:

< = 5
1 +Ce 9k’
trong d6: C = 2ot =24
0,2

Mit khac: Xp=5 =025

nén ta cod: 0,25 = : - = e 2% =0 791667.
1+ 24e~7k*S
L 5 5 N
Khi d6:  x.15 = = = 0,387. (don vi: nghin),

o e I 7T S
tiic 14 ¢6 387 phan ti bi nhiém dich.
Vi du 2: Su phat trién dan sd cuia mot nude (quin thé biét lap) c6 ty 1é sinh (s)
va ty 1é chét (c) tudn theo quy luat :
s = 49,095970 - 0,0003446x
c=9,310417 - 0,0000397x
trong dé: x 1a s6 dan (don vi: nghin);
s, ¢ (dan vi: Y.
Hiay du bao dan s6 niam 2000. Cho biét din sé khi can bing 6n dinh. Biét rang
nam 1990 dan s6 1a 65,215 triéu ngudi.
Giai: Xét hiéu s — ¢ = 39,785553 — 0,0003049x.
Phuong trinh dan sé clia quin thé biét lap la:
dx
dt
véi: € = 39,785553; h = 0,0003049.

= (s—¢)x = gx - hx? 2)

Khi dé6: x, = % =130487,2 (don vi: nghin) la dan s6 hic can bang 6n dinh.

Chor ndm 1990 ttng véi t = 0, do d6 xy = 65,215 (don vi: triéu).
=> Xp = 65215 (don vi: nghin).
Do x, > xy > 0 nén phuong trinh (2) ¢6 nghiém thoa man x, - g, = Xp, ham phat
trién dan sé c¢6 dang
X _ 130487,2
Xc =X e_“t 1 + 1,0009 e—0,039785553 t
X0

g day: € = 0,039785553 vi £ da dudc déi vé dom vi/ 15

dang ¢(t)
1 +
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Du béo nam 2000 dng véi t = 10:
130487,2

] + 100090 0039785553 x 10 78025,6 (don vi: nghin).

Xpe=1m~—

Vi du 3: Nghién citu su bién doi dan s6 & mét dia phudng ngudi ta thay su phat
trién ctia dan sé biéu dién bdi phudng trinh:
x'(t) = 328,7x 1078 (-x? + 123,885 x + 124,885)
trong d6: x 14 s6 dan (don vi: tram nghin);
t 14 thoi gian (ddn vi: nam).
Giai phuong trinh tim ham s& x = ¢(t) quan hé giita s6 dén va thoi gian, biét
ring nam 1990 s dan 1a 6380000 nguoi.
Gidi: Dat k = 323,7x 107®

— % =k(x+1)(124,885 - x)

dx

= dt
k(x+1)(124,885-x)
- 1 nl x+1 -
125,885  |124,885 - x .
x+1 = ek x 125885t
124,885 — x

' Chon nam 1990 ing véi t = 0, do d6 x, = 6380000 ngudi = x, = 63,8 (don vi:
tram nghin).
Do x4 < x5 = 124,885 nén ham phat trién din s8 c6 dang:

125,885

x = -1+ L+ Co-K = 125885 ¢ dang x =-1+o(t)
véi C = 124.885-638 _ g 067,
63,8+1
Du bao nam 2000 tuong ing véi t = 10:
. e 125,885
R, 1 + Ce-3237 10°% x 125,885 x 10

= 76,36411 (don vi: tram nghin).
Vi du 4: Theo ddi din s6 ciia mét quan thé trong 5 nim ngudi ta thu dude két

qua sau:
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Nam S6'déan (nghin) TLGT (%)
1995 725567 1,679
1996 73770 1,636
1997 74970 1,593
1998 76158 1,550
1999 77331 1,508

Ty 1é gia tang din s6 = ty 1é sinh — ty 1& chét.

Hay cho biét dén s clia quin thé khi can bing én dinh. Dy bao din s ciia
quén thé nam 2005. Cho ring quan thé 1a biét lap.

Giai:

Goi:  x la s6 dan (don vi: nghin);
y la ty 1é gia tang (don vi: %).

Phuong trinh tuong quan tuyén tinh bac nhat la:
y = 4,280965 — 0,035857.10 °x

Phuong trinh vi phén dién ta su phat trién dan s6 ctia quin thé theo thdi gian
t la:

x', = 4,280965x — 0,035857.10 x>
Dan s& ciia quin thé khi can biing 8n dinh 1a: 119389,938 (ddn vi: nghin).
Du béo dan s6 nam 2005: x, - ¢ = 84037,273 (don vi: nghin).

BAI TAP LUONG GIA
Hay chon két quad ding:

1. Theo d&i sy phat trién t& bao ngudi ta thdy su phat trién d6 tuan theo
phuong trinh sau:

x;; =kx
trong d6: x 1a s6 lugng t& bao (don vi: mudi nghin);
‘ t 12 thi gian (don vi: gid).
Du béo s6 lugng t€ bao sau 5 gid, biét ring lic bit ddu theo ddi c6 52 nghin
phén td, sau 1 gid theo daieéthém 5 nghin pkda ti.
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Két qua:

A. 8,22926 (don vi: mudi nghin) B. 82,2926 (don vi: mudi nghin)

C. 5.44426 (don vi: mudi nghin) D. Keét qua khac.

Theo dbi su phat trién dan s6 va ty 1é gia ting dan s6 clia mét quin thé biét
lap trong 5 nam, ngudi ta thu duge ké‘{t qua:

x (ddn vi: nghin) 171 177 179 182 189 ]

(s—c¢)(donvi: %) | 1,95 1,84 1,65 1,568 1,38 1

Cho biét dén sé ctia quin thé khi cin bing én dinh.
Két qua:
A, x.=230,529 (don vi: nghin) B. x.=228,298 (don vi: nghin)
C. x,=230529 (dori vi: nghin) D. Két qua khac.
Theo d&i su phat trién dich ciia mét quan thé dude cach ly véi xung quanh
thay tuin theo phuong trinh sau:
x, = 0,00052x(8,5 — x)
trong dé: x la s& dan mac dich (don vi: nghin);
t 1a thoi gian (don vi: ngay).
Haiy giai phuong trinh trén biét rang khi cong bd dich thi da c6 550 phan tu
bi dich.

Két qua:

: L : 8,5
A x= - B. x, = -

5 1+14,45¢ 0:00442¢ t =17 0.0692¢ 0009428
C. x,= i D. Két qua khac.

4 1+ 14,458_0’00052t
Su phat trién dan s clia quan thé biét lap tuan theo phuong trinh sau:
x, = 0,0352x - 0,000315x>
trong dé: x 12 s6 dan (don vi: nghin);
t la thoi gian (don vi: nam).
Hay cho biét dan sd ciia quin thé sau 5 ndm biét ring tai thoi diém nghién
citu dan s8 clia quan theda 82500 ?ﬁw‘ VIEN

HUBT
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Két qua:
A, X =5 = 86138 (nguoi) B. x(-=5 = 86000 (ngusi)

Theo ddi sy phat trién dan s6, ty 1é gia ting dan s6 va ty 1& dén - di ciia mot
quan thé khéng biét lap trong 5 ndm ngudi ta thu dude két qua:

s—c¢=0,076035 - 0,3299.10 %
b, - D, = 6,259 - 0,0704x + 0,1980.10 *x?

Hay x4y dung phuong trinh phat trién dan sé cua quan thé dé. Biét rang x la
s6 dan (don vi: nghin).

Két qua:

A x, = 6,259 + 75,9646x — 0,329702x>
B. x, =6,259 - 0,005635x — 0,1319x>
C. x, =-6,259 +0,146435x - 0,5279x>
D

Két qua khac.

\ THU’ VIEN
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BAI TAP

Chwong I. MA TRAN - DPINH THUC
HE: PHUONG TRiNH TUYEN TINH

1. MA TRAN
-2 3 4 0 1 0 -1 4
5 -1 2 3 2 -1 00
Tim AB + (AB)".
1.2. Tinh
1 1 1F o) [059 —sing|"
01 sing  cosQ
2. PINH THUC
1.3. Giai cac phuong trinh:
1 x x2 x3 x?
1
: < 2 1 a af a:f’ a;
x 2 3 4 5 s 5
a =0 b 1 a, a5 a; ag|=
) 1x2 4 9 16 ) 2 g z €
1 a, a3 a; a
x3 8 27 64 3 3 3 &
| 3.4 a, a4 34
1 X x2 x2!
1 a a’ gl d
c) 1 a a% ag'l =0
.2 -1
5 1 an_1 an. agul
1.4. Ching minh:
b+c c+a a+b a b ¢
b'+c¢' c¢'+a' _a'tb' | =212 b' ¢'
b||+ cn C”"' at'r a1'r+ bili an bu c:ll

15- TOANCAOCAP
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1.5. Tinh dinh thic:

1 0 -1 -1
0 -1 =1 1 " : o 5 2 A i
a) b bang cach khai trién né theo cac phan tu cua hang 3.
a c
-1 -1 1; 0
21 1 x
¥ Z 1. %)ag o
b) i {8 bang cach khai trién né theo cac phan tu cua cot bon.
z
1 11 ¢t
1.6. Tinh céc dinh thitc sau:
011 1 .
X
a) L@@ b b) 3:- xy
X
1l a 0 ¢ Y x}’
X+
1B & 0 ¥ ¥
1.7. Chitng minh cac ddng thic sau:
(b+c)® b2 c?
a) | a2 (a+c) 2 |=2abc(a+b+c)?
a’ b? (a+b)>
a x x b
b
N * | = (a - b)?[(a + b)? — 4x2]
x b a x
b x x a
1.8. Tinh cac dinh thic sau:
210 0 0 5 3 0... 0
L, EE o o BB 2 8 s oz
a)|0 1 2 00 b){0 2 5 0
Ooo0oo0...1 2 O 0 0. .. G5
a,+xX; as ag .. a, ag -1 0 .. .0
-X3 X 0 ... O ag x -1 ...0
c) 0 ~X5 Xg ... 0O dja, 0 x . . .0
0 0 0 re— an_T 0 & . oo X
THU VIEN
HUBT
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10 0 O 1
1 a, 0 0 0
1 1 a9 0 0
e)
1 0 1 ag . 0
100 0. ..a,.,
1.9. Tinh cac dinh thic sau: .
1 2 3 n 1 x} xj x|
1 22 3 n® 1 x2 x5 x5
Al (1 & B . sx o 201 K E e B
1 gk gl a# 1 X X

1.10. Day Fibonacei la day s6' 1, 2, 3, 5, 8, 13,..., trong d6 mdi sé hang la téng cla
hai s& hang diing lién truéc va hai s& ddu tién la 1, 2.
Chitng t6 rdng s6 hang thit n ciia day Fibonacci bing dinh thic c4p n sau:

1 1 00 .5 %80
-1 1 10...00
0~ 1 T vuwl D
O 0 00O...-11

3. HE PHUONG TRINH TUYEN TiNH

1.11. Tim hang ctia cic ma trin sau:

(4 3 -5 2 3]

2 -1 8 -2 4 8 6 -74 2

a) A=|4 -2 5 1 7 b) A=|4 3 -8 2 7
9 =11 8 2 4 3 12 -5

8 6 -1 4 -6

1.12. Ap dung dinh 1y Cramer giai cac hé sau:

X; +2Xo +3X3 —2X4 =6
2X; -X9—-X3 =4

a) {3x; +4x9 —2x3 =11 b)
3x; —2x9 +4x3 =11

2}[1 —Xg "2X3 —3x¢1 = 8
Bxyr2xy=yx3 +2x, =4
{ Al

| 2Kk =13x%, H2xq + X, = -8
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Xog —3Xg +4Xy =-5
X; —2Xg +3x4 =4
i
4x, +3x9 -5x3 =5

1.13. Ap dung phuong phap Gauss giai hé sau:

X] —Xg +Xg—X4 =2

Xq -Xg +2x4 =0
-X; +2Xg —2Xg +Txy = -7

2x; — X9 — X3 =3
1.14. a) V61 cac gia tri nao ciia a thi hé sau ddy khéng cé6 nghiém duy nhat
X—-y+2z=3
2x+ay+3z=1
3x+3y+z=4
b) Xac dinh a d€ hé sau c6 nghiém khéng tim thudng
ax-3y+z=0
2x+y+z2=0
13x+2y-22=0

1.15. Giai cac hé phudng trinh sau:

X, +4x9 —2Xgq —4x4 =15
! 2 ° * 2%, = Xg +Xg + X4 =1
3x; +8x9 —x3-2b6x, =17

a) b) ¢x; +2x9 — X3 +4x,4 =2
2x; +10xy —3x3 -19x4 =30
X; +TXg —4x3 +11x4 =5

5x; +19x4 — Txg - 32x, =61

- a* a

Chuong II. HAM SO, PAO HAM,
VI PHAN - UNG DUNG
1. HAM SO

2.1, Tim ham ngudc cia cac ham sd sau:

; x wvdix<0 b) 9%
i ¥= y=
x2 v6ix>0 1+ 2%
_ = .. Bl
c) y=4arcsmxfl+xi : a) y=1+23mx+1
X
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2,2, Chiing minh cac céng thiic:

. ™
a) arcsinx + arccosx = E b)

¢) arccosvl- x® = aresin x d)

PAO HAM VA VI PHAN

2.3. Tinh dao ham cdp 2 cac ham s6 sau:

a) y=xe" b)
1
) y= : d)
1+x
e) y=In(x+vV1+x?) )
1 ;
h) y= 1)
a+Vx
2.4. Tinh dao ham c4p cao cua cac ham sau:
X
a) y=-—,tinhy1® b)
X
X2
c) y= , tinh y19 d)
x-1

e) vy =xshx, tinh y“m)

2.5, Tinh dao ham cap n cac ham s6 sau:

a) y=e* b)
¢) y=sin’k d)
e) y=xInx g)
2 :
h) y=— 2 » 1)
x —
k) y=sin’ 1)

v
arctgx +arccotgx = 2

1
v arccotg— = arctgx
X

y=(1+ x2}arctgx
- [a® g2

.V=9J;

y= v1-x? arcsinx

y =ax ™, tinh y'?

y = x%%*, tinh y

y = sinax + cosbx

y =x.e*

y = In(ax + b)
1

= %2 8wl

y = sin’x + cos’x

2. MOT SO TINH CHAT CUA HAM KHA VI

2.6. Khai trién Maclaurin dén bac n cac hiim s6 sau:

a) y=e b)
c) y=sinx d)
e) y=Q1+x"" £

¥y = cosX
yv.=In(1 + x)
FIENctes
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2.7.

2.8.

2.9.

2.10.

234

” Ry . P « 2
Khai trién Maclaurin cac ham sé sau:

(1 + x)'00

f —
Sl (1-2x)*0(1 + 2x)%°

dén s6 hang x*

b) f(x)=e*** dén s6 hang x°
¢) f(x) = Incosx dén sé hang x°.

Khai trién Taylor bac 3 cac ham s sau:

a) y= tai xp, =2 b) y=arcsinxtaix, =0

x—1

c) taixg=1 d)y=2x3—~3x2+5x+1 theo (x + 1)

1
y=-—=
Jx

e) y=x’1+4x2—x+3taixﬂ=l.

Tim gidi han cac ham s6 sau bang phudng phap L/Hospital:

. Incosax B g ¥ Oy
o ‘Bigooak by figE =8 4%
x—0 Incosbx x=0 X-—sinx
X -X 3x
- . —3x-1
x—0In(1+ x) x—0 gin®5x
1
3,2 - 1
e) lim xa 4)(2 Hox-2 g) lim x2.ex’
x=1x° —5x° +Tx -3 x—=0
b} limx.sin’ i Tt ®
=00 X x=l lnx Inx
k) lim (r—2x)5X ) Bm(l+-s)r
x'—FE—O X=3ad xz
2
Khao sat cac ham s6 sau:
: = (x-p)”
2
a) f(x)= e 2°°  trong dé: u va o 1a tham s8: ¢ > 0.
ov2n
L]
b) x-= A—-{ dang @(t) véi x,, A, € cac tham sd duong da biét.
1+Ae®
¢) x= _;;EQT dang W(t) véi x., A, € cac tham s6 duong da biét.
1-Ae
d y= —y—cm vl v, A-B-cac tham s¢ dudng da biét.
1+ Ae .



2.11. Khao sat cAc ham sé sau:

i e 117.049,5
S g 0.911480-0.0139403841

g = 126,885 +1, 1382830040749t

b)
1+1,138283¢0:040749t

. 124,885 - 1,068¢~0:040745t

1+1 DBSe—D.U4OT4Qt WAL

4. HAM HAI BIEN VA PHUONG PHAP BiNH PHUONG BE NHAT

2.12. Tim cuc tri cua cac ham sd sau:
a) T=lx—1P+2v"
b) Z=x*+xy+y’-2x-y
O Z=1-(x2+y)?s
d) Z=(x2+y?)e Y
o) Z=xy(6-y-%
2.13. Lap phuong trinh thuc nghiém:

a) Tinh hé s8 tuong quan va lap phuong trinh vy = ax + b ti cac s6 liéu sau:

X, 4670 4860 5050 5170 5470

¥ 0,0411 0,0397 0,0352 0,0375 0,0336
b) Lap phuong trinh y = ax® + b tit s6 liéu sau:

X, 1 2 3 4 5

vi 0,1 3 8,1 14,9 28,9
¢) Lap phuong trinh y = ax? + bx + ¢ tit s6 liéu sau:

X; 1 B 3 4 5

v, 2,9 8,9 19,13 33,2 50,8

THU VIEN
HUBT
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Chuong ITI. TICH PHAN

1. TICH PHAN BAT PINH

3.1. Tinh céc tich phan ctia ham hitu ty:

dx
) [ b | 3
x3 +8 x(1+x)(1+x+x°)
2
) j d) Iﬁ‘# dic
x? +x? +1 (x-1)(x+2)
& I 5x ~-13 ' .
—-5x+6)
3.2. Khéng si dung phuong phap hé s6 bat dinh tinh:
dx dx
) j——— b I
'[x4 +a2x? ‘[:f.‘1 ~4%% 43
& I x% -x d) _[ 4dx
(x + 1) X
dx
e) |——.
'()s:(x6 + 1)2
3.3. Tinh tich phan cac ham ludng giac:
a) IsinS x dx b) jcos7 xdx
dx
) |—— d)
'I.s:'m‘1 x cos? x ‘[sm x cos® X
e) _[ g B
sin® x + 8sinxcos x +12cos? x
3.4. Tinh tich phin cac ham v ty sau:
a) _[ dx b)j Ox+a-1
(5+x)V1+x (x+a)(1+%x+a)
2 2
vx© -1 X
c) dx d) |-———=dx
I x* j\i(x2 1P

e) [V(x*-1)%dx.
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2. TICH PHAN XAC DPINH

3.5. Bing phudng phap déi bién tinh céc tich phan sau:
6 sht

dx 2
a) |——— b) x“+1dx
1'|-1+~.1'3x—2 . tﬁ[
In8 n/2
d
0 = i e
g veX +1 +2cosx

1 5
2
e) _‘[V‘3—2x—x dx g) i[x+m
In6 ox Jex — 2 ; lj Jex dx
0 =X

h) j-T-—-dx i)
Ine © +2

n/4

k) j cos” (2x) dx

dx, trong d6 a®= 0; b2 0.

sm XCO0sX
) j

aZcos? x +b%sin® x

3.6. Tinh céc tich phan sau theo phudng phap tich phén titng phan:

n/3
) arcsm X4 b) I 3
216 COB" X
e nl4 )
c) _I.ln2 xdx d) j 3% sin 4xdx

1

e) jxarctgx dx.
0

1
3.7. a) Ching minh ring: I I lx = ——-rnI]n ;- Tinh I,.
0

1

b) Tinh tich phéan: jxp(l -x)%dx, véi p, g nguyén duong.

0

3.8. Tinh gin dung tich phan bing phuong phap Simpson véi 2n = 8:

x2

1 _ 3
a) jd—: T _3_4 2 dx ey { i e

0 1.!‘211 b N aAn

x
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3.9. Tinh gén ding tich phan bing phuong phép hinh thang:
Lodx
, v6in = 10,
6"\4' Ly
8.10. Tinh gén dving tich phan bing phuong phap hinh thang chinh xac dén 107,
) ;

2
b) j 1+x2dx

0
3. TICH PHAN SUY RONG
3.11. Tinh tich phan suy réng:
a) Ie'ax cos bx dx b) Iarc;gx dx
0 { X
C) ! dx3 d 2dx -
g i+% Lxm 1)
) .[ 5 5 dx
1 (x+1)
3.12.Cho [e™dx = In. [—=ax=2
2 X 2
0 0
Tinh:
oy w0 .
a) j' e . b) !- sinaxcos bx dx Ga>b> 0}
o i %0 . 2
0 [x%* dx d) [ S X gy
0 0 X
WX wo g (xow?
e e 2 dx ) e 200 dx (c>0)
& -~
3.13. Chiing minh rang:
w2 ’E; . _ T - !?Fz_-_;_;;z . -
a) —e x=1 b) e 4O =p (o>
1 & =
( 2 - (x-p)?
X—-U 2 -9
c) 20° _dx=0° (c>0)
[ -
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Chuong IV. PHUONG TRINH VI PHAN
PHUONG TRINH VI PHAN UNG DUNG

1. PHUONG TRINH VI PHAN CAP 1
4.1, Tim nghiém téng quat cua cac phudng trinh sau:
a) (‘:lcy:2 +x)dx+(y—x2y}dy =0 b) xyy' = T-x?
1-2x

c) yy'= d) y'tgx-y=a

e) y'+sinx;y=sinx;y g) y'=10%Y

4.2, Giai cac phuodng trinh sau:

a)y'==+7 b) xy'-y = yx* +y
y

X
2 21 i . Y y
c) y° +x°y' =xyy d)y=e-"‘+;
' y 2 2 s
e) xy'=yln= g) (8y* + 3xy + x°)dx = (x* + 2xy)dy
x -
2 2
, ~-2xy-x
h) y =y2 y D x=1 ==1
ye+2xy-x

2
’ dy ) dy
— | +2x—=-y=0, y|ly0=V5
- y(de xdx . Y‘XFO V5

4.3. Tim nghiém cua cac phudng trinh sau:

-x2 2 2.2
a) y'+2xy = xe b) (1+x*)y'-2xy =(1+x%)
1

¢) 2ydx + (v% —6x)dy =0 d) y'= ;
2Xx -y

¥

T g) x(y'-y) = (1+x%)e"
2ylny+y-x

e) y'=
h) xy'-— —=x;y|_ =0
1+x xH

i) 1+ £3)dx = (x + ptEet Bt —me
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2. PHUONG TRIiNH VI PHAN CAP 2

4.4. Giai cac phuong trinh vi phan tuyén tinh c4p 2 cé hé s6 khéng déi

4.5.

a)

b)
c)
d)
e)

g)

Giai cac phuong trinh vi phan tuyén tinh cap 2 sau:

a)
b)
c)
d)
e)
g)
h)

1)

y'"-2y'-y=0
4y"-20y'+25y =0

yll_4y!

y"-4y'+3y=e"*; y|,_0 =3, y'

y"-9y'+ 20y = x’e

=-12x% -6x -4

4x

x=0 =9

y"+6y'+ 9y = xe®®; o 12 hing s6.

y"—(m+1)y'+my =e*(x+1); m 1a hdng s6

y'-y' = e®*(3x +5)

y"-5y'+6y =e*(2x -1)

yr|_2yr+y = EX(XS _1)’ yix=0 = _}_} y'|x=ﬂ =2

y"+3y'+ 2y = ox% —4x -17

y"-Ty'+10y = x2

yll_yl =g

S |

y'"+2y'+y=8e*(x+1)+(2x + 3)

3. PHUONG TRINH VI PHAN UNG DUNG

4.6. Theo doi dan s8 mdt quén, thu dude sé liéu sau:

240

Nam | S8 dén (ngudi) | Ty lésinh (don vi: 1) | Ty lé chét (don vi: 1)
1983 171.000 0,0240 0,00512
1984 175.300 0,0217 0,00499
1985 179.600 0,0194 0,00486
1986 183.900 0,0171 0,00473
1987 188.200 0,0148 0,00460

Hay du bao dan sé namd990; nam P05




4.7. Theo ddi dan s6 mét x4, thu duge sd liéu sau:

Nam S6 dan (ngudi) | Ty 18 sinh (don vi: 1) | Ty 1é chét (don vi: 1)
1980 4.670 0,0411 0,0099
1981 4.860 0,0397 0,0074
1982 5.050 0,0352 0,0099
1983 5.170 0,0375 0,0064
1984 5.470 0,0336 0,0059

Hay du bao ddn sd nidm 1985, nam 2005.

4.8. Theo ddi dan s6 mdt nude, thu dude s6 liéu sau:

Nam | S6 dan (nghin ngudi) | Ty 1é sinh (Y4 Ty 18 chét (“qo)
1981 54.927 30,02 6,98
1982 56.713 29,80 7,10
1983 57.442 29,30 7,08
1984 58.669 28,40 7,03
1985 59.872 28,44 6,94

Hay du bao dan sé nam 1989, 1999, 2004.
4.9. Nghién citu su phat trién dan sd 6 mét nude, ngudi ta thay su phat trién d6
duge bidu dién bdi phudng trinh vi phan:

x'(t) = 323,7 x 10"%(-x*+ 127,885x —126,885),
trong d6: x 12 s6 dan (don vi: triéu), t 12 thoi gian (don vi: ndm).
a) Giai phudng trinh tim ham s8 x = f(t) quan hé giita s6 din v thdi gian, v6i .
diéu kién:

a,) Khi bt ddu nghién cttu, s6 dan lic d6 1a 59,872 trigu ngudi.
a,) Khi b4t ddu nghién citu, s dan lic d6 12 0,5 triéu ngudi.
Cho biét nam ma dan s khéng con.

as) Khi bt ddu nghién cttu, s dan lic d6 1a 150 triéu nguoi.

b) Vé dang d thi ciaquétrinhphét-trién-din-sé-trong ba trudng hdp trén.
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c) Gia st nam 1985 la nam bit ddu nghién ctu, hay du bao dan s6 nam 2004
tudng ung vdi ba truong hgp trén. Qua dé cho nhén xét.

4.10. O mét quén thé sinh vat c6 s6 phén tit 1a 100000 bj nhiém mét bénh dich.

Khi phat hién ra dich da c¢6 5000 phan tit bi nhidm bénh. Vi chua cé thude
chita, ngudi ta thuc hién viée cach ly quin thé dé véi méi trudng xung quanh.
a) Hay lap va giai phuong trinh phat trién cta dich d6 dé xac dinh quan hé
gitta s0 phan td mic bénh (don vi: nam nghin) véi thai gian t (don vi: ngay).
Vé dang d6 thi cia nghiém.

b) Hay lap va giai phuong trinh phat trién cta dich d6 dé xac dinh quan hé
gita s6 phan tit chua méc bénh (don vi: nam nghin) véi thdi gian t (don vi:
ngay). Vé dang d6 thi cia nghiém.

4.11. Nghién ctiu sy bién déi dan s6 & mét dia phuong, ngudi ta thay sy phat trién
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cua dén s6 dudc biéu dién bdi phuong trinh:
x'(t) = 323,7 x 107%(-x*+ 123,885x + 124,885),
trong d6: x 14 s6 dan (don vi: tram nghin), t 14 thoi gian (don vi: nam).
a) Giai phuong trinh tim ham s6 x = f(t) quan hé giita s6 dan va ﬁhﬂi gian, véi
diéu kién:
a;) S6 dan nam 1985 1a 5.987.200 ngusi.
a,) S6 dan nam 1985 la 15.000.000 nguoi.

b) Tinh s6 dan nam 2004 va vé dang d6 thi cia nghiém tuong tng hai trudng
hgp trén.
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