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Chuong I
HAM s® NHIEU BIEN SO

1.1. KHAI NIEM M0 DAU

1.1.1. Dinh nghta ham s& nhiéu bién s6

Xét khong gian Euclide n chiéu R" (n > 1). Mot phan tir x € R" |
mot bo n s6 thuc (X}, X,,..., X,). D 1a mét tap hop trong R". 'Ngubi ta g
anh xa

f:D—>R

xdc dinh boi

X = (Xy, Xgpeees Xp) € D = u = (x) = f(X}, Xp,..., Xp) € R 1a mot ha
s6 cia n bién s6 xdc dinh trén D ; D dugc goi 1a mién xdc dinh cha ha
s6 f ; x|, Xy,..., X, dugc goi 1a cdc bién s6'dc ldp. N€u xem Xi, Xy,..., !
1a céc toa d6 ctia mot diém M € R" trong mot hé toa do nao dé thi ciir
c6 thé viét u = f(M).

Trong trudng hop thudng gip n = 2 hay n = 3, ngudi ta dung ki hi¢
z =f(x, y) hay u =f(x, y, 2).

Trong gido trinh nay ta s& chi xét nhimg hé toa d6 décac vudng goc.

1.1.2. Tap hop trong R"

e Gia st M(X, X9, X3), N(¥|, Yo, ¥p) 12 hai di€ém trong R
Khoang cich gilff Hal aiéf 4y, ki—Higa1r-a(VIN), dugc cho b
cong thic
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n

dM,N) = [Z(Xi -V )2 J
=]

C6 thé chimg minh duoc ring véi ba diém A, B, C bat ki trong R", ta ¢6

d(A, C) <d(A, B) +d(B, C) (bt dang thiic tam gidc)

e M 1a mot diém thuoe R". Ngudi ta goi € — ldn can clia Mg la tap
hop tat ca nhimg diém M cta R" sao cho d(M,,, M) < €. Nguoi ta goi ldn
cdn cua My 1a moi tap hop chira mot € — 1an can nao dé ciia My,

e E 12 mot tap hop trong R". Diém M € E dugc goi 1a diém trong cua
E néu t6n tai mét € — 1an can nao dé cia M nam hoan toan trong E. Tap
hop E duoc goi 1a md néu moi diém clia né déu la diém trong.

e Diém N € R" duoc goi 1a diém bién cia tap hop E néu moi € — lan
can cia N déu vira chia nhimg diém thuoc E, vira chia nhitng diém
khong thuoc E. Diém bién cla tap hop E cé thé thudc E, ciing cé thé
khong thuoc E. Tap hop tat ca nhimg diém bién cha E dugc goi 1a bién
cua no.

e Tap hop E duoc goi 1a déng néu né chita moi diém bién clia né (tic
la bién cta E 1a mot bo phan cia E).

Vi du : Tap hop tét ca nhig diém M sao cho d(M,, M) < r, trong dé
M, 12 mot diém c6 dinh, r 12 mot s6 duong, 1a mot tap hop mé. That vay,
goi E 1a tap hop 4y. Gia sir M 1a mot diém bat ki cia E, ta c6 d(My, M) <.
bat € =r — d(Mg, M). € — lan can cia M nam hoan toan trong E vi néu P
12 mot diém cha lan can &y thi ta ¢6 d(M, P) < &, do d6 theo bt ding
thifc tam gidc.

d(My, P) < d(My, M) + dM, P) <dMg, M) + € = 1. m

Tap hop E 4y duoc goi la qud cdu md tam M, ban kinh r. Bién cua
tap hop 4y gém nhimg diém M sao cho d(My, M) = 1, duoc goi la mar
cdu tam M, ban kinh=Tap-hop g diemMisao cho d(My, M) <r [a
mot tap hop dong duge goi la gua caujdéngiam M, ban kinh r,
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e Tap hop E dugc
goi l1a bi chan néu
ton tai mot qua cau
nao doé chua no.

e Tap hop E duogc
goi 1 lién théng néu
¢6 thé no6i hai diém
bat ki M|, M, cia E
boi mot dudng lién Hinh 1.1a Hinh 1.1b
tuc nim hoan toan
trong E ; tap hop lién thong duogc goi 1a don lién néu no bi gi6i thiéu ba
mot mat kin (hinh 1.1a), 1a da lién néu nd bi gidi han boi nhiéu mat kir
r&i nhau timg d6i mot (hinh 1.1b).

1.1.3. Mién xac dinh clia ham s& nhiéu bién s&

Ta quy udc ring néu ham s6 u dugc cho boi biéu thic u = f(M) mi
khong néi gi thém vé mién xdc dinh cua n6 thi mién xdc dinh ctia u dug
hiéu 12 tap hop tit ca nhimg diém M sao cho biéu thic f(M) c6 nghie
thuong dé 1a mot tap hop lién thong. -

Vidu I : Ham s6

A
z= \/l—xz —y2 dugc xdc dinh g

trong mien X% + y2 < 1, tic la trong
qua cdu déng tam O bén kinh 1
(hinh 1.2).

Vi du 2 : Mién xédc dinh cua

ham s6 z = In(x + y — 1) 12 mién
x +y > 1 (hinh L.3).

Hinh 1.2



Vidu 3 : Ham s8

X p
u= dugc xac
\/1 —x2—y2 22
: 2 B0 4
dinh khi x“ + y“ + 2" < 1, mién
xdc dinh cua né la qua cau mo
tam O bén kinh 1.

. 7,
Sau nay cac khdi niém sé ///
dugc trinh bdy chi tiét cho / 4 .
trudng hop n =2 hay n = 3 ; céc 0 1W X

khdi niém 4y ciing dugc md

rong cho trudng hop n nguyén
duong bat ki.

&
\\

Hinh 1.3

1.1.4. Gidi han cia ham sé nhiéu bién s&

e Ta néi rang day diém {M,(x,, y,)} ddn t6i diém My(xy, yo) trong
R” va viét M, — M, khi n — o néu lim d(Mg,M,) = 0 hay néu

n—yoe

lim x, =xq, lim y, =yj.
n—eo n—eo

¢ Gia sir ham s6 z = f(M) = f(x, y) xdc dinh trong mot lan can V nao
dé cia diém My(Xq, ¥o). €6 thé trir tai M. Ta néi rang ham s6 f(M) c6
gidi han [ khi M(x, y) dén dén M, néu véi moi day diém M, (x,. y,)
(khdc M) thuoc 1an can V dan dén M, ta déu c6
lim f(x,,y,) =1

n—os
Khi doé ta viét .
lim f(x,y)=/ hay lim f(M)=1.
(X.y)=(x4.y0) M-M,
Ciing nhu khi xét gi6i han cla ham s6 mot bién s6, c6 thé chumg
minh rang dinh nghia trén tuong duong véi dinh nghia sau : Ham <o
f(M) c6 gi6i han ! khi.M.dan.dén.Mgynéu.Ye.>.0,36 > 0 sao cho

dM@ED =8 [Fiv- ) =



e Khdi niém gi6i han v6 han ciing dugc dinh nghia tuong tu nhu déi
v6i ham s6 mot bién s6. Chang han

T e khi (x, y) — (0, 0).
X +y

e Cic dinh li vé gi6i han cta téng, tich, thuong d6i véi ham s6
mot bién so ciing ding cho ham s6 nhiéu bién s6 va duoc chimg minh
tuong tu.

Vidu I : Tim limf(x,y), véi f(x,y)= 2’,‘? -
(x,y)—=(0.0) X“ty
Ham s6 f(x, y) xdc dinh trén RA{(0, 0)}. Néu cho (x, y) — (0, 0)
theo phuong ctia dudong thang y = kx, ta c6

»

f(x, kx) = khi x #0.
1+k?2
Do dé
lim f(x,kx) = K ,
x—0 1+ k2

Viy khi (x, y) — (0, 0) theo nhitng phuong khic nhau, f(x, y) dan téi

nhitng giéi han khac nhau. Do dé khong tontai  lim  f(x,y).
(x,y)—(0,0)

. . 7. ) Xy g
Vidu2:Tim lim g(x,y), v6ig(x,y) = —=—="1
(x,y)—(0,0) 2 1 y2

C L. 2 ||
Ham s6 g(x, y) xdc dinh trén R \ {(0, 0)}. Vi <],
:}xz +y2

V(x,y) # (0, 0) nén
‘ |x]

le(x.y)| = ——==ly| <yl
Jx2 +y2
Vay
lim  g(x,y)=0

(x.y)=>(0;0)



3
Vidu3:Tim  lim h(x,y), véi h(x, y) = _7x_y—6'
(x.y)=(0,0) 2%~ +3y

Ham s6 h(x, y) xdc dinh trén R*\ {(0, 0)}. Néu cho (x. y) — (0. 0)
theo phuong clia dudng thing y = kx, ta ¢6

3,2
h(x, k) =— % wx %0
2 +3k0x*
Do dé6 h(x, y) — 0 khi (x, y) — (0, 0) theo moi phuong y = kx.
Nhung di¢u d6 khong c6 nghia 12 gidi han phai tim tén tai va bang 0.

That vay, néu cho (x, y) — (0, 0) trén dudng x = y3, tacod

6
h(ydy)=2—==.
=553

Do dé h(x, y) — % khi (x, y) = (0, 0) doc theo dudng parabon

bac ba x = y3.

1.1.5. Tinh lién tuc cGa ham sé nhiéu bién sé
* Gia sr ham s6 f(M) xac dinh trong mién D, M, 1a moi diém thuoc D.
Ta néi rang ham s6 f(M) lién tuc tai My, néu ton taf gidi han

lim f(M)=f(M,).

M-M,

Néu mién D déng, M 1a mot diém bién cha Dthi  lim f(M) duoc
M-M,

hiéu 12 giéi han cta f(M) khi M dan dén M, & bén trong cua D.

Gia sir M ¢6 toa do 1a (g, y), M c6 toa do Ja (xg + Ax, Yo + Ay).
bat Af = f(; + Ax, yg + Ay) - f(Xg, yo). Dinh nghia trén c6 thé phat biéu
nhu sau : Ham s6 fxry)duoc-gortriemrtuctaitxg o) n€u né xic dinh
tai d6 va néu Af — 0 /khi Ax =0, Ay=50.



Ham s6 f(M) duoc goi 1a lién tuc trong mién D néu né lién tuc tai
moi diém thuoc D.

e Ham s6 f(M) duoc goi la lién tuc déu trén mién D néu Ve > 0,36 >0
sao cho véi moi cap diém M’, M" thuoc D ma d(M', M") < 3 ta déu c6

[f(M) - f(M")| <

e Ham s6 nhiéu bién s6 lién tuc ciing ¢6 nhitmg tinh chat nhu ham s6
mot bién s6 lién tuc. Chang han, néu ham s6 nhiéu bién s6 lién tuc trong
mot mién dong, bi chan thi né bi chin trong mién dy, né dat gid tri
16n nhat va gid tri bé nhat clia né trong mién 4y, né lién tuc déu trong
mién 4y.

Vi du 4 : Khao sét tinh lién tuc cia ham s6

o
Ixy|® .
f(X, ) =332 42 - néu (x,y) # (0,0)

0 néu (x, y) = (0, 0)
trong d6 o 1a mot hang s6 duong.
f(x, y) lién tuc V(x, y) # (0, 0) vi la thuong clia hai ham s6 lién tuc

ma mau s6 khic khong. Vay chi can xét tai diém (0, 0). Theo bat dang
thitc Cauchy, ta co
1 1
xy| < =(x2 +y?) = |f(x,y)| £ —(x% + y3)*L.
o502 + ¥ =iyl 03 +y7)
Do dé néu a > 1 thi Iim f(x,y)=0, viy f(x, y) lién tuc
(x,y)—(0.0)
tai (0, 0).
Giasua<1.Tacé
x2¢ ~
2x2 2x20-0
khong lién tuc tai (0;0).

f(x, x) = khong dan téi O khi x — 0, vay f(x, y)



1.2. BAO HAM VA VI PHAN

1.2.1. Pao ham riéng

Cho ham s6 u = f(x, y) xdc dinh trong mét mién D ; My(xq. vo) la
mot diém cita D. Néu cho y = y,, ham s6 mot bién s6 x — f(x. y,) c6
dao ham tai x = x, thi dao ham d6 duoc goi 14 dao ham riéng ciia f doi
véi x tai M,y va dugc ki hiéu la

, of d
f X(x09y0) hay & (XO’ yo) hay 55()(0,)’0)

bat A, f = f(xy + AX, yo) — f(Xg, yo)- Biéu thic dé duoc goi 1a s6 gia
riéng cua f(x, y) theo x tai (X, y,). Ta c6
of A f
—(x = lim 2%
( 0-Y0)= Ax—0 AX
Tuong tu nhu vay, ngudi ta dinh nghia dao ham riéng cta f déi véi y

tai My, ki hiéu a

of d
fy(Xo» ¥o) hay a—(xo»}’o) hay —u(xo,YO)-

Cac dao ham riéng cia ham s6 n bién s6 (n > 3) dugc dinh nghia
tuong tu. Khi tinh dao ham riéng ctia mo6t ham s6 theo bién s6 nao, chi
viéc xem nhu ham s6 chi phu thudc bién s6 4y, cdc bién s6 khdc duogc
coi nhu khong déi, réi dp dung céc quy tic tinh dao ham cta ham s6 mot
bién s6.

Vidul :z=x" (x> 0).
oz 1 az

= x’Inx.
ox ay

Vidu2 :u= x3zarctg (z#0).

1
a_u = 3x22arctgl, (—32 = x3

ox Z 0y
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) B
—u=x3arctgl+x3z 1 (———y—)_—_x3 arctg_}i_ ¥z .

Chii thich : g—f 12 mot ki hiéu, chd khong phai la mot thuong ; of va dx
X

ding riéng ré khong c6 y nghia gi.

1.2.2. Vi phan toan phan

e Cho ham s6 z = f(x, y) xdc dinh trong mién D. Lay cdc diém
My(xp» Yo) € D, M(x + Ax, yg + Ay) € D. Biéu thic Af = f(x, + Ax,
Yo + Ay) — f(xg, yo) dugc goi 1a s6 gia toan phén ctia f tai M. Néu c6 thé
biéu dién n6 dudi dang

(1.1) Af = A.AX + B.Ay + 0Ax + BAy,
trong d6 A, B la nhimng s6 chi phu thudc x,, yg, con «, 8 dan téi O khi
M — M,, tic 1a khi Ax — 0, Ay — O, thi ta néi ring ham s6 z 1a khd vi
tai My, con biéu thic AAx + BAy dugc goi 1a vi phdn toan phdn cia
z =1(x, y) tai M, va duoc ki hiéu la dz hay df.

Ham s6 z = f(x, y) dugc goi 1a khd vi trong mién D néu né kha vi tai
moi diém clia mién 4Yy.

Clui thich. Néu ham s6 f(x, y) kha vi tai My(xg, yo) thi tir dang thiic _
(1.1) suy ra raing Af — 0 khi Ax — 0, Ay — 0, vay f(x, y) lién tuc
tai M. '

e D6i v6i ham s6 mot bién s6 y = f(x), néu tai x = X, ton tai dao ham
(hiru han) f(x,) thi ta cé

Ay = f(xg + Ax) — f(xg) = f(Xg)AX + QAX,

trong d6é o — 0 khi Ax — 0, tirc 1a f(x) kha vi tai x = x. D61 v6i ham s6
nhiéu bién s6 z = f(x, y), su ton tai cua cic dao ham riéng tai My (X, ¥g)
chua di dé ham sa kba-virtaido. Thai vay, xét vi du sau :
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Cho ham s6

Xy
f(x,y)=49x2 + y2
0 néu(x.y)=1(0,0)

néu (x.y) # (0.0)

Ta co

f(h,0)0—1(0,0) _ - fim f(h,0)

h h—0

f' (0,0)= lim 2 e,
h—0

vi f(h,0) = 0 néu h # 0. Tuong ty, ta cof (0 0) = 0. Cic dao ham

rieng fy, £ tai (0, 0) déu tén tai, nhung ham s6 f(x, y) khong lién tuc
tai (O, 0) (xem vi du 3, muc 1.1.5) nén khong kha vi tai (0, 0).

Dinh 1i sau day cho ta dicu kién du dé ham s6 z = f(x, y) kha vi tai
Mo(Xg» Yo)-

Dinh li 1.1. Néu ham s6'z = f(x, y) ¢6 cdc dao ham riéng o lan can
diém M,(x,, vy) va néu cdc dao ham riéng dy lién tuc tai My thi f(x, y)
khd vi tai M,y va ta cé

(1.2) dz = f ,Ax + f | Ay.

That vay, ta co

Af = f(xg + AX, Yo + AY) — f(Xg, Yo) =

= [f(xy + AX, Yo + AYy) — f(Xg, Yo + AY)] + [f(xg, Yo+ AY) — f(xg. ¥0))-

Ap dung cong thic s6 gia gidi noi cho ham s& mot bién so, ta duge
f(xo + AX, Yo + Ay) — f(xg, Yo + Ay) = Ax.f, (X + 0)AX, yo + Ay)
f(Xg, Yo + AY) — f(Xq. Yo) = BY.fy(Xg, Yo + 6,4Y),

trong d60<0,<1,0< 0, < 1. Nhung vif, va fy lién tuc tai M nén

flx(xo + ele’ yO + AY) = f,x(x()’ Y()) + A,
f'y(Xo¥o 0 A=E5EX 0 e [ 3
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trong d6 a — 0, 3— 0 khi Ax — 0, Ay — 0. Do d6
Af = £,(xg, Yp)-Ax + f(Xg, y)-Ay + 0Ax + BAy,
vay f(x, y) kha vi tai M, va ta c¢6 dang thitc (1.2).
Chu thich. Ciing nhu d6i v6i ham s6 mot bién s, néu x, y la bién s6
doc lap thi dx = Ax, dy = Ay, do d6

dz =f,dx +fdy.

e Tir dinh nghia ta thdy rang vi phan toan phan df chi khic s6 gia
toan phan Af mét v6 ciing bé bac cao hon p = ,/sz +Ay?. Do dé6 khi
Ax va Ay ¢6 tri s6 tuyét doi khd bé, ta c6 thé xem Af = df, tic 1a

(1.3) f(xg + AX, yg + Ay) = (X0, Yo) + (X0, Yo)AX + £ (X0, yo)Ay

Vidy : Tinh gan diing arctg%zg.

Xét ham s6 z = arctgl. Ta can tinh z(xy + AX, yo + Ay), Vi Xy = 1,
X

¥ _ Py Zly =X

X2 +y2 X2 +y2

Theo c6ng thic (3), ta ¢c6 z(1 — 0,05 ; 1 + 0,02) = z(1,1) +

£ M - % +0,035 = 0,785 + 0,035 = 0,82 radian.

yo =1, Ax =-0,05, Ay =0,02. Tacé z, = -

1.2.3. Pao ham ctia ham sé hop

D 1a mot tap hop wrong R". Xét hai 4anh xa ¢ : D —» R™, f: ¢(D) - R.
Anh xa tich fo@ xac dinh bi

fog : (Xq,.-, Xp) € D b U (X ey Xp)seooy U (Xsenes X)) € @(D) »i»
f(u (X pees Xp)eos Up(X e, X)) € R
duoc goi 1a ham s6 hop cla céc bién s6 Xxi,..., X, qua cic bién s6
trung gian uy,..., u_. D€ cho don gian, ta xét trudng hop n = m = 2. Pat
F = fog, ta c6 -

0 o
F:(x.y) € D — (@GR V1) € (DY FrHu(x, ), v(x, y)) = F(x, y)
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Dinh li 1.2. Néu f c6 cdc dao ham riéng Eﬁ lién tuc trong @ D)

du ov
va néu u, v ¢é cdc dao ham riéng ﬂﬂ,a—v—al trong D thi trong D
09X dy 0x dy
ton tai cdc dao ham riéng a—F,—F va ta cé
Jx dy
E_dto o
9x duox v ox
Lo OF _ of qu of ov

dy dudy vy
Chimg minh. Gia st (xy, yg) € D, (xg + h, yp) € D. Dat
& =F(xq +h, yp) = F(x, y)
= f(u(xo + h, ), V(X + h, yo)) — f(u(Xg, o), V(Xo, ¥o)) va ki hieu

Ug = u(Xq, ¥o), U; = u(Xg + h, yo), Vo = V(Xg, ¥o)» V| = V(Xq + h, yp). Ta c6

8 =1f(uy, v1) — f(ug, vo) = [f(uy, vi) — fug, vy)] + [f(ug, v1) — f(ug, vo)]

d_ f(ul,vl)—f(uo,vl). -l f(uo,vl)—f(uo,vo).vl ~Vo,

h u; —ug, h VI — Vg

i ?% lién tuc trong A nén cong thifc s6 gia géi noi 4p dung vao
u :
f(uy, vy) = f(ug, vy) va f(ug, v;) = f(ug, vy) cho ta
o of u —uy  of V| —Vq

E-_—E(Uz,vl). +E(UO,V2) h .

trong d6 uy =ug + 0(u; - uy), v, = vy + 6,(v; = v), 056, < 1.0< 8, < I.
Cho h — 0, ta duoc

. & OF of du ov av
l51_%3_&(;(040) _g(uo,vo)&(xo,yoﬂ - (UO’VO)aX (X0.Yg)-

D6 1a dang thic dau clia ¢ 4) Hang fhiic\thir hai cia (1.4) duoc
chimg minh tuong tr '@



Cic cong thitc (1.4) c6 thé viét dudi dang ma tran

du du
oF 9F _[afggj ox dy
S5 o
dx dy
trong dé ma tran
du Ou
ax dy '
ov odv
ox dy

duoc goi 14 ma trdn Jacobi ctia 4nh xa @ hay ma tran Jacobi ctia u, v déi
Vi X, y, con dinh thifc clia ma tran &y dugc goi 1a dinh thitc Jacobi cla
D(u,v)

u, v d6i véi X, y va dugce ki hiéu la i
D(x,y)

Trong tinh todn, ngudi ta khong phan biét f va F, ching 14y cung gid
tri tai nhitmg diém tuong tng (u, v) va (X, y). C6 thé viét
a_dan ddv
0x Ouodx Ovox
of _df du . of _Ql

dy oudy ovay
Vidu : Choz=¢"Inv, u=xy, v=x>+y% Tacé
2x
02 _ ul o xy{yln(x2+y2)+ ]
g—e lnv.y+e.v.2x—e x2+y2
2y
2 2
L] =e"lnv.x+e".—l-.2y=exy[“n(x Ty )erz+ 2]‘
ay v ; y

Chu thich 1. Néu z = f(X, y), y = y(x) thi z 12 ham s6 th cla
X, z = f(X, y(x)). Khi d6 ta c6
dz  df —df

—1 ZeEay (7))
dx (£ 9x ayY(X)
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Néu z = f(x, y), x = x(t), y = y(t) thi z 1a ham s6 hop cua t thong qua
hai bién trung gian x, y. Khi dé ta c¢6

dz df |, of .,
o —gx (H+ ayy (V).

Chui thich 2. Néu gia thiét thém rang Qlia—ua—\a—\ lién tuc thi
ox dy 0x dy

(1.4) suy ra rang g—f? lién tuc, do d6 z xem nhu ham s6 cua x, y la
X

Yy
kha vi va ta cé

Thé cac cong thic (1.4) vao, ta ¢

o (20, B8 B, (3 0 B
o' v dudy avay)
=£ a—udx+a—udy +£ a—vdx+a—vdy =

du | dx ay ov| ox ay
=g—§du+%dv.

Vay vi phan toan phan cia ham s6 z = f(u, v) c6 cing mot dang ¢
cho u, v 1a cic bi€n s6 doc 1ap hay 1a cac ham s6 cta nhitng bién s6 dix
lap khéac. Do d6 vi phdn toan phan cia ham sé’ nhiéu bién s ciing c«
dang bdt bién nhu vi phan clia ham s6 mét bién s0.

Céc cong thirc
d(u v) = du * dv, d(uv) = udv + vdu, d(ﬂ)=ﬂ-'2—"ﬂ diing khi
\' v

u, v 1a cdc bién s6 doc lap nén ciing ding khi u, v 1a nhimg ham s6 cue
cac bién so khac.

1.2.4. Pao ham va vi phan cap cao

e Cho ham s6 hai'bién §6°2 = fix\y)V/Cac\dao ham riéng ', £

nhimg dao ham rieng-edp mot Cic dde|hafit fieng cua cac dao ham nié,
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cdp mot néu t6n tai duoc goi la nhitng dao ham riéng cdp hai. Ta c6 bon
dao ham riéng cdp hai dugc ki hiéu nhu sau :

o(of) 9%

a_x a)=57=fx2(x'Y)
0 (of)_ % _ " y)
oy\dx/) ayox ™ ¥
i ﬁ\——azf —f" (x )
ox\dy) oxdy ¥* =
o(of) 9% .

x a_y)=¥=fy2(x’y)'

Cic dao ham riéng cha cdc dao ham riéng cdp hai, néu tén tai, dugc
goi la cac dao ham riéng cap ba,...

Vidu : z= xzy3 +x
z, =2xy> +4x zy = 3x%y?
Z2 = 23 + 12%° By = 6xy’
" 2 " 2
Zyy = 6xy zyz =6X"y.

Trong vi du trén ta nhan thdy ring zy, =z,,. Liéu diéu d6 c6 luon
luon ding khong ? Ta c6 dinh Ii quan trong sau day :

Dinh li 1.3 (Schwarz). Néu trong mét ldn cdn U nao dé cia diém
M y(xy, yy) ham 56 z = fix, y) c6 cdc dao ham riéng fy,, f;,'x va néu cdc
dao ham dy lién tuc tai M,y thi f;('y = f;x tai M.

Chitng minh. Gia st h, k 12 nhing s6 di nho, khac 0 sao cho cdc diém
(X0 + h, Yo)» (X0, Yo + k), (Xg + h, yg + k) thuoc mién U. Tinh biéu thic

A = [f(xg + h, Yo + k) — f(Xq, Yo + K)] — [f(Xg + h, ¥p) — f(Xg, ¥p)] theo
hai cdch khdc nhaw=Trude-hét-dat

B he itheuoh
AL IR RN |
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ta co
A= @(yy+ k) — o(yg)
Theo cong thiic s6 gia gidi ndi, ta duoc
A=ko'(yy+8k),
trong d6 0 < 8, < 1. Nhung
@ (y) = [fy (xg +h.y) =, (x(. ).

VivayA= k[f'y(xo +h,yy+6,k)— f_'V(Xow)'O +6,K)]-
Lai 4p dung cong thitc s6 gia gidi noi doi véi bién x & vé phai. ta
duoc A = khf;,'x(xo +65h,yo +6,k),
trong d6 0 < 6, < 1. Bay gid viét lai
A=[f(xg+h, yo+ k) — f(xg + h, yo)l = [f(Xg, Yo + k) ~ f(x0. o)1 =

= y(Xp + h) — w(Xo),
trong do

w(x) = f(x, yo + k) — (X, yp)-
Ciing nhu trén, ton tai hai s6 65, 8,,0<63<1,0<86, <1, sao cho
A = hy'(xg + 63h) =
= h[f;( (XO + 63h,y0 + k) = f;((XO + 93h,y0)] =

= hkf;y (XO + 63h, Yo + G4k)
So sanh hai két qua tinh trén, ta thay

f;x(XO + Gzh,yo + GIk) = f;('y(XO + 63h,Y0 + 941()
choh — 0, k — 0, do gia thiét lién tuc ciia fy, va fyy tai Mo, ta duoc

f;x(XO-YO) = fyy (X0.Y0)-
Pinh 1i 4y ciing ding cho cic dao ham riéng cdp cao hon cua
ham s6 n bién $6~VEI~f>"3~Ching~ham-néu-u = f(x, y, z) thi

" "ne LA "
u = Uy | SRR =SS

xyz = Uyzx nén cac’dad ham¥ay lién tuc.
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o Xét ham s6 z = f(x, y). Vi phan toan phan cua né
dz = fydx +fidy,
néu tén tai, ciing 12 mot ham s6 cua x, y. Vi phan toan phan cia dz néu
ton tai, duoc goi la vi phan toan phdn cdp hai cha z va duoc ki hiéu la
d’z. Vay:
d’z=d(dz) = d(fydx +f,dy).
C\ tiép tuc nhu vay ngudi ta dinh nghia cdc vi phan cap cao hon
3 2
d'z=d(d"z)

Gia sir x, y 1 nhimg bién s6 doc lap, khi 4y dx = Ax, dy = Ay, d6 1 -
nhing hing s6 khong phu thuoc x, y. Gia sir d%z t6n tai. Ta c6
d*z = d(dz) = (fydx + £ dy), dx +(fdx + fydy)y dy =
= £5dx? +(fyy +fy, )dxdy + f'y'zdyz.
Gia thiét rang fy, va fy, lién tuc, khi d6 chiing bing nhau, vi vay
d’z = £2dx? + 26, dxdy +f>dy?.

Ngudi ta thuong dung ki hiéu tugng trung

3 a . Y
. d?x =| —dx+—dy | f
(1.5) X (ax x+ay y)

trong d6 cac binh phuong cua aiga— chi phép 14y dao ham riéng hai
X oy

2
1an d6i véi X, hai 1an déi véi y, i
dxd

chi phép ldy dao ham riéng mot lan
doi véi y, mot 1an doi véi x.
Ti€p tuc tinh todn nhu vay, ta dugc cong thic luy thia tuong trung

0 0 .
1.6 d"z =f—dx + =d f,
(16) . (ax s y]
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Bay gitr gia sir x, y khong phai la bién s6 doc lap, ma la cic ham so
cla cdc bién s6 doc lap s, t. Khi 4y dx, dy khong phai la nhimg hang so
nira, ma phu thudc vao s, t. Do dé

d’z=d(dz) = d(f;dx +1,dy) =
= d(fy )dx + fyd(dx) + d(fy )y + f,d(dy)
= f5dx? + 2f; dxdy + f"v'zdyz +fd%x + fyd?y.

R& rang trong trudng hop nay, cong thic (1.5) khong ¥on ding nita.
Vi phan toan phan c4p 16n hon hoac bang 2 cua ham sé\nhieu bién s6
khong cé dang bat bién.

1.2.5. Ham sé thuan nhat

D 1a mot tap hop trong R" c6 tinh chat sau : néu diém

M(x;, Xj,.... X;) € D, thi Vt > 0 diém (tx,, tX,...., tx,) ciing thuoc D.
tire 1a néu D chia diém M thi D ciing chifa tia néi O véi M.

Ham s6 (x|, X,,..., X,) xdc dinh trén D dvoc goi la thudn nhdt
bdc k néu ‘

(1.7) f(IX) Xgyenes %) = F(X, Xprovoy X)VE> O,

2 By B el
Vi du : X2 +y? Inarctg> 2LV 2 T 13 nhimg ham s
y y  xZ+yZ+422

thudn nhat theo thir tu ¢6 bac 1 xdc dinh trén R2, bac O x4c dinh trén
RA\((0,0)}, bac 2 xdc dinh trén R\{(0, 0, 0)}.

 Néu f la mét ham s6' thuan nhdt bdc k thi cac dao ham riéng cdp
mot cua né la nhitng ham sé"thuan nhat bac k - 1.

That vay, dao ham hai vé cta (1.7) d6i véi x;, ta duge
thy, (1) Xy 1xp) = R (X X5,000%))
do do f, (tx;, txp, TR =T 1, (X %X )™

o Ham 56 f(x;, Xy, X lathuan nhaiyhae k-khi va ehi khi
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(1.8) % = -=—Kl,

Cong thirc (1.8) dugce got la céong thire Euler.
That vay, gia sir f la ham s6 thuan nhat bac k, nd thoa man (1.7). Lay
dao ham hai vé€ cua (1.7) déi vdi t, ta duoc

n
inf,'(i (X foener 1) = KXy X))
1=l
Cho t = I trong dang thic dé, ta duge (1.8).
Ddo lai, gia sir ham s6 f thoa man dang thic (1.8). Trong (1.8) thay x;
boi tx; v6i moi i ta dugc

n
thif;(i (tX),eens X)) = KE(EX .., 1X).

i=|

Nhan hai vé vai tk-l, ta cO

n
inf,'(i (tXyeens txn)lk = ktk_lf(txl,..., tx,) = 0.
i=I

f(txy,...,tx,)

. Pao ham dé
tk

V& trdi 1a tlr s6 cua dao ham theo t cia

EUK s T

; bang hiang s6 C. Mudn tim C chi viéc
t

bang khong, nén

chot =1, ta dugc C = f(x,,..., X,). Do dé

F(ER [ 1X) = (X ey X
P6 chinh 1a dang thic (1.7). ®

1.2.6. Dao ham theo hudéng. Gradién

e u(x, y, z) 1a mot ham s¢ xac dinh trong mot mién D C R’. Qua
diém My(Xg. Yg» Zg) € D v€ mot dudng thang dinh huéng ma vecto don

vi la 1 ; M 1a mot diéniiréi duong thang dygta co MoM = ol, trong dé
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p 1a do dai dai s6 clia vecto MM (hinh 1.4). Néu khi p — O (tic 1a M
dén t6i M, theo huéng 1), ti s6
Au _ u(M)-u(Mp)
P P

dan t6i mot gidi han hitu han thi gi6i han dy dugc goi 1a dgo ham ciia

. - . d
ham s6'u theo huéng 1 tai My va duoc ki hiéu la a—i‘(MO).
I

Néu [ trung véi vecto don vi i cuia truc Ox thi

%(MO) = Tii U(XO +p,y0,20)—U(X0,y0,Zo) _ aU(Xo).

p—0 p ox
zA

Vay dao ham riéng a_u chinh
‘ X

la dao ham cua u theo hudng cua

truc Ox. Ciing vay 93% la dao
dy 0z
ham cla u theo huéng ctia Oy, Oz.

o
Pao ham cta ham s6 u theo
huéng 7 bi€u thi“t6c do bién s
“a " P 5 X i
thién cta u theo huéng /. Hinh 14

Dinh li 1.4. Néu ham s6'u = u(x, y, z) khd vi tai diém My(x, ¥y, zp)
thi tai diém dy né cé dao ham theo moi huong | va ta cé

au(lillo) = du(Mo) coso + ——au(MO) cosB+ ———au(MO) co

1.9
== ol ox dy

SY

trong dé cosa, cosf, cos@ la cdc thanh phan cua 1.
Chitng minh. Vi u(x, y, z) kha vi tai M, nén
Ju

Au =u(M) - u(My) = a—u(Mo)Ax A MY M +@(M0 )Az + a(p),
ox dy, oz
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trong dé a(p) 1a vo cing bé bac cao doi véi p. Vi
Ax = pcosa, Ay = pcosf3, Az = pcosy
nén
Au du o(p)

_ g ou u «p)
- ~aX(MO)cosoway(MO)cos[iHaZ (Mg)cosy + T

Chuyén qua gi6i han khi p — 0, ta duge (1.9). B
* u(x, y, z) 1a ham s& c6 cac dao ham riéng tai My(Xg, Yo. Zp)- Nguoi
ta goi gradién cla u tai M la vecto c6 cdc thanh phan la
du du du
—(Mp),—(Mp),—M
ax( 0) ay( 0) az( 0)
va ki hiéu n6 Ia gradu(M,). Néu i, ),k Ia cdc vecto don vi ciia cdc truc
Ox, Oy, Oz, ta c6

—s du -+ du -~ du -
1.10 rad(Mp) =—(Mp)i + — (M) j + —Mp)k.
(1.10) grad(Mg) ax( 0) ay( 0)J aZ( 0)
Dinh li 1.5. Néu ham s6'u(x, y, z) khd vi tai My thi tai dé ta cé
du —
(L.11) — =ch-gradu.
ol !
That vay, vi 1 = cosali +cosBj+cosyk, nén cong thic (1.9) c6 thé
viét la

du — ¥ — —
EI;(MO) = gradu(Mg)./ = m.chYgradu(Mo) = chT grad(M,)®m

aU(Mo)

—

dat gid tri 16n nhat bang

Chii thich. Tu (1.11) suy ra rang

[gradu(Mg)|- Khi 1 dong phuong v6i gradu. Vay gradu(Mo) cho ta

biét phitong theo né toc do bién thién ciia u tai My ¢6 gid tri tuyét doi
cuc dai.

T du .
Vidu : Chou=x3+y3+z3+3xyz. Tinh gradu va —8% tai My(1, 2, -1)

biet 1 12 vecto don vireas Mg/l TVai M2 ).
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Tacéu, = 3x% + 3yz,u, = 3y% + 3zx, u, = 32° + 3xy
gradu = 3(x2 + yz)f + 3(y2 + zx)_j +3(2% + xy)E
gradu(Mg) = 3(=1 +3] +3K).

Vi MgM; c6 cdc thanh phan la {1, -2, 2} nén

cosazl, cosB=-—£, cosy=z, do do
3 3 3

du 1 - 2)
—_.M = —3 — | — — =—1.
57 o) = )(3)+9(3)+9(3

1.2.7. Cong thirc Taylor

Cong thic s6 gia gidi noi, cong thirc Taylor doi v6i ham s6 mot bién
s6 cling dugc ma rong cho ham sé nhiéu bién s6.

Dinh li 1.6. Gid sit ham s6 f(x, y) c6 cdac dao ham riéng dén cdp (n + 1)
lién tuc trong mét lan cdn nao dé cia diém M(x,, y,). Néu diém

M(xy + Ax, yy + Ay) ciing nam trong lan cdn dé thi ta cé

1
(1.12) f(xg + AX, yo + Ay) — f(Xq, Yo) = df(xg, yo) + ; dzf(xo, Yo) +... +

+ #d"f(xo, Yo) + d"+lf(x0 + 0AX, y, + 6Ay),

(n+1)!

0<06<1.
Cong thic (1.12) goi 1a céng thitc Taylor d6i véi ham s6 f(x, y).
Chimg minh. Dat F(t) = f(xy + tAx, yy + tAy), 0<t < 1.

Ve trdi cua (1.12) bang F(1) — F(0). Vi f(x, y) ¢6 cdc dao ham riéng dén
cap (n + 1) lién tuc, nén ham s6 F(t) c6 cdc dao ham lién tuc dén cdp (n + 1)
trong doan [0, 1]. Cong thiic Taylor 4p dung cho ham s6 F(t) cho ta

(1.13) F(1) - F(0) = F(0) + %F"(O)+...+i'1=<">(0)+
! n!
1 I:(n+l)(9)
(n#+1)! ’
0<6< 1. Nhung
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F(0) = f, (x(,y0)AX + £, (X0, ¥0)Ay = df (X9, o)
F'0)=f) (Xg,Yo)AX? + Zf;'y(xo,yO)AxAy +

+ f;,'z (xo,yO)Ay2 =d2f(xg,¥o)
F™(0) = d"f(xg, yo)
F™1@) = d™'f(x, + BAX, v, + BAY).
Theé cac déng thirc nay vao (1.13) ta dugc (1.12). =

Dung cong thic lu thira tuong trimg dé biéu dién vi phan c4p cao ta
c6 thé viét cong thidc Taylor (1.12) nhu sau :

n k
(1.12) f(M) - f(Mp) = Zl: (aa Ax+éa;AyJ f(Mg) +

k=1
(3, . 8 ™

—Ax+—A fM
+(n+l)!(ax “ay y) Mp

v6i M, nim trén doan thing ndi Mg véi M.
Chii thich. Néu trong cong thic (1.12) hay (1.12") cho n = 1, ta duge
(1.14) f(xq + AX, yg + Ay) — f(xq, yo) = df(xg + 6AX, yo + 6Ay)
hay

(1.14) fM) - fMp) = ( o Ax+%Ay)f(Ml)

D6 1a cong thite s6 gia gidi ngi d6i véi ham so f(x, y).

1.3. CUC TRI

1.3.1. Cuc tri cGa ham sé nhiéu bién s&

Cho ham s6 z = f(x, y) xac dinh trong mot mién D nao dd, My(xg, yo)
]2 mot diém trong-cta-D.-Ta-néi-rang-f(x; y) dat.cuc tri tai My néu véi
moi diém M trong mi6t lan can naofdé/ciid Mgnhuing khic My, hiéu s6
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f(M) — f(M) 6 ddu khong déi. Néu f(M) — f(M,) > O, ta ¢é cuc tiéu :
néu f(M) - f(Mp) < O ta c6 cuc dai.
Trong phan nay, ta sé€ dung céc ki hiéu sau :

p= (M), q=fy,(M),r=£5(M),s =1, (M)t =2 (M).

Dinh li 1.7. Néu ham s6' z = f(x, y) dat cuc tri tai My ma tai do cac
dao ham riéng p = f;((M),q = f;,(M) 16n tai thi cdc dao ham riéng dy
bang khoéng :

(1.15) p=0,q=0tai M,

That vay, vi f dat cuc tri tai M, nén néu giit y = y, thi ham s6 mot
bién s6 x +— f(x, yg) dat cuc tri tai x = X, vi dao ham niéng f'x(xq, yp)
ton tai, né phai bing khong theo dinh 1i Fermat. Ciing vay
f)',(xo,yo) =0

Diéu kién (1.15) 1a diéu kién &t ¢4 cia cuc tri, n6 cho phép ta thu hep
viéc tim cyc tri tai nhimg diém & d6 ca p va q déu triét tiéu hoac
nhimg diém & d6 p hodc q khong tén tai. Nhimg diém 4y dugc goi la
diém t6i han.

DPinh li 1.8. Gia su ham 56’z = f{x, y) ¢ cdc dao ham riéng dén cdp
hai lién tuc trong mét ldn cdn nao dé cia My(xy, y,). Gid si tai M ta ¢6
p=0,q9=0.Khidétai M.

1) Néu s> =rt < O thi fix, y) dat cuc tri tai M. Dé la cuc tiéu néu
r> 0, la cuc dai néur < 0.

2) Néus® —rt > 0 thi fix, y) khéng dat cuc tri tai M.

3) Néu s =1t =0thi fix, y) ¢6 thé dat cuc tri tai My, cing c6 thé
khong dat cuec tri tai My (truong hop nghi ngo). ‘

Chimg minh. Gia st diém M(xy + h, yp + k) 0 lan can M. Dat
A = f{(M) — f(M). Theo cong thitc Taylor, ta c6

(1.16) A=%(rh2+25hk+tk2)+R(h,k)
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trong d6 R(h, k) 12 mot vo ciing bé bac ba d6i véi p = VhZ +k?%. Do dé6
khi h va k kha nho thi A cuing d4u véi g(h, k) = rh® + 2shk + tk’.

Néu k # 0, g(h, k) = kX(ru® + 2su +t), trong d6 u = %

Giasirs®—nt < 0, tam thirc bac hai ru® + 2su + t luon cung ddu véir,
A ciing vay. Con néu k = 0 thi g(h, k) = rh2, noé ludén cé ddu cuar (r # 0,
vis?—1t<0).

Gid sir s> - rt > 0, tam thic ru” + 2su + t déi dau khi u bién thien, do
d6 A ciing déi dau, f khong dat cuc tri tai M,
2

Gia st s* — rt = 0, tam thitc ru” + 2su + t ¢6 mot nghiém kép u,. Néu

E= ug, ddu cla A la ddu cha vo ciing bé bac ba R(h, k) trong cong thiic
(1.16). Diéu nay ta khong lam ¢ day. B
Vi dy : Tim cuc tri cla ham s6 z = x° + 2y° — 3x — 6y.
Tacépz3x2—3,q=6y2—6,r=6x,s=0,t= 12y, p=0vaq=0
khi x =+ 1 vay = £1. Vay ta c6 bon diém t6i han 1a M (1,1), My(-1,1),
M;(=1, 1), My(1, - 1).
Tai M, tac6r=6,5=0,t=12,s° —rt ==72, M, la diém cuc tiéu.
Tai M tacér=—6,5=0,t=—12,s> - rt =72, M, la diém cuc dai.
Tai M, tacor=—6,5 =0, t=12,s> — 1t = 72, M, khong I diém cuc tri.
Tai My tac6r=6,5=0,t=—12, s> -t = 72, M, khong 1a diém cuc tri.
Chii thich. Néu tai diém M, ta c6 p=q=r=s =t =0, thi ta phai khai

trién ham s6 f theo cong thiic Taylor dén cac s6 hang cap ba. Ta khong
xét truong hop do trong gido trinh nay.

Trong truong hop ham s6 n bién s6, ta phai xét dau cia cac s6 hang
cap hai trong khai-trién.Taylor,-tiic-Ja-phin.xét.ddu mot dang toan
phuong n biéx s6. Gido trinh nay ofing khong=xe€l trudng hop dé.
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1.3.2. Gia tri 16n nhat va nhé nhat cba ham sé nhiéu bién
s6 trong mét mién déng bi chin. Ta biét ring moi ham s6 nhiéu
bién s6 lien tuc trong mot mién déng bi chan D déu dat gid tri 16n nhat
va gia tri nho nhdt clia n6 trong mién ay. Néu ham s6 dat gid tri 16n nhat
hay gid tri nho nhat tai mot diém trong cia mién D thi diém ay phai la
di€m cuc tri clia ham s6, do dé phai la diém t6i han. Ham s ciing c6 thé
dat gia tri 16n nhat hay nho nhit trén bién ciia mién D. Do d6 muén tim
gid tri 16n nhdt va gid tri nhd nhat cia ham s6 trong mién déng D ta ¢6
thé tim nhitng diém ti han ciia né & trong D, tinh gid tri cia ham s6 tai
cdc di€m 4y va so sdnh ching v6i nhimg gid tri cia ham s6 trén bién
ctua D.

Vidu : Tim gia tri I6n nh4t va nho6 nhat cha ham s6

z=8x2+3y2+ 1 —(2x2+y2+ 1)2
trong mién tron déng D x4c dinh bdi x° + y2 <.

R& rang z lién tuc véi moi x, y nén né dat gid tri 16n nhat M va gid tri
nho nhét m trén mién D. ta ¢

p=16x—2(2x> + y> + 1)4x = 8x(1 - 2x* - y?)

q=6y-202x +y* + 1)2y = 2y(1 - 4x> - 2y?).

Chop=0,q=0, ta duoc

1)x=0,y=0

2)x=0, l—2y =0hayx=0,y=

k'

3)y=0,1-2x>=0hay x = +—

f”

o2 2 =
4){l a =§ =i , hé nay vo nghiém.

1-4x%2 -2y2 =0

Vay ta c6 nam diém t6i han 1a goc O, A(O,L], A, (O,—L).

J2 2
| 1 . .
A3l —=.0|, Ay| ==—=.,0.|..Ca nam.diém.t6i-han.nay déu nam tron
3(& ) ( Z ) *

mién D. Tinh gid tri d@aztaicac)dicm dy, ta duoc
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2(0)=0,z(A)) =2(Ay) = % 2(Ay) =z(Ay) = 1.
Bay gio ta xét gid tri cha z trén bién cia mién D. Trén bién dy
x2+y2= l,vayy2= 1 - x2, do dé
2=8x2+3(1 -x)+1 -2 +1-x>+ 1)’ =
= —x4 + x2 = xz(l - x2).
Ta phai tim gia tri ciia ham s6 ay v8i —1 < x < .
RG rang ham s6 dy bang O khi x = £1 va dat gid tri 16n nhét khi

2

) 2 1 vops e 4D v e s 1
x“=1-x"=2x"=1 = x=1—=; gid tri 16n nhét ay bang —.
«J 9 4

So séanh tat ca cic gia tri da tinh, ta thdy rang ham s6 z da cho dat gia
tri nho nhat m = 0 tai goc O va dat gid tri 16n nhat M = 1 tai céc diém
A, Ay

1.4. HAM SO AN. CUC TRI €0 BIEU KIEN

1.4.1. Khai niém ham sé an

Cho phuong trinh

(1.17) F(x,y) =0,
trong d6 F : U — R 1a mot ham s6 xdc dinh trén tap hop U  R”. Néu
véi mbi gid tri X = X, trong mot khoang I nao d6, c6 mot hay nhiéu gid
tri yg sao cho F(xg, Yo) = 0, ta néi rang phuong trinh (1.17) xdc dinh mot

hay nhiéu ham s6 4n y theo x trong khoang 1. Vay ham s6f:1>RIa
ham s6 an xdc dinh bai (1.17) néu

vx € 1, (x, f(x)) € U va F(x, f(x)) =0.
Chang han tir phuong trinh
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ta dugc
b
y=t—vaZ-x2.
a

Phuong trinh 4y xdc dinh hai ham s6 an trong khoang [-a. a].
Trong trudng hop nay, ta da tim duoc biéu thic tuong minh cua y theo x.
Diéu nay khong phai lic nao ciing lam duoc, chang han. tir hé thuc
x' =y (x>0,y>0) khong thé tinh dugc tudng minh y theo x.

Tuong tu nhu vay, phuong trinh

F(x,y,z)=0
trong d6 F : U — R la mot ham s6 xdc dinh trén tap hopmd U C R’ ¢6
thé xdc dinh mot hay nhiéu ham s6 4n z cla cdc bién s6 x, v. Heé hai
phuong trinh
F(x,y,z,u,v)=0
G(x,y,z,u,v)=0

trong d6 F: U —- R, G : U — R la cdc ham s& xdc dinh trén tap hop
U c R, ¢6 thé xdc dinh mot hay nhiéu cap ham s& 4n u, v clia cdc bién
sO X, Y, Z.

Ta c6 cdc dinh 1i sau vé su ton tai, tinh lién tuc va tinh kha vi cia cic
ham s6 4n.

Dinh li 1.9. Cho phuong trinh

(1.17) F(x,y) =0,
trong d6 F : U — R la mot ham s6'c6 cdc dao ham riéng lién tuc trén
mot tdp hop mo U C R Gid sit (X0» ¥Yo) € U, F(xq, yo) = 0. Néu
F)', (X0-¥0) # O thi phwong trinh (1.17) xdc dinh trong mét lan cdn nao
dé ciia xg mot ham s6'dn y = f(x) duy nhdt, ham sé'dy cé gia tri bang y,
khi x = X, lién tuc va cé dao ham lién tuc trong lan cdn néi trén.

Chimg minh. Khong gidm tinh tdng qudt, c6 thé gia thiét

Fy(x9,y0)>0. Vi Fr-temrtretremrtUnemromtai-se-ep 0 sao cho

F;,(x,y)> 0, MEIETx, — wkgeh @l X [Yo T @, yo + a].
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Hams6y — f(xy, y) c6 dao ham F;(xo,y) > 0 trén doan [y, — o, yo + @,

nén tang ngat trén doan dé. Vi F(x,, y) =0, nén
f(Xg, Yo — ) <0, f(xq, yo + 0) > 0.

Cac ham s6 x — F(x, yg — o) va x — F(x, yo + ) lién tuc trén
doan [x, — @, X, + ], nén ton tai s6 & > 0 sao cho

F(X, yp— o) <0, F(x, yg + a) > 0, VX € (xy— d, X + d). Ldy x bat ki
trén (X, — 8, x5 + 8). Ham s6 y — F(x, y) lién tuc trén doan
[yo — @, yo + o, 18y nhimg gid tri khdc ddu tai y, - o va y, + o Do d6
ton tai y € (yo — @, yo + o) dé cho F(x, y) = 0. Gid tri y dy duy nhat, vi
ham s6 y +— F(x, y) tang ngat trén [y, — @, y, + a]. Vay hé thic (1.17)
xdc dinh y 1a ham s6 4n cta x duy nhat trén (xy — 8, x, + ).

bat y = f(x), duong nhién f(x) = y,. Ta s& ching minh rang ham s6
an f lien tuc trén (xy — 8, X + 8). That vay, gia s x; € (xy— 8, Xg+ 8), €
1a mot s6 duong cho trude. Dat y, = f(x,). Theo trén, y, € (yy— @, yg + ),
f(x,, y;) = 0. Khi dé, Ya,; > 0 du nho, ton tai §; > 0 sao cho hé thic
(1.17) xdc dinh mot ham s6 dn duy nhat f; :

(x; = 6, Xy +8) = (y; — a5, y; + ;). Chon o; < € sao cho
(x; =8, X +8) X (y; —ap, ¥ +0y) C(Xg— 8, X9+ 8) X (¥p— 6, yo + ).

R6 rang ta co

fi(x) =f(x) Vx € (X, =&, x; +9)).

Vay

|x —x|< 8, kéo theo |fy(x)-y,|=|f(x)-f(x,)| < €. Do dé f(x) lien
tuc tai x;.

Cudi cung, ta chiing minh rang f kha vi trén (x, — 3, X, + 8). Gia st
X € (xg— 8, %9+ ), x + h € (x5 - §, xp + ). Khi d6 F(x, f(x)) = 0,
F(x +h, f(x +h)) =0.

Theo cong thidc s6 _gia:gidinoi,ta co

O0=Fx+hif(x+h)-Fkx, {(x)=
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= hF, (x + 6h,f(x) + O(f(x + h) — f(x))) +

+(f(x + h)—f(x))F)',(x +6h.f(x)+06(f(x + h) = f(x))).
Do dé

f(x +h)-f(x) __ E, (x + 6h,f(x) +6(f(x + h) = {(X)))
h Fy (x +6h,f(x) + B(f(x +h) = {(x)))

Choh — 0, vi F; va Fy lién tyc tai (x, f(x)), f lién tyc tai x nén vé
phai clia dang thifc trén ¢6 gidi han la
_F(x.f(x))
Fy (x,(x))
Do d6 ham f ¢6 dao ham tai x, cho boi
_ R &x.f(x)
Fy (x.£(x))

f'=

dao ham &y lién tuc vi Fy,F, va flién tyc.

Chui thich. Néu Fj(x,yo) =0, nhung F,(xg,yo) # O thi dinh Ii 1.9
khing dinh ring phuong trinh (1.17) xdc dinh trong mot 1an can nio d6 cua
Yo mOt ham s6 an duy nhat x = g(y), ham s6 dy c6 gié tri bang x khi y = y,,
litn tuc va ¢6 dao ham lién tuc trong lan cin néi trén. Néu

Fy (X0.¥0) =F(Xg.¥) = O thi khong keét luan dugc gi vé sy tén tai cia
ham s6 4n xdc dinh bdi (1.17). Diém (xy, yo) tai d6 F(xq.yg)=
Fy (x0,¥o) =0 dugc goi la diém ki di cta phuong trinh (1.17).

Pinh li 1.10. Cho phitong trinh

(1.18) F(x,y,2)=0,
trong dé F : U — R la mét ham sé' c6 cdc dao ham riéng lién tuc trén
mét tdp hop mo U C R =Gid-sit % Now %0 & s F(Ro» Yo. Z9) = 0. Néu

F;(Xo,yo,zo) # 0/ /hi phwong 1inh @l 8)rac dinh trong mot lan can
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nao dé ciia diém (xg, Yo) mot ham sé dn duy nhdt z = f(x, y), ham 50 dy
cé gid tri bang zo khi X = Xg. y = Yo, lién tuc va c6 cdc dao ham riéng
lién tuc trong ldn cdn noi trén.

Ching minh tuong ty nhu chimg minh dinh 1i 1.9.

Pinh li 1.11. Cho hé hai phuong trinh

- |F(x,y,z,u,z) =0
1.19
: ) {F(x,y,z,u,v) =0,
trong dé6 F : U — R, G : U— R la hai ham 56 c6 cdc dao ham riéng lién
tuc trén mot tap hop mo U C R’. Gid sit (Xg» Yo» Zo» Ug» Vo) € U, F(x, Yo
Zgy, Ug, Vo) = 0, G(Xg, Yo» Zg» Ug» Vo) = 0. Néu tai diém nay, dinh thic
Jacobi
F, F
G, G,

D(F,G) _
D(u,v)

20

thi hé (1.19) xdc dinh trong mét ldn cdn ndo dé cua diém (xg, Yo, Zg) mot
cdp ham s6 dn duy nhdt u = f(x, y, z), v = g(X, Y, 2), cdc ham 56 dy c6
gid tri theo thit tu bdng ug, Vg thi X = Xg, Y = Yo, Z = %, chiing lién tuc va
c6 cdc dao ham riéng lién tuc trong ldn cdn ndi trén.

Ta thira nhan dinh Ii nay.

1.4.2. Pao ham clia ham s& an
e Gia sir cdc gia thiét cha dinh 1i 1.9 duge thoa méan. Khi &y phuong
trinh (1.17) xdc dinh mét ham s6 in y = f(x), lién tuc va c6 dao ham lién
tuc trong mot khoang nao dé. Trong khoang 4y ta c6
F(x, f(x)) =0.
L4y dao ham hai v€ d6i véi x, ta duoc

oAy
Fx+FyE;‘O'
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Vi F)', #0, taco

y_ 5

d 1

X Fy
2 2
" Xy

Vidu. Fx,y)= —+=—-1=0

az b2
‘ v _2X 2y
F"'a_z’FY_E'

Véiy #0, ta cé F; # 0. Khi d6 phuong trinh trén xdc dinh mot ham

s6 4n y = f(x), va
y' = _ﬁ i
e
e Gia sir cdc gia thiét cua dinh 1i 1.10 dugc thoa man. Phuong trinh
(1.18) xdc dinh mot ham s6 4n z = f(x, y), lién tuc va cé cac dao ham
riéng lién tuc trong mot mién nao dé. Trong mién 4y ta ¢
F(x,y, f(x,y)) =0.
Lay dao ham hai vé 1an lugt d6i vdi x va y, ta duge
F +F.z, =0
F;, + F;.z'y =0,

Vi E, #0, ta dugc

. __F ., _ K
SR S 1
FZ I:Z

Vidu: F(x,y,z)=ez+xy+x2+z3—1=0

F =y+2x.F, =x,F, =e? +3z2.

Vi F, # 0, Vz, nén phuong trinh trén xac dinh mot ham s6 in
z = f(x, y) lién tuc va.cé.cic dao ham riéng lién. tuc
Z.x:_ 2%+ 5 SIVAY.!
e2¥322 7 yeim3r’
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¢ Gia sir cdc gia thiét cua dinh If 1.11 dugc thoa man. Hé phuong
trinh (1.19) x4c dinh hai ham s6 4n u = f(x, Y z), v = g(x, Yy, z), lién tuc
va c6 cdc dao ham riéng lién tuc trong mot mién nao dé. Trong mién &y,
tacd

{F(x,y,z, f(x,y,2).g(x,y,2)) =0
G(x,y,z.f(x,y,2),8(x,y,2)) =0.
Lay dao ham dai véi x timg phuong trinh clia hé trén, ta duge
E, +F,.u, +F,.vy =0
Gy +G,.u) +G,.v, =0.
D6 12 mot hé hai phuong trinh tuyén tinh déi v6i u,,v,. Vi dinh
thirc cia heé ay 1a

F, F, _ D(F,G) £0,
G, G,| D(uv)
hé dy c6 mot nghiém duy nhat
D(F,G) . D(F,G)
= D(x,v) . _D(u,x)
X D(F,G) D(F,G)" *~ D(F,G)
D(u,v) D(u,v)

Tuong tu nhu vay, c6 thé tinh duoc uy vy,u v

1.4.3. Dinh li vé anh xa ngudc

Dinh li 1.12. Gid sit U la mot tdp hop mo trong R>. Cho dnh xa
T U— R (%, y) = (ux.y)V(xy)) cdc ham s6'u(x,’y), (X, y) ¢6 cde dao
ham riéng lién tuc trén U. Gid sit (Xg, Yo) € U, ug = u(xy, o), Vo = V(Xp, Yo)-
Néu tai (X, Yo), dinh thitc Jacobi

D(U,V) - u'X uy

D(x,y) B v v'y

#0,

thi :

1) C6 mét ldn cdn V ctia (X, Yo) sao cho W = T(V) la mot lan cdn
ctia (ug, Vo), dnh xa Thareché tréu N (ki Ji¢u la T} la mot song anh tir
V lén W.
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2) Anh xa nguoc T twWlén V duwoc xdc dinh boi

| (u, v) — (X, u, V), y(u, v)),
x(u, v), y(u, v) cé cdc dao ham riéng lién tuc trén W.

D(u,v) D(x,y)
D(x,y) D(u,v)

Chimg minh. Pat u = u(x, y), v = v(X, y). Xét hé phuong trinh

(1.21) {

3) (1.20) =1.

F(x,y,u,v)=u(x,y)—u=0
G(x,y,u,v) =v(x,y)—v =0,

F va G la hai ham s6 c6 dao ham riéng lién tuc trén U x Q, trong d6
Q = F(U). RG rang (xg, Yq. Ug, Vo) 1a mot nghiém cua he (1.21). Vi

D(u,v)
D(x,y)

D(F,G)
D(x,y) x Yy
dinh 1f 1.11, he (1.21) xéc dinh mot cap ham s6 4n duy nhit x = x(u, v),
y = y(u, v), ¢ cdc dao ham riéng lién tuc trong mot lan can W cus
(ug, Vo). V = T '(W) 1a mot 1an can ciia (X, Yo)- Tly 1a mot song anh tir
Vién W.
L4y dao ham céc phuong trinh ciia hé(1.21) theo u va v, ta dugc

(Xg,Yg-Ug-Vo) = Y(x Xg:Y0) = (Xg,Yo) # 0, theo

v

U X, +uy -1=0

ViXy +Vy¥y =0 uyxy +uyy, =0 vix, +vyy, —1=0
Tir dé, ta c6

D(u.v) Dix,y) _[Ux Uy %y x| _

D(x.y) D(u,v) v vy Yy Yy

UyXy Uy Yy WXy HUyyy|

1 1 1 1 1 L g 1 L
VeXy FVyYy  VxXy tVyYy
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Chii thich. Vi ham s6 f : R — R kha vi lién tuc, néu f'(x) # 0 Vx thi

f c6 ham s6 nguoc toan cuc f ' khi vi lien tuc va () [f(x)] = i

Dinh Ii 1.12 12 m& rong két qua 4y sang 4nh xa T : R" — R", n>2.
Nhimg diéu kién dinh thic Jacobi ciia T khdc khong chi ddm bao ring
anh xa nguoc T~ chi t6n tai dja phuong & 1an can mdi diém.

1.4.4. Cuyc trj c6 diéu kién
Ngudi ta goi cuc tri ctia ham s8

(1.22) z=1(x,y)
trong do cac bi€n s6 x va y bi rang budc bdi hé thiic
(1.23) g(x,y)=0

1a cuc tri ¢6 diéu kién.

e Diéu kién dt co cua cuc tri cé diéu kién

Dinh li. Gid sit My(x,, yp) la diém cuc tri c6 diéu kién ciia ham s¢&
(1.22) véi diéu kién (1.23). Gid su

1) O ldn cén M,y cdc ham s6 f(x, y), g(x, y) ¢é cdc dao ham riéng cdp
mot lién tuc,

2) Cdc dao ham riéng gy.8, khong dong thdi bing khong tai M.

Khi dé ta cé tai M.

f, f,
(1.24) * =
gx gy

Chiing minh. Duong nhién ta c6 g(x, o) = 0. T gia thiét 2, c6 thé
xem nhu gy (Xo,Yp) # 0. Theo dinh Ii vé ham s6 4n, hé thic (1.23) xic

dinh mot ham s6 4n.y.=-y(x)-khi.vi.G.1an.can.xg ThE y = y(x) vao
(1.22), ham s6 mot biéns6 x =+ f(x:y(x)) dat cuc tri tai x = Xy, do d6
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fx (X0.Y0) * fy (X0.¥0)y (X0) =0
hay
(1.25) fy (X0, Yo)dx + f;, (Xg»Yo)dy =0.
Mat khdc, 14y vi phan hai v€ cia (1.23), ta duoc

(1.26) 2x(X0,Y0)dx + gy (Xq,yp)dy =0.

Xem hé (1.25), (1.26) 1a hé hai phuong trinh tuyén tinh thuin nhat
d6i véi dx, dy, hé 4y cé nghiém khong tdm thudng, vay dinh thic cba né
bang khong
gx (X0.¥0) g'y(xo,)’o)
D6 chinh 12 hé thitc (1.24) ma ta cin ching minh.

Hé thiic (1.24) cung vai diéu kién (1.23) cho phép ta xdc dinh (X, yo)-

Chii thich 1. Hé thic (1.24) lai 1a diéu kién cdn va du dé cho hé
phuong trinh

=0

f;(xo,y0)+lg'x(x0,y0)=0

£y (X0,¥o) +Agy (X0.¥0) =0,
xem la hé phuong trinh tuyén tinh thudn nhét d6i véi 1, A c6 nghiém
khong tdm thuong. Do d6 néu cdc diéu kién cua dinh li duoc thoa man
thi tén tai mgt s6 A sao cho tai diém My ta cé

(127 {f,'f(x.y) +lg'3( (x,y)=0
fy(x,y) +Agy(x,y)=0.
Hé phuong trinh (1.27) cing véi phuong trinh (1.23) cho phép ta tim
A, X va yo. S6 A dugc goi 1a nhdn tit Lagrange. Phuong phap tim (xg, yo)
nhu vira trinh bdy duoc goi 14 phuwong phdp nhdn ti Lagrange.
Chii thich 2. Dinb-di-tén cing-nhiyphuong phdp nhan tr Lagrange
gidp ta thu hep viéc!fim eue iri c6 dicu kién cia ham s6 (1.22) véi diéu
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kién (1.23) tai nhitmg diém c6 toa do thoa man hé thic (1.24) hay hé
(1.27) hodc tai nhitng diém & d6 céc diéu kién 1/ hoac 2/ cia dinh li
khong dugc thoa man. Nhitg diém 4y dugc goi 1a diém 1di han. Ta con
phai xét xem nhiing diém 4y c6 thuc su la diém cuc tri khong.

Vi du I : Tim cyc tr cia ham s6 z = x* + y> véi diéu kién
ax+by+c=0(c=20)

Diéu kién (1.24) cho ta

X y 7

a b
Giai hé phuong trinh

ax+by+c=0,

ta duoc moét diém t6i han duy nhat

M (__ ac_ bc ) ) _
0 32 +b2 ’ a2 +b2 ; Hinh 1.5
Vé mat hinh hoc, ta phai tim cuc tri cia binh phuong khoang cach tir
g6c O dén mot diém trén dudng thing ax + by + ¢ = O (hinh 1.5). Bai
todn nay c6 mot cyc tiéu, khong c6 cuc dai, do d6 cuc tiéu chi c6 thé dat
2

duoc tai diém t6i han, cuc tiéu dy bang day 1a mot két qua

a2 +b2’
quen thudc.

e Phuong phdp khdo sét trén ciing dugc md rong cho ham s6 n bién
s6 (n 2 3).

Gid sit My(xg, Yo, 2p) 1a diém cuc tri ¢é diéu kién ciia ham s6

(1.28) u=f(x,y, 2
vdi diéu kién
(1.29) g(x,y,z) =90
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Gid sit : 1) O lan cdn My cdc ham s6 fix, y, z), g(x, y, z) €6 cdc dao
ham riéng cdp mét lién tuc.

2) Cdc dao ham riéng g;, g'y, g'z khong dong thoi bang khong tai M.

Khi dé tai M, ta cé

] f ]
(1.30) f—x =X =f—f.
gx gy gZ
That vay, tir gia thiét 2/, c6 thé xem nhu g'z(MO) # 0. Theo dinh li _
vé ham s6 4n, hé thic (1.29) xdc dinh mot ham s6 4n z = z(x, y)
kha vi & lan can diém (xj, yg). Thé z = z(x, y) vao (1.28), ham s6
(x,y) — f(x,y, z(x, y)) dat cuc tri tai (X0» Yo)» do d6 ta c6 tai My,
{f; +£2, =0
fy +f,z, =0.
Mt khéc, 14y dao ham riéng hai v& ctia (1.29) d6i véi x va d6i vé6i Y,
tacé tai M,
Bx +8;2Z; =0
gy +8,2y =0.
Khir z,, ,z'y tir cic hé thic trén ta duoc hé thic (1.30). @
Nhu vay (xg, yo. zo) 12 nghiém ctia (1.30) va (1.29).
Phuong phdp nhan tir Lagrange trong trudng hop nay duoc phat biéu
nhur sau : Tim b6n s6 A, Xy, ¥, Z, thod min he phuong trinh
f(x,y.2)+Ag, (X,y,2) =0
13) ey Ky, =0
f(Ky,2) +Ag)(x.y,2)=0



Vi du 2 Tim cuc tri clia ham s6 u = x — 2y + 2z v6i diéu kién

x2+y +22-1=0.

Cic he thiic (1.30) cho ta %=—yz— =§. Giai he phuong trinh
2 X _ 2
1 2 2
x2 +y2 +z22=1

ta tim dugc hai diém t6i han M, (l,—z,-z-) va Mz(—l,z,-z)-
3 33 33 3

Dé€ xét xem diém M, c6 l1a diém cuc tri khong, ta cho x, y, z nhimg s6
gia h, k, / & 1an can M, va xét d4u cua s6 gia

e ) o 2o
[t Yol

Mat khic, ta phai c6
2 2 2
(l+h) +(-Z+k) +(—2-+1)
3 3 3

Zh Ak A k2R =0,
3 3 3

1

hay

Do d6
Au=h-2k+2/= —%(h2+k2+12)<0
néu h, k, / khong dong thdi bing khong. Vay M, 1a diém cuc dai,
u(M,) = 3, tuong tir, c6 thé thay M, 1a diém cuc tiéu, u(M,) = -3

Cung c6 thé nhan xét nhu sau : Ham so u= x 2y + 3z lién tuc trong

R>. nen néu chi xét U frén mit ciu i y FZ=Tthi u ciing lién tuc.
Puong nhién mit cdu 1a mét tap' hop.dongrbi'chin, nén thu hep cla u
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trén mat cdu dat gid tri 16n nhat va bé nhat ciia n6 trén mat cdu, vay chi
c6 thé c6 cdc gid tri 4y tai hai diém t6i han M|, M,.

e Trudng hop ham s6 ba bién s6 bi rang budc véi nhau bai hai
hé thirc :

Gia str My(xg, ¥, Z) 12 diém cuc tri cia ham s6

(1.32) u=f(x,y,z),

trong d6 cac bién s6 X, y, z thoa man hai hé thic

(1.33) gx,y,z)=0

(1.34) h(x,y, z) =0.
Gia sir: 1) cdc ham s6 f, g, h c¢6 cdc dao ham riéng cip mot lién tuc 6
lan can M,,,
2) dinh thiic Jacobi
Digh) ., 0 1ai My,
D(y.2)
Khi dé ta c6 tai M,
£ 1) f,
(1.35) gx 8y 82| =0.
hy hy b}

That vay, 1ap luan nhu trong cic trudng hop trén ta c6 tai M
f, + f;,y'x +f,z, =0
8x +8yYx +8,2x =0
hy +hyyy +h,z, =0.

Xem d6 1a mot hé ba phuong trinh tuyén tinh thudn nhdt d6i véi
1,yy .2y ; hée &y c6 nghiém khong tdm thudng nén dinh thifc ciia n6 bang
khong, vay ta duogc hé thic (1.35). &

He thitc (1.35)fcing—vai_cac dieu kien (1.33), (1.34) gilp ta tim
(xOv yo» ZO)'
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Trong trudng hop nay phuong phap nhan tir Lagrange dugc phét bi€u
nhu sau : Tim nam s6 A, W, Xg, Yo, Zo thoa man hé phuong trinh
f, +Ag, +phy =0
fy +Agy +phy, =0

A

f, +Ag, +ph, =0
g(x,y,z2)=0
h(x,y,z) =0.

TOM TAT CHUONG |

e Gidi han clia ham s6 f(x, y) tai mot diém
Ta néi ring f(x, y) ddn dén [ khi (x, y) dén t6i (X, yo) néu Ve > 0,
38 > 0 sao cho

\/(x —xo)2 +(y—y0)2 <5:>|f(x,y)—l|<8.
Kihiéu limf(x,y) =L
(x,¥)(x,Yo)
e Tinh lién tuc ctia ham s6 f(x, y) tai mot diém
Ta néi ring f(x, y) lién tuc tai diém (xg, yo) néu f(x, y) xéc dinh tai
(X, Yo) va limf(x,y) = f(xq.¥o)-
(%,¥)(X0,¥o)
e Pao ham riéng
f(xg +h,yo) —f(Xg.¥o)
B )
Khi tinh dao ham riéng cta f theo x thi y dugc xem nhu khong déi.

; of .
f ; =—(Xq, = lim
« (X0:Y0) ax( 0:Yo) hl—)O

Pinh nghia tuong tu vdi f;, (X0-Y0) = -g—f(xo,yo ).
y

e Vi phan toan phdn
df(x, y) = fy (x,y)dx +fy (x,y)dy.
Dang ciia né kKhong-d6i-di x,.y 12 bién s6 doc 14p hay x, y 1a ham s6
ciia cdc bién s6 khae.
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df(x, y) 1a phdn chinh clia s6 gia f(x + Ax, y + Ay) — f(x, ¥).
Co6ng thic tinh gin ding
f(x + Ax, y + Ay) =~ f(x, y) + fx (X, y)A% +fy (x,Y)Ay.
e Pao ham cua ham s6 hop

F=f0:(x,y) — A (u(x.y), v(x, ¥)) A f(u(x,y), v(x, ¥))
aF of du Of ov

e Pao ham cia ham s6 in
Véi mot s6 diéu kién, he thic F(x, y) = 0 Xdc dinh mot ham s6 4n

y = y(x). Tacé
Fy (x.¥)
Fy(x.y)

Véi mot s6 diéu kién, he thic F(x, y, z) = 0 xdc dinh mot ham s6 4n
z=12Xx,y). Tacd

y(x) = -

i F. (x,y,2) . F, (x.y.,2)
ZX(X,)') - _f_(y_)_,zy(X,y) = _._f_._._
F,(x,y.2) F,(x,y.2)

e Dao ham riéng cdp cao

P f 2> fx ’
xiax) 32 2 aykaxd oy M

P_(ﬁ) A _ o () P .
ax\dy) oxday X 3y ay) a2 v

o L R o
Néu ham s6 f(x, y) cé cic dao ham niéng m S

va néu cic dao ham/riéng &y lién tud tai diémx M, € D thi tai diém 4y

trong mién D
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% 9%
0xdy B dyox
e Vi phén cédp cao
d(df) = d’f, d(d*) = d’f,...
Néu z = f(x, y) thi

) 3\
d2f=| —dx+—dy | f
(3x oy y)

n
d'f = —a—dx + —‘l f
ox dy
véi quy udc xem (i)k i | fla —a-k—H-f—
b ax) \3y) " axkayl
Vi phan cfp n > 1 khong c6 dang bt bi€n.
« Dao ham theo huéng xdc dinh béi vecto don vi 1

ﬂ_.(MO) - lim M) —uMo) e 46 OM = OMo +pl.

al p—0 P

e Gradién ciia ham s6 u
@_

- du =

gradu(Mg) = %(Mo)h

Tacéd
du —
—a;.T(MO) = ch;gradu(Mo).
e Ham s6 thudn nhat
Ham s6 f(X,, Xp,--., X,) ducc goi 1a thudn nh4t bac k n€u

f(tx, tXg,..., X)) = tkf(xl, Xgseers Xp)h VU>0.
Ham s6 f(X;, Xp,..., Xp) 12 thuin nhét bac k khi va chi khi

c of
in a—-— =kf (cong thic Euler).

i=l {
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* Cong thifc s6 gia gidi noi
f(xg + AX, yo + Ay) — (X, Yo) = Ax. f(xg +0AX,yg +64y) +

+Ay.fy(xo +04x,yg +64y),0<B8 < 1.
e Cong thitc Taylor

1
f(xg + AX, yg + Ay) — f(Xg, yo) = df(xg, yo) + o d*f(xg. yo) + - +

+i'd"f(x0,y0)+( ) d"f(x + 0AX,yg +0Ay), 0<B0< 1.
n! n

+1)!

e Cuc tri cia ham s6

Diéu kién cdn cha cuc tri : Néu ham s6 f(x, y) dat cuc tri tai
My(xg, Yo) thitai d6 p=q =0 (p = £, (x,y), q=£,(x,y)).

biéu kién du cia cuc tri : Gia sir tai My(xg, Yo) ta cé p = q = 0. Néu
tai M, s~ rt<0thi M, la diém cuc tri, d6 1a diém cuc dainéur <0, la
diém cuc tiéu néu r > 0. Néu tai M, s> —rt>0thi M, khong 12 diém cuc
tri (r = f,2(X.y), s = fy (%,y), t =02 (X, ).

e Cuc tri ¢6 diéu kién

biéu kién can clia cuc tri ¢6 diéu kién : Néu ham s6 u = f(x, y, z)
trong d6 cic bién s6 X, y, z thoa man diéu kién g(x, y, z) = 0 dat cuc tri

tai diém My(x, ¥y, %) thi tai d6

LK b _f
g 8 &
C6 thé tim (X, Yo, Zy) bang phuong phap nhan tir Lagrange nhu sau :
Tim bon s6 A, X, Yo, Zo thod man hé bon phuong trinh

f, +Ag, =0
f, +Ag, =0
ft Agy= 0
g(x>9)2) = 0.

46



BAI TAP

1. Tim mién x4c dinh ctia cdc ham s6 sau :

a)z=lInxy; b)z=J4—x2—y2+J;2+y2—l
c)z= ! + : : d)z=arcsiny—_1
Vx+y  Jx-y X
1
e)z=4/xIny ; f)z= —-
y=X g
2. Tim giGi han khi (x, y) — (0, 0) ctia cac ham s6 f(x, y) sau :
2 w2 )
a) f(x,y)= x_y; b) f(x,y = xarctgl
x% +y2 X
3 3 2 2
X"+ 14+x° +
c) f(x,y)= 5 y2; d)f(x,y)=-—2y—(l—cosy).
X“+y y

3. Tinh dao ham riéng cta cac ham s6 sau :

a)z= x3+y3 : b)z=ln(x+\/x2+y2)

x2 + y?
c)z=yzsin£; d)z=xy3 x>0)
e)z= arctgl ; f) z = arcsin(x - 2y)
X

[2+v2 _x - 2_2
"g)z=ln————x . ;  h)yz=arctg _x2 y2
VX2 +y? +x x2 +y

1
) 7 ) 2,024
Du=xY (x>0,y>0); ju=eX+y+z
k) u=e*? sinZ.
- 'z
4. Khdo sdt sy lién_tue-va su ton tai, lien fuc cuajcic dao ham riéng
cuia cdc ham s6 f(x, y) sau :
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2
a) f(x, y) = xarctg(l) khi x 20

X
0 khi x =0
Xsiny —ysinXx :
—_— khi (x,y) # (0,0)
b) f(x,y) = x2 + y2 ?
0 khi (x,y) =(0,0).
5. Chitng minh ring ham s6 z = yln(x2 = y2) thoa man phuong trinh
1 . +_l_z. z
x's X y Yy y2 N

6. Tinh dao ham ciia cdc ham s6 hop sau day :
a)z= eu’-2v? , U=COSX, V= \’x2 +y2

b)z=ln(u2+v2),u=xy,v= x

c)z=x21ny,x=3, y=3u-2v.
v

7. Bing phép ddi bién s6 u = x +y, v =X + 2y, tim ham s6 z(X, y)
thoa man phuong trinh

2z, -z, =0
8. Tim vi phan toan phin clia cdc ham s6
a)z=sin(x* +y°); b) z =€ (cosy + xsiny)
c)z=lntgl; d)z=arctgx+y
X X -y

e)u= xY’z (x>0).
9. Tinh gin diing

2)3(1,02)2 + (0,052 ; b In(3L,03 + 40,98 - 1).

10. Tinh dao ham cla cdc ham s6 4n xdc dinh bdi cic phuong
trinh sau :

a) x3y - y3x =hfs tinhy'; b) R’ + &' - e =0,tinhy
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c) arctgx—:l =§, tinh y'; d) In x2 +y2 =arctg%, tinhy', y"

e) x +y+z=¢ tinh zy,z,
3,.3,.3 T
f)x”+y +2z —3xyz=0, tinh Zy,Zy-
z

11. z = f(x, y) la ham s6 4n x4c dinh tir phuong trinh z — x.e¥ =0.
Tinh gan ding £(0,02 ; 0,99).

12. Chou = "—EE Tinh u},u, biét ring z 12 ham s6 4n clia X, y xdc
y+z

dinh bdi phuong trinh
ze” = xe* + ye'.
13. Tinh dao ham clia cdc ham s& 4n y(x), z(x) xdc dinh bdi hé
x+y+z=0
x2+y2+22=1.
14. Phuong trinh 2* + 2. \/yZ —z2 xdc dinh ham s6 4n z = z(x, ).
X
Chiing minh ring

2 l  C l
X Zx+-Zy=—.
Z

15. Tinh cdc dao ham riéng c4p hai clia cic ham s6 sau :

a) z =%\/(x2 +y2) ; ' b)z= len(x +y)
c)z= ln(x+\/x2+y2) : d)z=arctg-y—.
v X

16. a) Tim ham s6 f(x, y), thoi man phuong trinh f,, = 0.
b) Tim ham s6 f(x, y) thoa mén phuong trinh £, =0.

¢) Tim ham s6 L, z)thod man|phuongrinh uy,, = 0.
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d) Tim ham s6 f(x, y) biét rang f;x = l2x2y +2,
f, =x*-30xy’, £0,0) = L, f(1, 1) = -2.

e) Tim ham s6 u(x, y) biét ring u, =x2—2xy2+3. u'y =)’2‘2X2Y+3-

17. Ching minh ring ham s6 z = xf(l), trong dé f 1a mot ham s6
X

c6 dao ham c4p hai lién tuc, thoa man phuong trinh

Z x2 Z 2 (ny)2

18. Chimg minh rdng ham s6 :
1

a) u = In—————= thoa man phuong trinh
Al ol S
ax2  dy? -
1
b) u = —=——=————thoa méan phuong trinh
\[)(2+y2+z2
92u 82u 92u
ox? ay2 dz2

19. Tim ham s6 f(x, y, z) c6 dang g(r), trong d6 r = \/xz + y2 +22
sao cho
a2f 02f 62f
x2 ay2 azz
20. Tinh dao ham ctia ham s6 4n y = y(x) xdc dinh boi he thirc

3_3 2
arcsm“F‘ L a0 | = a, a 12 hing s6.
Vx +y’ —3xy

21. Chimg minh ring n€u f(x, y) 1a mot ham s6 thudn nh4t bac 1 thi
taco
(f;y)z =5 ql -fyZ
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22. Tinh dao ham ctia ham s6 u = xy?z° tai diém My(l, 2, —1) theo
huéng x4c dinh béi vects MM, véi M, (0, 4, =3).
. . x2 oy g2 2o
23. Tinh dao ham cta ham s6 u = — + ==+ — theo hudng cuia bin
a2 b2 2
kinh vecto T. Khi ndo dao ham 4y bang Igrandul ?

24. Tinh dao ham cia ham s6 u = L !

theo hudng cua
r Jx2+y2+22

vecto 7, véi l(cosa,cosf,cosy). Khi nao thi dao ham 4y triét tiéu ?
A e = OO, .
25. Cho u =x"y"z". Tinh grad u va —a: tai My(1, -1, 3) biét rang [
/

duge x4c dinh boi vecto MgM, véi M, (0, 1, 1).
26. Chimg minh rang :

—

a) grad(cju; +cyu,) =cgradu; +c,gradu,

—— - == ¢y, C, 12 hai hing s

c) grad(f(u)) = f'(u).gradu.

27. Tim cuc tri cua cac ham s6 sau :

a)z=4(x—y)—x2—y2; b)z=x2+xy+y2+x—y+1

c)z=x+y—xe’ dyz=2x*+y* - x2-2y%

&) 2= +y)e D

28. Tinh gid tri 16n nhat va nho nhét cia cac ham s6 sau :

a)z = x> — y” trong mién tron X2 +y*<4.

bz = x2y(4 — X — y) trong hinh tam gidc gi6i han boi cic dudng
thingx=0,y=0,x+y=6

¢) 2 = x> + 2Xy — 4x + 8y trong hinh chir nhat gi6i han bdi cic dudng
thing x=0,x=1,y=0,y=2

d)z= e (7Y 2)(2)(2 + 3y2) trongimién/tron R+ y2 <1
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€) z = sinx + siny + sin(x + y) trong hinh chit nhat gidi han bdi x = 0,

x=E, y=0,y=£.

2 2
29. Tim cuc tri ¢4 diéu kién :
a)z= l+-1— véi diéu kién i+—1——=—L
Xy X2 y2 al
b)z=xyvdidiéukiéenx +y =1
c)u=x+y+zv6idiéukien—l-+l+l=l
X y z
2 2 2
d)u=x2+y2+22v6idiéuki¢nL+L+Z—=1(a>b>c)
a2 b2 2
30. Hinh hop chit nhat nio noi ti€p trong hinh cdu ban kinh R ¢6 thé

tich 16n nht.
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Pap sivaggly

1.2) {(x,y):x>0,y>0] U {(x,y) : x <0,y <O0).

b) Vanh tron déng gidi han bdi cdc dudmg tron x* + y* = 1, x2 + y* = 4.
¢) Mién md nam gitra hai dudmg y = x, y = X, ndm & bén phai truc Oy.
d){xy):x>0,1 -x<y<1+x}U{(x,y):x<0,1+x<y<1-x}.
e) {(X,y):x20,y21} U {(X,y):x<0,0<y<1},

N ((x,y):y=x).

2. a) Gi6i han khong t6n tai : xli_m’of(x,O)‘=l, ;i_r)nof(o,y)z—l,

1
b)O0; c)0; d) 7
v x4+ Ixdyteoxyd eyt xyl=oy 3y
3.a) z, = Xaa=

(2 (Y2 N2y



1 . y
sZy = :
Jx2 +y2 x2 +y2 +4/x2 +y2

b) z, =

; X . X X
c) z, =ycos—, zy =2ysin——XCcos—.
y y y

d) z, =y3xy* 1, zy =x¥".Inx.3y?

&) o, == 1 P X
2 X2+y2’ZY‘X2+y2
f2 = 1 , 2
R y:——___._
JI-(x-2yy? JI-(x-2y)?
) 2 ) 2x
N & S A A ey
X“+y YVX“+y

2
hy z'x =_Y_' z'y -
x4 _yt [x4 —y4
D) w =y2xY" 7wy =x¥ Inxzy?!, u, =x¥.Inx.y?.Iny.
) = 2X o ol 2y o U= 2z "
X (){2+y2+zz)2 R , ()(2+y2+22)2 T ()(2+y2 +22)2
k) u, =yze*V? sinZ, u, = xze*Y? sind ez Leosy
z z Z z
u, =xye*¥? sin¥ - e"yz.—yz—cosz.
z z )
2 2,2 3
4. a) f lién tuc trén R2; f,'( =arctg(l) - 2x7y Lf = 2x7y .
x)  xt+yt x4 4yl

Chiing lién tuc v6i x # 0. Cdn khao sat them khi x = 0. f;,(x,y) lien
tuc khip noi, f, (x,y) lién tuc khip noi trir tai (0, 0).

b) f lien tuc tren R?, f,(0,0)=1,(0,0)= 0, nhug f,,f, khong lien
tuc tai (0, 0).
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: 2y 9(x24y2 :
6. a) z, =—e°05 X2X"+Y") (2 cos xsinx + 4x)

Z'y = _eto0s? x—2(x2+y2)'4y

4 _
b) Z =.2_ Z;:M
X y(y* +1)
2
¢) Z, —2 > In(3u - P
v2(3u-2v)
2u?

' u2
zy =2—In(Bu-2v) - ——
5 v3 vZ(3u-2v)

7. z(%, y) = F(x + 2y), F 1a mo6t ham s6 kha vi tuy y.

Véi phép dai bién s6, phuong trinh trd thanh z, = 0, vdy z khong
phu thudc u, né chi phu thudc v.

8.a) 2(xdx + ydy)cos(x2 + y2)

b) e*[(xcosy - siny)dy + (siny + cosy + xsiny)dx]

L 2(xdx — ydx)
2.2y

sin
X

xdy — ydx

x2 +y?

X
d)

e) yzzxyzz‘ldx +xY’2 Inx.2yzdy + xY’Z In x.y2dz.

9.a) 1,013 b) 0,005.
2_2 y X _ yaXy
)((3y2 -x2) -xeY —eX +xeXy
2 2 2
\ a x+y _._2(x°+
0y = 5 dy="2y =“y3)
x+y) X=y (x-y)
' ' l ' xz—yz Y yz_x-z
e)z, =7, = ——————— I e A
V2 =2y X +Hy +z—=t D-ax 22-xy |7 22-xy
11. 0,02



e X
12.u;(= 1 " y—-x e*{+x)

y+z (y+z)2.ez(l+z)

v X+z N eY(l+y)

u, =-— ;
Y v+t (y+2)? ei(1+2)
13. y'=z_x,z'=y_x
y-z z-y
15. a) Z..2_2x2+y2 S =N S x2 +2y2
* = v xy—-“’ 2=._—
T x2+y2 JxZ+y?2 ! N
2
b) ., =2In(x +y)+ X P +2x2y
Xty (x+y)
S = 2x X2 2 = x?
Yoxty x4y Y (x+y)
" __—X_ " __4
R R
" x3 +(x2 - y2)x? +y?
2=
y '-——2
2xy "o y? -x2 " 2xy

16. a) f(x, y) = F(x) + G(y), F va G 1a hai ham s6 tuy y
b) f(x, y) = xF(y) + G(y), F va G la hai ham s6 tuy y.
c) u(x,y, z) = G(y, 2) + H(x, 2) + F(x, y), F, G, H1a cdc ham s6 tuy y

d) f(x,y)= x4y = 5xy6 +x2+1

3,43
Ty —x2y2+3(x+y)+C.

e) u(x, y) = =

19.g(r) = 2, b (e brlrnhing g so Ty
r
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20. y'=

» <

x3+ y3 - 3x2y

bat F(x, y) = arcsin :‘3/ - a, F(x, y) 1a mot ham s6

x3 +y3 - 3xy?
thudn nh4t bac 0, nén theo cong thic Euler

xFy +yF, =0.

Mt khic Fy +Fy'=0=y'=Z.
X
21. Dung c6ng thic Euler.

Ham s6 & bai tap 17 1a mét ham s6 thudn nhit bic mot nén ciing thoa
man hé thic nay.

22, ——2§.
3
23.-a—g=£l1;a=b=c.
or r
28 Mo OUT) o vdo ki T 15
ol 12
25. gradu(M,) =—6(~3i +3] — k)
du
— (M) =-22.
a

27.2) 2, =8 1i(2,-2)

b) zi, = 0tai (-1, 1).
¢) Khong c6 cuc tri.

9 . 1 1 1 1
D Zin = ~3 1 (‘5' ‘)’(5' ‘)'(‘5")*(5")

1
e)zmin=0t".ii(0,0);lmu='; e g tien x>+ y2 = 1.

56



28. a) Gia tri 16n nh4t 1a 4 tai (2, 0), (-2, 0)
Gi4 tri nho nh4t 1a —4 tai (0, 2), (0, -2).
b) Gid tri I6n nhdt 1a 4 tai (2, 1)
Gid tri nho nhit 1a —64 tai (4, 2).
c) Gié tri 16n nh4t 1a 17 tai (1, 2)
Gid tri nho nhit 13 -3 tai (1, 0).

d) Gid4 tri 16n nhit 1a 3 tai (0, 1), (0, -1)
e

Gi4 tri nho nh4t 12 0 tai (0, 0).

33 .(n n)

e) Gid tri 16n nh4t l1a R tai

e 8

33
Gi4 tri nh nhat 1a 0 tai (0, 0).

waz. =), 2. (2
4 min 3 J—Z-’\/i » fmax T K .
1 .(11
b) Zmax =Z ta1 (E,E)
=9tai(3,3,3)

d)u;, = c? tai (0,0, tc), u,, = a’ (tai (£ a, 0, 0).

30. Hinh 1ap phuong c6 canh bing %

C) Umin
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Chuong I1
UNG DUNG CUA PHEP TiNH VI PHAN
TRONG HINH HOC

2.1. UNG DUNG TRONG HiNH HOC PHANG

2.1.1. Tiép tuyén cta dudng tai mét diém cla né

Trong hé toa d¢ dé céc vudbng géc, phuong trinh f(x, y) = 0 néi chung
bi€u dién mot dudng L. Diém My(xy, yo) € L dugce goi 1a diém chinh
quy néu £, (xg,yo) va £ (xq,yo) khong déng thoi bing khong, la diém
ki di trong trudng hop tri lai.

Gia sir Mg 1a moét diém chinh quy cia L.
C6 thé xem nhu f, (xg.yo) # 0. Theo dinh Ii
vé ham s6 4n, phuong trinh f(x, y) = 0 xdc
dinh m6t ham s6 4n y = y(x), c6 gid tri y,
khi x = xg, kha vi trong mot 1an can nao dé
cua xg. Trong lan cén 4y ta c6 f(x, y(x)) = 0.
Ldy dao ham hai v€ d6i véi x tai x = xg, ta

duge £y (X0,¥o) +fx (X0,¥0)y'(Xg) =0  hay

Hinh 2.1

fx (X0,¥0)dx +f; (X, yo)dy =0 trong d6 dy = y'(xg)dx. Goi ii la vecto
c6 thanh phdn (f(Xg,yo).f) (X0.¥0)).dM la vecto c6 thanh phin
(dx, dy). Hé thic trén ching t6 ring i.dM =0, viy ii L dM, ma dM nim
trén ti€p tuyén cua L tai My, do d6 1 1a vecto phdp tuyén cha L tai M,

Diém P(x, y) ndm trénfiép tuyén-eia Litai Mvig khi va chi khi MgPii =0,

tic la
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Q2.1) (x = x) fy (Xg,¥0) + (¥ — Yo)x (X0, ¥0) =0.

D6 1a phuong trinh cha ti€p tuyén cia dudng L tai M,

Néu M, 1a diém ki di ciia dudng L thi vecto phdp tuyén cia L tai M
la vecto khong, ti€p tuyén cua L tai My khong duge xac dinh.

2.1.2. o6 cong

e Cho mot dudng L khong tu giao nhau va cé ti€p tuyén tai moi diém.
Trén L chon mot chiéu chay lam chiéu duong. Trén ti€p tuyén cua L
tai M, ta chon mot hudng vng véi chiéu duong cta L, goi né 1a "ti€p
tuyén duong".

Dinh nghia 1. M, M' 1 hai diém trén L.
MT va M'T 12 hai ti€p tuyén duong. Ngudi
ta goi do cong trung binh cia cang MM' 1a
ti s6 chia géc giira hai ti€p tuyén duong MT
va MT véi do dai cha cung MM’
(hinh 2.2). Ki hi¢u Gy, (MM"). VY

— o
Cp(MM) = —,
MM'

trong d6 o = |(MT,M'T").

Dinh nghia 2. Nguoi ta goi dg cong
clia dudong L tai M la gidi han, néu co,
cta do cong trung binh Ctb(M/_I\Z') khi
M' ddn t6i M trén L. Ki hiéu C(M). Vay

CM)= lim Clb(MM').
M-M

Hinh 2.3

Vi du 1 : Trén dudng thing, C,,(MM') trén moi doan MM' déu bang
khong, do do CM) =0, YM.
Vi du 2 : Trén duéng tron ban kinh-R,\ta €5 ¢hinh 2.3)
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Cgb(@)=%=—g—=—l- véi moi cung MM. Do dé
MM' Ra R
1
= —VM.
CM) 5

® Cong thirc tinh. Gia sir duomg L ¢6
phuong trinh trong hé toa do dé cic
vuong goc 1a y = f(x). Ké cdc ti€p tuyén
cua L tai M va M c6 hoanh d6 x va
X + Ax. Goi @ va @ + A¢@ la cac géc
nghiéng cia ching. Khi ti€p diém di
chuyén tir M dén M., ti€p tuyén duong
quay mot géc bing |Ag|, con do dai

cung MM’ bing |As|, s 1a hoanh do

inh 2.4
cong (hinh 2.4). Do d6 e
con- {2}
ds
Vitgp =y', nén @ = arctgy’, do d6 sy = 3 Mait kh4c biéu thic
dx 1+y'

clia vi phan cung cho ta ds = {1+ y'2dx, do d6

Vay
(2.2) C(M) =i"|—.
a

Néu L duoc cho bai phuong trinh tham s6 x = x(t), y = y(t), thi

' 2 '
Y _YO 4546 IY _XOYO YOO mgiag(22), ta duoc
dx  x'(t)’ dx? x3(t)
Kyr=yx
(2.3) C(M)= W Feres
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Néu L duge cho bdi phuong trinh trong toa do cuc r = f(¢g), ta viét
x = f(g)cos@, y = f(¢)sing. Xem d6 1a nhitng phuong trinh cua L theo

tham s6 ¢, ta c6
X' = r'cos@ — rsin@, y' = r'sin@ + rcoso,
X" = r"cos@ — 2r'sin@ — rcos@, y" = r"'sin@ + 2r'cos@ - rsing, th€ vao
(2.3) va rit gon, ta duge
2 10902 _
|r +2r“—1r I
24) CM) = —-—————(rz NRGITE) "

Vi du I : Tinh do cong ciia dudng day xich y = ach> (a > 0) tai mot
a
diém bt Ki.

Tacéy =sh2l1+y2 =c L y"=lch.’£=i
a a a a a a?
Cong thic (2.2) cho ta
c=l2.3i= =.
as y- y

Vidu 2 : Tinh d6 cong clia dudng xy—clo—it
x = a(t — sint), y = a(l - cost) (a> 0)
Ta cé x' = a(l — cost), y' = asint
x" = asint, y" = acost,
thé€ vao (2.3), ta duoc
0 eost=1l 1
" 2Ja(l—cost)¥2 4asin%‘.

D6 cong chi xdc dinh tai cdc diém tmg véi t # 2km.

Vi du 3 : X4c dinh do cong cua dudng r = ae™? (a>0,b>0). Taco
r= abeb(p, = ab%e"®. The vao (2.4), ta duoc

cl 1

—\/l+b2.r'
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2.1.3. Budng tron chinh khuc. Khic tam

Tai méi diém M cia duomg L, vé
dudng phdp tuyén hudng vé phia 16m
cua L, trén d6 18y mot diém I sao cho

Ml = ——l—- (hinh 2.5). Dudng tron tam I
C(M)

bdn kinh R = L dugc goi la duong
cM

tron chinh khiic ciia L tai M. N6 ti€p xic Hinh 2.5
vai L tai M, vi ¢6 chung véi L duong
ti€p tuyén, va c6 tai M cung do cong

CM) = % v6i duong L. Tam cia duong tron chinh khiic 4y duoc goi la

khiic tdm \ng v6i M, ban kinh cilané R =

dugce goi 1a khiuc ban
C(M)

kinh. Puong nhién & 1an can M, xdp xi L boi dudng [ron chinh khic t6t
hon bai duong ti€p tuyén.

Bay gid, hdy xdc dinh toa d6 X, Y cfia khic tam I img vé6i diém
M(x, y) € L. Gia sir phuong trinh cia L 1a y = f(x).
Phép tuyén cua L tai M ¢6 phuong trinh la

n-ys= -i,(é—x),
y

€, n 1a toa do nhimg diém chay trén phdp tuyén 4y. Khic tam I nim trén
phép tuyén 4y, nén

2.5) Y-y= —i. (X -x).
y

ViMI =R nén
2.6) (X-x2+(Y-y?=R?
Tu (2.5) va (2.6) suy ra
' 2 2
Xl sty PHy IEN Y

=W e
ly'l

'l
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+y'2

Néuy">0,dudng L16m,nén Y >y, vy Y = y + l

1+y'2 - 1+y'2
ly"| y"

Néuy" <0, thiY<y,tacoY=y~-

2
Trong ca hai truonghop Y =y + l+): , do dé6 tir (2.5) suy ra
' 2 2
@7 Xx=x- YYD vy, Y7
y
Néu L duoc cho bdi phuong trinh tham s6 x = x(t), y = y(t), thi
w2 2 ) 2
@8 X=x-YE V) vy, XTI
Xy-yx Xy-yx

2.1.4. Pudng tac bé. Pudng than khai

Dinh nghia 1. Nguoi ta goi duong tic bé'clia dudng L la quy tich, néu
c6, ctia c4c khiic tam cua dudng dy.

Nhu vay (2.7) hay (2.8) cho ta phuong trinh tham s6 cia dudng tic
bé&cua L.

Vi du I : Tim dudng tiic bé cla parabon y2 =2px (p>0).

Ldy dao ham hai v&€ d6i véi x, ta dugc 2yy' = 2p = y' = P
-

2
=y =- =B Thevio 27), tacs
y: oy

_ex)r s P
X=3x+p, Y= \/_ . C6 thé xem dé 1a phuong trinh cua dudng
|y

tiic bé phai tim theo tham s6 x. Khir x tir hai phuong trinh 4y, ta dugc
2_ 8 3
Y'=— X-p),
27p
d6 la phuong trinh ciia patabén barilap phiong (hinh 2.6).
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Hinh 2.6 Hinh 2.7
Vi dy 2 : Tim bén kinh chinh khic va dudng tic b€ cua elip x = acost,
y =bsint (a> b > 0).
Ta c6 x' = —asint, y' = beost, X" = —acost, y" = —bsint, th€ vao (2.3), ta
1 _(a%sin?t+b2 cos? 1)>/2 :

dugcR= —
C ab
Cong thic (2.8) cho ta
2
= C—cos3 t, Y= £:——sin3t
a b

trong d6 ¢> = a” — b°. D6 1a phuong trinh cita dudng ax-tro-it lech (hinh 2.7).
Dinh nghia 2. Néu dudng L nhan I' lam dudng tic b€ thi L dugc goi
la duong thdn khai chaT.
Tir hai vi du trén, ta thdy ring parabon y2 = 2px 12 dudng than khai
clia parabon bé4n lap phuong y?2 =% {x— p)3, elip x = acost, y = bsint
P

2 2
~ 5 & hJ -~ . C C .
la duong than khai cua dudng ax-tro-it léch x = —-cos3t, y= ?sm3 t.
a

Ta thira nh4n hai tinh chét quan trong sau day clia dudng tic b€ va
than khai.

Tinh chadt 1. Phdp tuyéi-tai moi diém M{x, y) cta duomg L la tiép
tuyén cua duomg tiic \bé Feva L tai khic 1am [img voi M.
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Tinh chat 2. D6 dai ciia mot cung trén diong I"bang tri so’ tuyét doi
cua hiéu cdc khic ban kinh ciia duong than khai L cua né tai hai nuit
cia cung dy, néu doc theo cung dy khiic ban kinh bién thién don diéu.

Tu tinh chat nay suy ra rang A
dudng than khai cia duong L la
quy tich cia mot diém A trén
ntta dudng thang MA tiép xiic
v6i L tai M khi nita duong thang
nay lan ma khong truot trén L

(hinh 2.8) M L

Hinh 2.8

2.1.5. Hinh bao clia mét ho dudng phu thuéc mét tham s
e Cho mot ho dudng ¥ phu

thu6c mot hay nhiéu tham so.

Néu moi duong cla ho ¥ déu tiép

xtic véi mot dudng E va nguoc lai

tai méi diém cia dudng E c6 mot

m

dudng cta ho ¥ tiép xic voi E tai
diém 4y thi E dugc goi la hinh
bao ctia ho ¢’ (hinh 2.9).

Hinh 2.9

Vi du 1 - Phuong trinh (x — ©)° + y” = R”, trong dé R 1a mot s6 c6
dinh, ¢ 1a mot tham s6, bi€u dién mot ho dudng tron bén kinh R ¢6 tam
trén truc Ox. Hinh bao clia ho 4y 1a hai dudng thang x =+ R (hinh 2.10)

Vi du 2 . Phuong trinh

xcosa + ysina — 1 = 0, trong dé RYY

o 13 tham 50, biéu dién mét ho 3 .
dudng thang ma khoang cdch tur O VIV YV VT
goc O dén dudng thang ay bang 1. R f—

Hinh bao cta ho &y 13 dutng tron

tam O bén kinh bang 1. Hinh 2.10
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Vi du 3 : Phuong trinh y — cx = 0, trong dé ¢ la tham so. biéu dién
mot chim dudng thang di qua goc O. Hinh bao cla ho dy la goc O
(dudng tron tam O bdn kinh bang 0).

Vi du 4 : Pudng tic b€ cua mot duong L 1a hinh bao cua ho céc
dudng phdp tuyén cia L (xem tinh chat 1 ciua dudng tic bé). Vi vay
dudng tiic bé cia L con dugc goi 1a dudng phdp bao cua L.

® Quy tdc tim hinh bao ctia mét ho dieomg phu thuéc mor tham so’

Dinh li. Cho ho dicong F(x, v, c) = 0 phu thuéc tham so ¢. Néu cdc
dwong cua ho dy khong cé diém ki di (uic la diém 1ai dé
F_;(x,y,c) = F)',(x,y,() = 0 thi phwong trinh cdc hinh bao E cua ho av
dugc xdc dinh bang cach klue ¢ ur hai plhucong trinh

(2.9) {F‘(x,y,c) =0
F, (x,y,c)=0.

Chitng minh. Vi méi gid tri cia tham s6 c, 6 mot dudng L. cua ho,
do d6 c6 mot tiép diém M, cua L. véi E. Hinh bao E 1a quy tich cua
nhimg diém M, 4y, toa d¢ cla ching la nhimg ham s6 x(c), y(c) ma ta
phai tim. Vi diém M (x(c), y(c)) € L, nén F(x(c), y(c).c) = 0. Lay dao
ham hai vé€ déi véi c, ta dugc

(2.10)  Fy(x(e)y(e).e)x'(e) + Fy(x(c),y(c),c)y'(c) +

+F.(x(c),y(c),c)=0.

Mat khic tai M, cdc dudng E va L tiép xtic nhau. Hé s6 géc cua tiép
y'(c)

x'(c)

tuyén cua E tai M la k| = . Vi L. khong c6 diém ki di nén hé s

_F(x.y.0)

géccual taiM lak, = . Vik| =k, nén ta dugc

F;(x,y.c)
2.11)  Fe(x(c),y(e),0)x (c) + Fy (x(c).¥(¢),c)y'(c) =0.

Tu (2.10), (2.11) suy-fa F;(x,y.c) =0. Vaiy toa dg cua cdc diém M.
cta hinh bao phai thoa man he (2.9). @
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Chii thich. Néu céc dudmg F(x, y, ¢) = 0 ¢6 diém ki di thi hé (2.9) bao
g6m ca phuong trinh hinh bao E va quy tich clia cc diém ki di.

Vi du I - Tim hinh bao ciia ho dudng thang
xcoso, + ysina — 1 = 0.

Cdc duong thing khong c6 diém ki di, vay toa do cic diém cua hinh
bao thoa min hé

F(x,y, ®) = xcosct + ysina— 1 =0
F,, (x,y,0) = —xsinct + ycoso. = 0.

He d6 cho ta x = cosa., y = sino. Vay hinh bao phdi tim la dudng tron
tam O ban kinh 1.

Vi du 2. Tim hinh bao ctia ho parabon ban 1ap phuong (y - c)2 ={x— c)3.

Pao ham hai vé theo ¢, ta duoc

2 Y4
2(y—-c¢): 3(x-¢).
Thé vz phuong trinh ctia ho, ta dugc
\
9
(x —c)3 {l *—(x~c)} =0
4
Néux c=0thiy-c=0,vayy=x. ZO -
X
Nhung y = x 1a quy tich cua nhimg
diém ki di ctha ho parabon bdn lap Hinh 2.11

phuong (d6 la nhimg diém 1ui).
9 4 8 4
Néu | —=(x—c) =0hayx—c= — thiy~c=—, dodéx~y=—.
= 4( d 9 d 27 d 27
. . 4
Vay hinh bao phai tim la duong thang x —y = - (hinh 2.11).

Clui thich. Gid sit-ta-xét-ho-parabon_bin.lapphuong (y - ¢)* = x°.
Pao ham hai v& doi¥oi € tadurdt 2072 )0, Khua ¢ tir hai phuong
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trinh trén, ta duge x = 0, d6 1a phuong trinh cua quy
tich cdc diém Iui (hinh 2.12). Vay ho dudng cong
nay khong c6 hinh bao.

Bay gi0 xét ho parabon bian lap phuong
y2 =X - c)3. Pao ham hai v& déi vai c, ta duoc
3(x —- C)2 =0. Khir ¢ tir hai phuong trinh trén, ta duoc

y = 0, dé 1a quy tich cia cdc diém lbi, dong tho
ciing 1a hinh bao ctia ho dudng cong (hinh 2.13).

Vi du 3 : Xét ho quy dao cla vién dan ban tir
mot khau phdo véi véan toc v, phu thude goc bin a.
Phuong trinh chuyén dong cia vién dan néu chon
truc toa do nhu ¢ hinh 2.14 la

X =vglcoso

R
y-—Egt +votsina

trong d6 g la gia t6¢ cua trong truong. Khu
t tir hai phuong trinh 4y, ta ducc '

4

e

o]

Hinh 2.12

Hinh 2.13

g 2
Y = Kiglt = ————%",
2v(2) cos? o

Dit tga = c, ta duge ho parabon phu thudc tham s6 ¢ :

/_O_éé_’i
=

y=CX-— _g7 (1 +c2)x2.
2vg yi
Ldy dao ham hai
védoivéac,taduge ___] _
2 -7 3
X - N
0=x-E_¢ g @ \"
2 “
\'2 © "
0
=c=—.
gx
Hinh 2.14
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Thé vao phuong trinh trén, ta dugc

y_Xé_-E_ 2
2g 2v8

D6 1a phuong trinh cia hinh bao cua ho quy dao, vi cdc dudng

parabon khong c6 diém ki di nén hinh bao dy 1a mot parabon cat truc Ox
2

tai x = +— d6 1a tdm ban xa nhat cia viéen dan. Hinh bao ay duoc goi
g

1a parabon an toan.

2.2. UNG DUNG TRONG HiNH HOC KHONG GIAN

2.2.1. Hdm vecto

e Gia sur I 1a mot khoang trong R.
Anh xate I — 7(t) € R" duoc goi
12 ham vecto cuta bién so t xac dinh
trén I. Trong phdn nay ta s€ xét vai
n = 3. Néu x(1), y(t), z(t) la ba thanh

; s - 3 TRE
phin cta vecto r(t) € R7, 1,j,kla
cic vecto don vi trén ba truc toa do,
ta cé

(1) = x(D1 +y(0) ] + X(DK.

Hinh 2.15

Pat OM =T(1). Diém M ¢6 cac toa do 12 x(1), y(©), z(t) (hinh 2.15).
Quy tich ctia M khi t bién thién trong I 1a mot dudmg L trong R goi 1a
t6c dé cha ham vecto T(t). Nguoi ta cling ndi rang dudng L cd céc
phuong trinh tham s6 1a x = x(1), y = y(t), z = 2(1).

e Ngudi ta ndi rang ham vectg T(t) cd gidi han la @ khi t dan t6i ¢,

néu |f(t)-a — 0 khi t — tg, tic 1a néu Ve > 0, 35 > 0 sao cho
|-ty <= [t()-4] <e.
Ki hiéu : lim T(1) =a;
>t
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Ham vecto 1(t) xac dinh trén I duoc goi 1a lién tuc tai t € 1 néu

lim T(t) = T(tp).
=1,

Tinh lién tuc cha T(t) tai t, tuong duong vdi tinh lién tyc cua cdc
thanh phan x(t), y(t), z(t) cta no tai t,.

e Gia sir ham vecto T(t) duoc xac dinh trén I va ty € 1. Gidi han. néu
b, cua t1 s6
AT _ T(tg+h)—T(tp)

h h

khi h — 0 dugc goi 1a dao ham cua 1(t) tai ty, ki hiéu 1a 1'(1y5) hay
d_r.((iio). D6 1a mot vecto. Néu dao ham ;([0) ton tai, ta néi rang ham
vecto kha vi tai L. hr(to)

Trén toc do cua r(t) (hinh 2.16) ta
thdy T(ty)=OMo, T(tg+h) = OM, Mo(to + h)
AT =MgM. Khi h — 0, M dén dén M,
trén téc do, day MgM dan dén tiép Malta
tuyén cha toc do tai My.Vay r'(ty) la o
vecto ti€p tuyén cla téc do tai M. Ta cé Hinh 2.16

A_?z x(tg +h)—x(t0)—i‘+ y(tg + h)—y(to)]:+ z(ty +h) — z(tg) c

h h h
Do d6 néu cac ham s6 x(t), y(t), z(t) kha vi tai ty thi T(t) cing kha vi
tait vata co

;'(IO) = x'(to)f +y'(tg )3 + z‘(to)ﬁ.
Khi h kh4 nho ta cé thé xap xi vectg AT = W bot vecto ti€p tuyén
h.r'(t).
2.2.2. buong

o Tiép tuvén va pldp dign-cta dicong tai mor diém
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Cho duong L trong khong gian ¢6 cac phuong trinh tham s6 1a x = x(t),
y = y(1), z = z(t). Phuong trinh vecto clia né la 1(t) = x(t)_f + y(t)—j' + z(l)l—E,
My 1a mot diém trén L, nd c6 céc toa do (x(tg), y(1y), z(ty)). Ta biét rang
vecto F‘([O) =x'(t0);+y'(t0)3+z'(t0)lz nam trén tiép tuyén cua L tai
My. Gia sur x'(tp), y'(ty), Z'(tp) khong dong thoi triét tiéu, khi &y vecto
;(to) £0. Piém P(x, y, ) ndm trén ti€p tuyén cia L tai M, khi va chi
khi vecto w dong phuong vdi vecto ;'(to), tirc la
X —x(tg) _ Y - y(tg) _ Z-12(tg)

x'(tg) y'(tg) z'(tp)

D6 la phuong trinh cia ti€p tuyén cua L tai M,

(2.12)

Moi dudng thang di qua M vuong géc v6i ti€p tuyén coa L tai d6
dugc goi la phap tuyén cua L tai M. Néu duong L c6 ti€p tuyén tai M
thi né c6 vo s6 phdp tuyén tai My, ching ciing ndm trong mat phéng
vubng géc vdi tiép tuyén tai M, mat phang &y duoc goi 1a phdp dién cha
dudmg tai M. Diém P(X, Y, Z) nam trén phdp dién dy khi va chi khi
M,P L r'(ty), tiic Ia MgP.r(ty) =0, hay

(2.13) (X = x(tp)x'(tg) + (Y — y(tp))y'(tp) + (Z — z(1p))z'(tp) = 0.

D6 1a phuong trinh cia phdp di¢n cua dudng L tai My,

e D¢ cong. Cho dudng L trong khong gian c6 phugng trinh tham s6 1a
X = x(t), y = y(1), z = z(t). Tuong tu nhu trong mat phang, ta cé céng thic
vi phan cung

2.14)  ds=yx2O+y2(0) +22(1)d.

Gia sir duong L c6 tai M tiép tuyén duong MT, tai M' ti€p tuyén
duong M'T. Dat Aa = (MT.M'T") (hinh 2.17), As = MM". Gi6i han,
Ao

=— khi M' din dén M trén dudng L duge goi la
S

dé cong clia duong cong Litai M, kithien QM

néu co, clua ti s6
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Ngudi ta ching minh dugc cong thic tinh do cong cua dudomg L
nhu sau :

(2.15) Cz\/

® Vi du. Lap phuong trinh quy dao cta diém M ¢6 chuyén dong vira
quay tron déu quanh truc Oz véi véan t6¢ géc w vira tinh tién doc theo Oz

x| yl y Z
" " + " "

X"y y" oz
(x'2+y'2+z'2)3/2

" "

2‘..

v6i van t6c khong dai la ak. Quy dao zA
(P
- N é
N [
\ ~
o4
Ot

x
€
<V

Hinh 2.17 Hinh 2.18

nay dugc goi la duong dinh &c tru trdon xoay ndm trén mat truc tron xoay
¢6 truc Oz, ban kinh a (hinh 2.18).

Hinh chi€u vuéng géc trén mat phang Oxy clia moi diém M(x, v, 2)
cia quy dao déu nam trén dudng tron tam O ban kinh a. Goi P 1 hinh
chiéu 4y, ta c6

T=OM=OP+PM
Chiéu xudng ba truc toa do, ta duoc
X = acost, y = asinwt, z = akt,
trong d6 tham s6 t la thdi gian chuyén dong cua chat diém. D6 la cic
phuong trinh tham s6 clia dudng dinh 6¢ tru tron xoay. Ta cé
X'{t) = —awsinmt, y'(t) = awcosmt, z'(t) = ak.

Néu ta chon huéng-dwong-ciatiep tuyéntmg-véichi€u tang cia tham
s6 t, thi ti€p tuyén duong tar moi diémiclid|dudng dinh 6¢ 1am véi truc
Oz mot g6c khong déi y, véi
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k

COsY = ————.
Jo? +k?

Phuong trinh cta ti€p tuyén tai diém cua duong dinh 6¢ ing v6i tham
s6tla
X—acoswt Y —asinwt _ Z—akt
—awsin wt "~ amcosot .ak
Phuong trinh ctia phdp dién tai diém dé la
— awsinwt(X — acoswt) + awcoswt(Y — asinwt) + ak(Z — akt) =0
Vi phan cung clia dudng dinh 6c bang

ds = avw? + k2dt.

Theo cong thiic (2.15), do cong tai mot diém bat ki ctia duong dinh
oc bang

- B
a(@?® +k2)
Vay do con cua dudng dinh 6¢ tai moi diém déu bang nhau.
2.2.3. Mt
Cho mat S c6 phuong trinh f(x, y, z) = 0 ; Mg la mot di€m trén mat S.
Pudng thing MyT dugc goi 1 riép tuyén clia mat S tai M néu né la tiép
tuyén tai My ciia mot dudng nao do trén mat S di qua M. Tai mbi diém
M, trén mat S n6i chung c6 vo s6 dudng thugc mat S di qua, do d6 tai
M c6 thé c6 vo 6 tiép tuyén clia mat S.
Piém M, trén mat S dugc goi T
1a diém chinh quy néu tai do #
cdc dao ham rieng f(X.y.2), /
fy (x,y.2), f,(x,y,z) déu ton tai,
va khong dong thoi triét tieu. Mot

diém khong chinh.quy.duoc.goi.la
diem ki di. Hinh 2.19
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Dinh li. Tap hop tdt cd nhitng 1iép tuyén cia mar S tai mot diém
chinh quy My la mét mdt phang di qua M.

Chitng minh. Gia stt L 12 mot dudng nao do trén S di qua M, cac
phuong trinh tham s6 cta né la

X =X(t). y = y(1), z=z(1).
Diém M, thuoc L, toa do cia né 1a (xg. ¥q. Zg). trong dé X, = X(ip).
Yo = ¥Y(ip). Zg = z(ty). Phuong trinh vecto cia L la T =r(t). Vecto
;(to) = (X'(tp). Y'(ty), Z'(tp)) nam trén tiép tuyén cua L tai My,

Mait khédc, vi duong L ndm trén mat S nén x(t), y(t), z(t) phai thoa
man phuong trinh cta mat, tirc 1a

f(x(1), y(v), (1)) = 0.
Lay dao ham hai vé theo t, ta dugc

fex'(O+1fy.y'(0)+£,.2'(1)=0.
Tai diém My(xg, Yo Zo) ta cé
fx (Mg)x (19) + £, (Mg)y '(tg) + £, (Mg)z'(1g) =0.
Goi n 1a vecto c6 cic toa do f;(MO),f;(MO),F'Z(MO). b6 1a mot

vectog xac dinh, khéc 6 vi My 12 mot diém chinh quy cta mat S. Dang
dr(ty)
dt

thifc trén chimg to rang fi. =0, do d6 moi ti€p tuyén cua mat S tai

M, déu vuéng géc véi T tai My, chiing ndm trong mét mat phang vuong
g6c vai 0 tai M. B

Mat phéng chifa moi ti€p tuyén cia S tai My duge goi la tiép dién cla
mat S tai M. Dudng thing di qua M, déng phuong véi fi duge goi la
phdp tuyén cia mat S tai My,

Phuong trinh cla phdp tuyén clia mat S tai diém chinh quy M, la
X-% _X=% _Z°%4
f (Mp }Q f5(Mgp) 1, (M)

(2.16)
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Phuong trinh cla tiép dién ctia mat S tai M la

(217) £ (Mp)X —x0)+ 1, (Mg)(Y =) + f,(My)(z - ) = 0.

Vi du : Viét phuong trinh cua phap tuyén va phdp dién clia mat
x> + y2 ~-2=0

tai diém M, (3, 4, 5).

Tac f(x,y.2) = x> +y° —2° = fy =2x,f) =2y.f, =-2z.

Vay phuong trinh cua phdp tuyén cia mat tai M, 1a
X-3_Y-4_Z-5

6 8 -10

Phuong trinh cia ti€p dién cla mat tai M 1a
6(X-3)+8(Y-4H-10(Z-5)=0
hay
3X+4Y -5Z2=0.
Chui thich. Ba hé s6 chi phuong cla phdp tuyén ctia mat f(x, y, z) =0

tal MO(XO’ Yo Zo) la
fy (M), fy (Mg).f,(Mg).

Néu mat duge cho bdi phuong trinh z = F(x, y) thi bang cach dat
f(x, y, z) = —F(x, y) + z, ta thdy rang ba h¢ s6 chi phuong cia phap tuyén

cita mat tai My 12 —p, ~q, 1, trong d6 p = z, (M),q =, (My).

TOM TAT CHUGNG Il

e Phuong trinh ti€p tuyén cia dudng f(x, y) = 0 tai M(x, y)

(X e OF R, KD RO
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* Cong thitc tinh do cong ctia dudng thang tai mot diém
— Néu duong duge cho boi phuong trinh v = f(x) thi
'l
[ (P L SE—
(1+y2)Y2.
— Neéu dudng duoc cho bdi phuong trinh tham s6
X = X(1), y = y(t) thi
_leyeyn]
€= (x'2+y2)3/2
— Néu duong duge cho boi phuong trinh trong toa do cuc r = r(@) thi
C= |1’2 + 21"2—qu"|| .
(rz + r'2 ).)/2
e Cong thuc tinh toa do cua khiic tam
— Néu dudng duoc cho boi phuong trink y = f(x) thi
[ Ce ) 2
X:x_ﬂl_-i-”y_); Y=y+_l+_')f.
y y
— Néu duodng duoc cho béi phuong trinh tham s6
X = x(t), y = y(t) thi
' 2 2 2 2
+
sz_yl(xu }ll u)’\,:y-*’ lxn+yv .
X'y'-y'x X'y'-y'x"
e Hinh bao cta ho duong phang F(x, y,c) =0
Khr ¢ tir hai phuong trinh
B(x. 7. 6] = 0. F,(%,%:8)=0.
ta dugc phuong trinh cua hinh bao va phuong trinh cta qu¥ tich cua
nhimg diém ki di.
e Cho duong trong khomg gian-¢¢ phuangtrinh tham so
REXD), v = YUy &=rz().
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~ Phuong trinh tiép tuyén clia dudng tai diém M, img v4i tham sOt:

X=x(t) Y-y _ Z—z(1)
X ym  z0
— Phuong trinh phap di¢n cia dudng tai diem Mg :
(X — x(0) X'(1) + (Y = y()) y'() + (Z - 1) (1) = 0.
- Do cong tai My :

7 4 A ? z' X'
" yll + y" L4 + " ‘l'
X"y z z
C=

(x'2+y'2+z'2)3/2

e Cho mat c¢6 phuong trinh f(x, y,2) =0
— Phuong trinh phép tuyén cua mat tai M(x. y, 2) :
X-x Y-y _ Z-z

LM L) 0

~ Phuong trinh tiép dién clia mat tai M(x, y, z) :

(X = X)f, (M) + (Y =)y (M) +(Z - 2);(M) =0.

Bai tap
1. Tinh do cong cla duong :
a)y= —x" tai diém c6 hoanh do x = —;—
2) xy = 1 tai diém (1, 1)
3) b2x2 + a’y” = a’b” tai (0, b) va (a, 0)
4)x =e'sint, y = e'cost tai diém tmg véi t = 1.
2. Tinh khuc ban kinh cua dudng :

2 2
X+ X =11aidiém (0,3)
25 9

2)y2 = x° thi diem{h3)
3) y = Inx taidiem (1, 0)
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4) v> = 2px tai diém bat ki

,(2 VZ
5) ‘—,——i)—, =1 tai diém bat ki
2 b2

6) x = acos . ¥ = asin 't tai diém bat ki

7) X = a(cost + tsint), y = a(sint — tcost) tai diém bat ki. (a > 0)
8) r=a(l + cos@) tai diém bat ki. (a > 0)

9) 1° = a’cos2¢ tai diém bat ki. (a > 0).

3. Tim nhimg diém trén cac dudng cho dudi day tai do khuc ban kinh
€O gid tri nho nhat :
1)y =Inx: 2))‘=e‘.
4. Xdc dinh khuc tam cua duong
x> +y' =2 aidiém (1. 1): 2) xy = 1 tai diém (1. 1.

5. Viét phuong trinh dudng tic b€ cua duong :
y?= x+2 2) -
T =X i ) ———=
) 2

p) 773
2/3 +y_/- = §

3) X
4) x = a(cost + tsint), y = a(sint — tcost) (a > 0)
5)x = ait—sint), y = a(l — cost) (a > 0).

6. Tim hinh bao cua ho dudng :

2 2 2 2
Dy =c¢(x—0¢) ¥ =0 (X ~¢€)
Py =242 Hr-2oH
c c o3
5)(x—c)2+)'2=4c 6)(x—c)2+(}'-c):=4

2 0
DNex"+cy=1.

7. Mot doan thang di-deng trone mat phang Ox{ sao che tong cic
doan ma né chan treé@hai'true toa 16 Khorg'det va bang a. Tim hinh bao
cua ho duong thang iv.
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8. Chimg minh cdc cong thic dao ham vecto :

d dt dt

2) —(a.ﬁ):a‘;—‘[’+—‘:‘5,a 12 ham s kha vi ciia t
d .. _-dq dp .

) L9 =p2+L

)dt(pq) dt dtq
d . . . d3 dp -

4) —(pAqQ)=pA—+—AQq.

)dt(p q)=p PR q

9. Viét phuong trinh ti€p tuyén va phdp dién cla duong :

.2 : 2 .op . T
1) x = assin’t, y = b.sintcost, z = c.cos"t tai diém tng véi t =Z

elsint elcost ..., ., .
2)x=———,y=1l.2= ——— taidiém ing véit=0

2
2 L B »
3)x=t,y=t,z=t taidiém ing vdi t = 3.
10. Tinh do cong coa dudng :
l)xzet,yze_t,z= [\/5
2)x= e 'sint, y= e ‘cost,z=¢e
11. Viét phuong trinh phap tuyén va tiép dién cla mat :
1) X2 = 4y* + 227 = 6 1ai diém (2, 2, 3)
2) 2= 2x% + 4y’ tai diém (2, 1, 12).

Dap so
192 | b . a |
1 — :2)—=:3) = va— ;4) —
Vi YR e ek

3/2
2 8041 ,
2. 1) —3 2) O, P32, 4) p[Hgij
: P
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5) ———— v8i e=————_ 6) 3asintcost
ab a
7) alil. 8) ﬁ cos 9) —
3 2 3r
3.1 (ﬂ,—lhﬂj g 2) (—lan.ﬂ].
2 2 2 2
43 26
4. 1 (——) 2) (2, 2).
)\68 51 .
2 2 2 2
5.1) Y2=18x3. T Al . [T
27 a4 b4
3)X=x+3xl/3y2/3;Y=y+3x‘n = ;4) X2 +Y?=a’

5) X=-ma+a(t-sint), Y =-2a+a(l —cost), T=t-7

4

¥

X 2 3 3
6. 1)y—+5 2)\'-O,y=E;3)27x =dy ; 4 Ty =x

5y =4x+4:6) (x-y)’ =8; ) x} +4y=0.

7. Jx +fy =a.
5 b c
— — ] e — S 2 2
9. 1) 2 2 _ 2 ax —Ccz— : =0
a 0 —C
o
2)_:y_l= ‘5 :x+z—-l—=0
1 0 1 50
3)X_3=y—9=z_27;x+6y+27z—786=0.
1 6 27
10. 1) \/57 e 23 ﬂe"‘.
(X+y) 3
’%
11. 1)x—:z_y—42=zT S dyt 37-3=0

2)x-2=y~NE=RED¥ 2) . 348y T2z - 12 0.



Chuong I11
TiCH PHAN BOI

3.1. TICH PHAN PHU THUGC THAM S

3.1.3. Trudng hop tich phan xac dinh
Xét tich phan xdc dinh phu thudc tham s6 y

b
(3.1) I(y) = [ f(x,y)dx

a

trong d6 ham s6 f(x, y) xdc dinh trén [a, b] x [c, d] sao cho f(x, y) kha
tich theo x trén [a, b] véi moi y € [c, d]. RG rang tich phéan &y phu thudc
vio tham s6 y. Sau day 12 mot s6 tinh chat ciia tich phan dy.

Dinh li 3.1. Néu ham sO fix, y) lién tuc trén [a, b] x [c, d] thi I(y) la

mét ham so'lién tuc ciia y trén [c, d].

That vay, l1dy y € (c, d), cho n6 mot s0 gia h sao choy + h € (c, d).

Tacéd

b
10+ ) =1(y) = [ £y +h) = f(x,y)dx.

a

Do dé

b
iy + W FIptEfirocyrm=tecpfex:

a
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Vi f(x, y) lién tuc trén [a, b] X [c, d] nén né ciing lién tuc déu trén do.
Do d6 Ve > 0, 38 > 0, s6 & nay chi phu thudc €, sao cho

lhl <& = |f(x,y+h)—f(x,y)]<€€—— Vx € [a, b].
-a

Dodé |h <& = |I(y +h)- I(y)| <€, vay I(y) lién tuc tai y € (c.d). Dé
thdy rang I(y) cling lién tuc taiy =c vay =d.
Dinh li 3.2. Néu ham sé f(x, y) lién tuc trén [a, b] x [c,d] thi

d bd
(3.2) [1tndy = [ ([ fx.y)dyrax.
C a ¢
Cong thiic (3.2) c6 thé viét 1a
db b d
(32) [ txydndy = [ ([ fexy)dyydx.
C 4 a C

Pay 1a cong thitc ddi thit ty tich phan khi tinh tich phan kép, sé dugc
chimg minh & phén tich phan kép.

D6 1a dinh 1i vé 14y tich phan duéi dau tich phan.

Pinh li 3.3. Gia sit ham s6 f(x, y) lién tuc theo x trén [a, b] véi moi y
khong doéi trong [c, d] va gid sit dao ham riéng f,(x,y) lién tuc trén
[a, b] x[c,d]. Khi do ta co

b
(33) I'(y) = [, (x,y)dx

(dinh li vé 18y dao ham dudi d4u tich phan).
That vay, vi f(x, y) lién tuc theo x trén [a, b] v6i y khong déi thuoc

b b
[c, d] nén céc tich phin If(x,y + h)dx, If(x,y)dx ton tai. Xét
a a

Iy +h) £17) =}f<x,y+h)—f(x,y) N
h > h
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Ap dung dinh 1i s6 gia gi6i noi vao biéu thic dudi dau tich phan,
ta duogc

b
Iy+h)-I(y) e
= S jfy(x.y +Oh)dx

trong d6 0 < 0 < 1. Khi h — 0 thi 6h — 0, do d6 f;(x,y+6h) -
fy(x,y) vi fy(x,y) lien tuc theo gid thiét. Lap luan nhu trong ching
minh dinh Ii 1, ta ¢é thé 1am cho

fy (x.y +0h) = £, (x,y)| < 5= Vx € [a, ]
mién 1a h khd nho. Do dé

b
I(Xf’h)_l()’) =Jf;(x,y)dx -

lim
'h—0 h
. l );b —xA
Vidz_z[.-TinhI=J dx (0<a<b).
Inx
0
(boya D L b
Vi :ijdy nén 1=j( j xYdy)dx. Theo dinh I 3.2 ta c6
Inx
‘ 0 a
b 1 b Y 41 x=1
= y = —x—— —
I J.(J-x dx)dy y+1 - dy
a0 a

|
dx 1 |
Vidu?2:Xétl(y) = Jﬁ_ =—arctg— vy #0.
R A y

Lay dao ham hai vé' déivoiy, tacd

1 ! 1
I(y) =Ry = - e - —
'[( 2y | Hy? Woyd+y?)
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Tirdé suy rarang véiy # O ta c6

I
1

J' dx 1 arers 1 +
= ctlg—+ ——.
oy 2yt Ty 2y’U+y?)

Chii thich. Bay gi& xét tich phan xac dinh phu thuoc tham s6 v sau day

b(y)
(3.4) I(y) = I f(x,y)dx.

a(y)
trong dé ham s6 f(x, y) xdc dinh trén [a, b] € [c, d], cdc ham s6 a(y),
b(y) xdc dinh trén [c, d] va thoa man

(3.5) a<a(y)<b,as<b(y)<b, Vye [cd]

C6 thé chimg minh duogc cic két qua sau :

e Néu ham s6 f(x, y) lién tuc trén [a, b] x [c, d], cdc ham sé6 a(y),
b(y) lién tuc trén [c, d] va thod man diéu kién (3.5) thi I(y) la mot ham
so'lién tic doi voi y wrén [c, d].

o Néu ngoai ra ham sé f(x, y) ¢é dao ham riéng f;, (X,y) lién tuc trén
[a, b] x [c. d] va néu cdc ham s6 a(y). b(y) kha vi trén [c, d] thi ham sé
I(y) kha vi theo y € [c, d] va ta ¢

b(y)
36 TW= [ fxydx+{bE).b'() - @y, y).
a(y)

3.1.2. Truong hop tich phan suy rong
Xét tich phan suy rong phu thudc tham sé y

4oo
G 1= [ fxydx

a

trong dé ham s6 f(x;y) xd¢ dinh trén'fa, ¥} xi[c, d] sao cho tich phan
suy rong (3.7) hoi trvéimor vy € [c d].JEidkhdi niém va két qua trinh
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bay & day ciing c¢6 thé ap dung mot cich thich hop cho tich phan suy
b
rong If(x,y)dx, trong d6 f — oo khi X — a hay x — b.
a
O day ta gap nhimg tinh huéng tuong tu nhu khi khao sdt cdc chuoi
ham s6. Chang han diéu kién f(x, y) lién tuc chua dii € I(y) lién tuc theo y.
o Khai niém tich phan suy réng hoi tu déu : Trude hét ta nhac lai
rang tich phan suy rong (3.7) hoi tu néu
lim Iy (y)=I(y)

b—+eo

b
trong d6 I (y) = J’ f(x,y)dx, véib > a, tic la Ve > 0,3 B> 0 sao cho

a

b>B = |[(y)-Ip(y)| <€ hay <E.

4o
j f(x,y)dx
b

S6 B néi chung phu thuoc € va y € [c, d]. Ta n6i rang tich phan suy
rong (3.7) héi tu déu doi véi y € [c, d] néu Ve >0, 3B > 0, s6 B chi phu
thuoc €, sao cho

b>B=> <g, Vye [c,d].

400
j- f(x,y)dx
b

Pinh 1i sau cho ta mot diéu kien di dé tich phan suy rong (3.7) hoi tu
déu doi vai y
Dinh li 3.4. Néuta c6 V(x,y) € [a, +2) X [c, d]
|Ex.y)| < g0
4o
va néu I g(x)dx hoi tu thi tich phdn suy réng (3.7) héi tu déu doi véi
a
y € [c.d].
That vay, ta co

i
I f(x, y)ydx
b

foo +oo
< J |ferpldxs Ig(x)dx.
b b

85



+oo
Vi J g(x)dx hoi tu theo gia thiét nén Ve >0, 3 B>0saochob>B

a

+oo
j f(x,y)dx| <€,

oo
= J' g(x)dx <¢,s6 Bchi phu thuoc €. Dodé6b>B =
b
vay tich phan suy rong (3.7) hoi tu déu d6i véi y € [c, d].

Vi du : Tich phan suy rong I l_co_sxy__dx hoi tu déu doi véi v € R
x4+ y

| cosxy |

1
< 5 va tich phan j

|1+x +y2|_ +X hor tu

+X"

o Tinh chdt cua tich phdn suy rong 11_01 tu déu
Pinh li 3.5. Néu ham so f(x, y) lién tuc wén [a, +e0) x [c, d] va néu
tich phan suy réng (3.7) hoi tu déu doéi voi y € [c, d] thi I(y) la mét ham
s6'lién tuc rén [c,d].
That vay, ldy y € [c, d], cho né mot s6 gia hsaochoy + h € [c, d].
Taco
+o0

Iy +h) -1y = | [fxy+h)—f(x,y)ldx =

b +oo +oo
=I[f(x,y+h)—f(x,y)]dx+ I f(x,y +h)dx - j f(x,y)dx.
a b b

bat 1;, I, I5 1an luot 1a ba tich phan & vé€ phai. Ta cé
[I¢y +h) = 1(y)| < |1 | + |1, + |13)-
Vi tich phan suy rong (3.7) hoi tu déu déi véi y € [c, d] nén Ve > 0,
3B >0, s6 B chi phu thuoc € sao chob> B = |I3|<—§- va |1,] <§, diéu
b
nay diing véi moi h khd nhé. V.61 bida xd¢ dinh|trén, If(x,y)dx la mot

a
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tich phan xac dinh phu thuoc tham s6 y. Theo dinh If 3.1 tich phan ay la
mot ham s6 lién tuc d&i véi y, vi vay 38 > 0 sao cho |h| <8 = L <§.
Toém lai

iy +h)-I(y)| <e
néu |hl < §, vay I(y) lién tuc trén [c, d]. ®

Dinh li 3.6. Néu ham s6 f(x, y) lién tuc trén [a, +o0) X [c, d] va néu
tich phan suy réng (3.7) hoi tu déu déi véi'y € [c, d] thi ta cé

d 4oof d
(3.8) [1dy = | [ | f(my)dy]dx

a C
(dinh 1i 14y tich phan dudi du tich phan).
Chimng minh Tacé Vb>a

d{ oo
II(y)dy I{If(x y)dx]dyﬂ[{ I f(x, y)dx]dy

Cc c\a C

Nhung theo dinh 1i 3.2, ta c6

T [T f(x, WdXde | L ffe, y)ddex

c\a a\c¢

+oo

I f(x,y)dx
b

dy.

d
jl(y)dy f[jf(x y)dy]dx <I

a\c C

Vi tich phan suy rong (3.7) hoi tu déu doi véi y € [c, d], nén Ve >0,
3 B> 0, s6 B chi phu thudc € sao cho

b>B=

[ fexyax <—t . vyelc.d]
4 d-c

d

o |

C

+o0

I Xy )dx
b

dy,< €.
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d b(d
Nhu vay b> B = jI(yMy—I[If(x,y)dyjdx < €, dang thic (3.8)

C a\c

da dugc chimg minh. B
Dinh li 3.7. Gia su fix, y) xdc dinh wén [a, +o0) X [c, d] sao cho ham
SO fix, y) lién tuc doi voi x trén [a, +o0) voi moi y khong doi thuoc [c, d]
va f)',(x,y) lién tuc trén [a, +o0) x [c, d]. Néu tich phan suv réng (3.7)
+o0
hoi tu va néu tich phdn j f\'.(.r. y)dx héi tudéu doivoi y € [c,d] thi ta cé

a

400
(3.9) I'(y)= j £, (x,y)dx
a

(dinh 1i 1ay dao ham dudi dau tich phan).
That vay, dp dung dinh li 3.6 vao ham s6 fy(x,y) va thay d bdi mot
gidtiynaodd,c<y<d,tacé

Y[ 4o toof y
j[ I f)',(x,)’)dx]dy= _f [If;,(x,y)dy}dxz
a

C a \¢C

+oo y=y +oo +oo
j [f(x,y) y:dex= j f(x,y)dx - j £(x, c)dx.
a a a
L4y dao ham v€ diu va vé€ cudi d6i véi y. Dao ham d6i vén y cua vé

4o
cudi bing I'(y), con dao ham dé6i vé6i y cia vé€ ddu bing I f;(x,y)dx,
a
vi biéu thirc 4y lién tuc déi vai y.
Ping thitc (3.9) di duoc chimg minh. @
Vidu ]l : Xét ham so
rosy

e
I(y)=
) -(';Hx

— s >

2

dx, vo1rv2 0
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e—XV

bat f(x,y)= ek dé 1a mot ham s6 lién tuc véi (X, y) € [0, +o0) X
+ X
+oo
. l . dx .-
[0, +<0). Ta lai c6 |f(x,y)| < , ma tich phan suy rong j 2 hoi
1+ x2 n l+x

tu, nén theo dinh Ii 3.4, I(y) hoi tu déu déi véi y € [0, d], Vd > 0. Do dé
theo dinh Ii 3.5, I(y) 1a mot ham s6 lién tuc trén [0, +).
—xy

Ta lai ¢6 f;(x,y)=—x ©

T xl Ta c6 Vx 2 0, Vy =2 a > 0,
+X

+oo
|f;(x,y)| S%e"’”‘, ma tich phan suy rong j e #*dx hoi tu nén tich phan
;-

4o
suy rong j f'y(x,y)dx hoi tu déu d6i v6i y = 0. Theo dinh i 3.7
0
tacé Vy=a>0.
oo

—xy
I'(y)=-| - dx.
d E[ 1+x2
Vi du 2 : Xét ham s6 gamma x4c dinh bdi
400
[(y)= j xY~le Xdx.
0

Pat f(x,y) = x’ 'e ™. C6 thé viet

1 +oo
I(y)= J-xy‘le"‘dx + j xYle Xdx = Ci(y) + Ty(y).
0 |
Véio<x< 1, tac6 0<f(x,y) < 7= %y Do d6 I'i(y) hoi tu
X

néul —y<l. ticlay>0.

Vi xzf(x. y)=X

e RS0 Khi x — +oo. 0Bn VG K dd 16n ta c6
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0<f(x,y)< £
x2

+o0

Nhung tich phan J' %dx héi tu, nén T'y(y) hoi tu. Tém lai ham s6

1 X

I'(y) duoc xic dinh Vy > 0.
Tacé Vxe (0,1], Vy>2a>0

1
o a=l . dx . ' .
0<x’ e™<x*!, matich phan J‘—l_;— hoi tu, nén theo dinh 1i 3.4,
: X
0

", (y) hoi tu déu dai véi y € [a, +eo), Ya > 0.

TacoVx e [I,+e], Vye [a,b]vdi0O<a<b

0<x Te*<xe™,
400
ma tich phan I xP~le™*dx hoi tu, nén I5(y) hoi tu déu d6i véi y € [a, b).
1

Tém lai I'(y) hoi tu déu d6i véi y € [a, b], Vb > a > 0. Vi vay ham s6
I'(y) lién tuc Vy > 0.

Ta lai c6

fy(x,y)= x ' nxe ™.

Tuong tu nhu trén c6 thé chimg minh rang tich phan
+oo
I x¥ L Inx.e*dx
0
hoi tu déu doi véiy € [a, +o°), Va> 0, do dé ta cd Yy € [a, +o0), Va > 0.

400
(y)= I x¥~Llnx.e~Xdx.
0
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3.2. TiCH PHAN KEP

3.2.1. Khai niém tich phan kép

® Bai todn thé tich cia
vat thé' hinh tru. Gia su
z = {(x, y) l1a mot ham s6
x4dc dinh, lién tuc, khong Z=1(xy)
am trong mot mién D fxiyi) q
dong. bi chan, c6 bién L i |
trong mat phang Oxy. Hay
tinh thé tich cla vat thé

hinh try giéi han boi mat & = >
phang Oxy, mat z = f(x, y) i Tas,

va mat tru c6 duong sinh X

song song v6i Oz tua trén L )

(hinh 3.1). Vil

Chia mién D mot cach tuy y thanh n manh nho. Goi tén va ca dién
tich ciia cdc ménh do6 1a AS,, AS,,..., AS,. Ldy mbi manh nho 4y lam day,
dung vat thé hinh tru ma mat xung quanh c6é dudng sinh song song véi
Oz va vé phia trén gidi han boi mat z = f(x, y). Nhu vay vat.thé hinh tru
dang xét duoc chia thanh n vat thé hinh tru nhé. Trong m6i manh nho
AS,, 14y mot diém ty ¥ M(x;, y;). Tich f(x;, y;) AS; bang thé tich ciia
hinh tru thing c6 ddy AS, va chiéu cao f(x;, y;), né khéc rat it thé tich
AV; cta vat thé hinh try nhd thi i néu manh AS; ¢6 dudng kinh khd nho,
vi ham s6 f(x, y) lién tuc. Vay c6 thé xem thé tich V cua vat thé hinh tru

x4p xi bang zn:f(xi,yi )S;. Phép tinh x4p xi nay cang chinh xdc néu n
1=1

cang 16n va cac AS; c6 dudng kinh cang nho. Do do thé tich V cua vat

thé hinh tru dang xét dugc dinh nghia bang gidi han, néu c6, cla téng

trén khi n — o sao cho dudng kinh lén nhat trong cdc duong kinh d; coa

cdc manh AS; dén toi O,giihan ay khong phu thuo¢ cach chia mién D

thanh cdc manh nhd; eling nht cach Thon difm M; trong AS,. Duong
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kinh ciia mot mién bj chan la khoang cach I6n nhat gita cac diém trén
bién cua mién ay.

® Dinh nghta tich phan kép. Cho ham s6 f(x, y) xdc dinh trong mot
mién déng, bi chan D. Chia mién D mot cich tuy y thanh n manh nho.
Goi cdc manh d6 va ca dién tich cua ching la AS|, AS,, AS;...., AS.

Trong méi manh AS;, lay mot diém ty § Mi(x;, y;). Tong
n
Iy = zf(xi YiAS;
=1

duoc goi 1a tong tich phdn cia ham s6 f(x, y) trong mién D.

Néu khi n — oo sao cho max d; — 0 ma [ dan t&i mét gidi han xic
dinh I, khong phu thudc vao cach chia mién D va cdch 1y diém M, trong
moi manh AS;, thi giéi han ay dugc goi la tich phdn kép cia ham sé
f(x, y) trong mién D va duoc ki hiéu la

(3.10) j f(x,y)dS.

D

D dugc goi 1a mién ldy tich phan, f duge goi 1a ham duoi ddu tich
phadn, dS dugc goi la yéu 16" dién tich. Néu tich phan (3.10) tn tai, ta néi
ring ham s6 f(x, y) khd tich trong mién D.

Ngudi ta ching minh dugc rang néu ham sé f(x, y) lién tuc trong
mién bi chdn, déng D thi né khd tich trong mién dy.

Néu f(x, y) lién tuc, khong am V (x, y) € D thi tich phan kép (3.10)
bing thé tich vat thé hinh try xét & trén. Vay :

V= ”f(x,y)dS.
D
Néu f(x, y) = 1, Y(x, y) € D thi tich phan kép (3.10) bang dién tich S

cuamién D
j j dS=S.
D "
Chii thich. Vi tich‘phan kéo khéng phuthioc'cich chia mién D thanh
c4dc manh nho nhu d3 néu trong dinhrghia; @ co thé chia D, bai hai ho
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duong thang song song voi Z
cdc truc toa do (hinh 3.2). Do
d6 dS = dxdy va c6 thé viét :

”f(x,y)dS = H f(x,y)dxdy.
D D

o Tinh chdt cia tich
phdn kép o] -

Tich phan kép c6 nhimg i 7 AL
tinh chat twong tu nhu tich x//
phan xdc dinh sau day, vai
gid thiét rang cdc tich phan -~ Hinh 3-2
cé mat trong cdc tich chat ay
déu ton tai

1) ”[f(x,y) +g(x,y)ldxdy = “.f(x,y)dxdy +Jjg(x,y)dxdy.
D D D

2) ﬂ kf(x,y)dxdy =k j j f(x,y)dxdy (k la hang s6).
D D
3) Néu mién D c6 thé chia thanh hai mién D}, D, khong dim lén
nhau thi
”f(x,y)dxdy =H f(x,y)dxdy +I f(x,y)dxdy
D D, D,
4) Néu f(x, y) < g(x,y), V(x,y) € D thi
H f(x.y)dxdy < ” g(x,y)dxdy.
D D
5) Néu m < f(x, v) £ M, V(x, y) € D, m va M Ia hing s6, thi

mS < j J’ f(x,y)dxdy < MS,
D

S 1a dién tich cbagmién D.
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6) Néu f(x. y) lién tuc trong mién déng, bi chan D thi trong D c6 it
nhat mot di€ém (X.¥) sao cho

J'j f(x,y)dxdy = f(X,¥).S, S 1 dién tich cua mién D (dinh li vé gid tri
D
trung binh).
® Diéu kién khd tich
Dat m; = inf f(x.v),M; = sup f(x.y).
(X.y)EAS; (x.y)EAS,
Céc tong

n n
S=) mAS;.o= Y MAS,
i=l i=1

theo thit tu goi la tong Darboux duéi, tdng Darboux trén clia ham s6 f
tmg véi cach chia mién D. Ciing nhu d¢i v6i ham s6 mot bién sd, néu
phép chia mién D trd nén min hon (tic ia méi manh cta phép chia sau
déu ndm trong mot manh nao do6 cua phép chia trude) thi s tang lén, o
giam xuong. Pat
e .
l. =sup{s},| =inf{o}.
Taco
*
S<L<I <o.
Dinh li 3.8. Diéu kién cdn va dit dé ham s6 f(x, y) khd tich trén mién
Dla

lim (o-s)=0.
maxd; -0

Hé qud. Néu ham so fix, y) lién tuc trong mot mién bi chdn, déng D
thi né khd tich trong mien dy.
3.2.2. Cach tinh tich phan kép trong hé toa do dé cac

e Mién 1dy tich phén la hinh chir nhat c6 cdc canh song song véi cdc
truc toa do

Dinh li 3.9. (Fubua):Gid s D= (2 bI<lel d] va gid swf: D — R
la ham 6 khd tich nén D. . Khiay :
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a) Néu Vx € [a, b], ham s6'y — f(x, y) khd tich trén [c, d] thi
ham sé

d
x = 1(0) = [ £(x,)dy
C

khda tich trén [a, b] va

(3.11) ” f(x,y)dxdy =Tl(x)dx = T(Tf(x,y)ddex

D a a\c

b) Néu Yy € [c,d], ham s6” x v f(x,y) khd tich trén [a, b] thi ham so

b
y—(y) =If(x,y)dx
a
khd tich trén [c, d] va
D c a

Chimg minh. Ta chimg minh a) chia cic doan [a, b] va [c, d] boi
cac diém

d d{b
(3.12) ﬂf(x,y)dxdy = j J(y)dy = j [If(x,y)dx]dy.

a=Xg<X;<..<X,=b,

E=YpL ¥ € on S Y =0

Ax; = [X;, X1 Ak = Yo Yinr)s
le=Axleyk,l=O, l,...,n— 1 ;k=0, l,._.,m_ 1
my = inf f(x,y),M;; = sup f(x,y).
(x.yXDig (x,y)EDy
Ta cé V(x,y) € Dy,
my, < f(x, ¥) < My, V(x, y) € Dy
Lay & € [x;, X;4,). taco
Y+
mx AVLS j FEddy<MipAye:
Yk
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Lay tong theo k tir 0 dén Y]
m — 1 ca ba vé, ta dugc

ka;mikAyk sjf(gi, y)dy < ::1 %

m-—|
2 MAyy.
k=0

Tich phan ¢ gita bang
I(§;). Nhan ca ba vé véi Ax;
r6i 1dy t6ng theo i tir O dén
n— 1, ta duoc

n-I| m-—1
DA% D my Ay, < Zl(g, )AX; <ZAx Z M, Ay, .
i=0 k=0

i=0 k=0
Vé& dau va vé cudi theo thit tyu 12 téng Darboux dudi s, téng Darboux
trén S, v€ gilia 1a t6ng tich phan ctia ham s6 I(x). Vi f(x,y) kha tich trén
D nén khi maxAx; — 0, maxAy, —0, s va S ciing dén téi I f(x,y)dxdy.
D

_‘
V) TR mm———
.! P ——

+

b

>V

z
=
=3

Vay

mdthr)? _)0 z I(él )Axi = gf()(, y)dxdy,

T(If(x y)dy]dx Hf(x y)dxdy.

a\cC
b) Buoc ching minh tuong tu.

Hé qud. Néu f(x, y) lién tuc rén D = [a, b] x [c, d] thi

b(d
(3.13) H f(x, y)dxdy= j (If(x,y)dy]dx & T[Tf(x,y)dx]dy
D a\c

c\a
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That vay, néu f(x, y) lién tyc trén D thi Vx € [a,b], ham s6 y — f(x,y)
lién tuc do dé kha tich trén [c, d], vi vay ta c6 (3.11). Ciing vay ta co
(3.12). So sanh chiing, ta dugc (3.13).

Cong thic (3.13) 1a cong thic d6i thi tu tich phan.

Vidu. Tinh I—“ dxdy =[1,2]2-
3 (x+y)?
Vi lién tuc trén D, nén
(X +y)?
2 2
dy
I=|dx .
J,' !(Hy)2
Nhung
j‘ dy 1 -1
' (x+y)? x+1 X+2
Do dé
I= J’( )d el 2 A i 2
Xx+1 x+2 X+ 2 8

Chui thich. Néu f(x, y) = f,(x).f5(y), ta cé

b d
[[fx.yaxay = [dx[fi ot (y)dy =
D a ¢

b d
= [fi0dx [ fy()dy.

e Mién Idy tich phdn la mién bdt ki bi chdn
Dinh li 3.10. Gid st D = {(x,y) : a Sx <b, y)(x) Sy Syy(x)}, y; va y,
la hai ham s6 khd tich trén [a, b], y,(x) <y,(x), Vx € [a, b]. Gid su fla

mot ham s6 khd tich én D. Néu Yx € [a, b], ham s6'y — f(x, y) kha
y2(X)

tich trén doan [y[(x), y,(x)], thi ham 56 x— I(x)= '[ f(x,y)dy
yi(x),

khd tich trén [a, b] va
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b b( y2(x)

(3.14) j j f(x,y)dxdy = [1(x)dx = | [ foydy |ax
D a a yl(x)

Chiing minh. Vi y,, y, kha tich trén 4 il
[a, b] nén t6n tai hai s6 c, d sao cho dp--—N2

¥1(X) 2 ¢, y5(x) <d, Vx € [a, bl. Do d6
D la mét tap con cta hinh chir nhat

Q=1[a,b] : [c, d]. Pat R ¢ “"i ™ E
_[f(x.y) néu (x,y)€ . . "
FeLy) ”{ 0 néu (xy)€QD o| b a X
R6 rang ham F kha tich trén hinh chif nhat Q va Hinh 3-4
I I f(x,y)dxdy = ” F(x,y)dxdy
D Q
Theo dinh 1i 3.9 ta cé

b d
ﬂ F(x,y)dxdy = J' dij(x,y)dy.

Nhung Q a ¢
d y,2(x)
IF(x,y)dy= I f(x,y)dy
Dodé T
b( ya(x)
”f(x,y)dxdy=J. I f(x,y)dy |dx
D a\ y;(x)

Hé qud. Gid su D = {(x,y) : a Sx b, y,(x) <y <y,(x)}, y; va y, la hai
ham so'lién tuc trén [a, b]. Néu f la mét ham sé'lién tuc trén D thi ta cé

b y2(x)
(3.14) Hf(x,y)dxdy=j [ foydy Jax
D a\ y;(x)

Dinh li 3.11. Gi@ suBamaffX, Y £,5Y S4(y) Six Sx5(y)}, x; va x5
la hai ham sé khd tich irén fe, d).x;(y) = ;(y)Vy € [¢,d].
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Gia sit f la mét ham s6 khd tich trén D. Néu Vy € [c, d,
ham s6" x — f(x, y) khd tich trén doan [x(y), xy(y)], thi ham sé
x,(y)
ye— Jy) = I f(x,y)dx khd tich trén [c,d] va ta cé
x;(y)
d( x,(y)
(3.15) j j f(x,y)dxdy = j J(y)dy = f J' f(x,y)dx |dy
d e\ x(y)
Chiing minh tuong tu nhu dinh 1i 3.10, Y4
Hé qua. Gia suD = {(x,y) : ¢ Sy <d, dl------
x)(y) Sx <xy(y)}, x; va x, la hai ham s¢ x=x1(y) _——
lién tuc trén [c, d]. Néu f la mét ham sé c
lién tuc trén D thitaco ==~

>y

d{ x5(y) (@)
(3.15) H fxy)dxdy=[| [ foey)dx |dy. Hinh 3.5
c\ x;(y)

Chu thich. Gia su bién L cia mién
D bi méi duong thang song song véi
mot trong hai truc toa do cat & nhiéu
nhat hai diém. Dung hinh chi nhat
nhd nhit ¢6 cdc canh song song véi
cic truc toa do6 chta mién D
(hinh 3.6). Gia sir hinh chit nhét dy 1a
[a, b] X [c, d]. Goi M, N, P, Q la giao
diém cua L vdi bién cua hinh chir
nhat. Cic diém M, P chia L thanh hai
cung M/ﬁ’@ c6 phuong trinh theo thif tr la y = y (x), y = y5(x).

Hinh 3.6

Cic diém N, Q chia L thanh hai cung NMQ,NPQ c6 phuong trinh theo
thit tr 14 x = x,(y), X = X(y). Néu f lién tuc trén D, ta c6 thé tinh
H f(x,y)dxdy theo congthiic.(3.14) hqag (3.d2). Tago :

D
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b y(x) d x(y
(3.16) J.dx I f(x,y)dy:J‘dy J. f(x,y)dx.

a  y(x) c X (y)
D6 1a cong thic déi thit tu tich phan.
Vi du ] : Hay xdc dinh cdc can tich
phén khi tinh I= Hf(x,y)dxdy, trong d6 D

D ]
N N < g 3. ~ < . i D1
la mllen gi6i han bdi cic dudng x = 2, E ~_
y=—.y=x (inh 3.7) o T2 %
Hinh 3.7

MiénDduqcxécdjnhbéilSxSZ,lSny,dodé
X

X

I= de j f(x,y)dy.
1 1/x

Néu ddi thir t tich phan, ta phan chia D thanh hai mién D, va D, ;
D, dugc xic dinh bai % <y<l1, lSxSZcanzduqcxzicdinhbc’fi
y

15y<2,y<x<2.Dodé

1 2 2 2
I= Idyj f(x,y)dx +J‘dyJ-f(x,y)dx.
1 1 1y

2y

RO rang céch tinh thit nhat don gian hon.

Tur vi du nay ta thdy rang khi tinh tich phan kép, c4n chon thd w tich
phén sao cho cich tinh don gian hon.

Vidu2:Tinh1= H(x2 +y2)dxdy, trong dé D la mién giGi han boi

D

céc dudng y = X, yEX T LY =1Ty="3(Hifl3°8):

R6 rang trong trudng hop nay nemlay tichphén theo x truéc. Mién D
dugc x4c dinh boi ¢ac bat dang thic 1< Y€y - 1 <x<y. Do dé
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3 y
=Jor s yonee i —
I y-l ‘Dl i
[}
3 X=v 1
3 / l
X |
-J( 2o ly”
P N3 ! !
3 0 1 R
3 3
Y oD }
= [|L4+y3 - _y2(y_1y|dy=
.[[3 y 5 Y =Didy Hinh 3.8

l

403 vyt
) [Y_J___(y_l)_hs S
12 3 12 .

Ban doc hdy déi thit tu tich phan dé so sanh hai céch tinh.

3.2.3. Déi bién sé trong tich phan kép
e Cong thitc doi bién s trong tich phan kép. Xét tich phan kép

j f(x,y)dxdy,

D
trong dé f(x, y) lién tuc trén D. Thuc hién phép déi bién s :
3.1 X = x(u, v), y = y(u, v).

Gia strrang :

1) x(u, v), y(u, v) la nhiing ham s6 lién tuc va cé cic dao ham riéng
lién tuc trong mot mién déng D' clia mat phang O'uv ;

2) Cac cong thic (3.17) xdc dinh mot song dnh tir mién D' lén mién
D ctia mat phang Oxy ;

3) Dinh thitc Jacobi
J= Bl ¥ x"’ # 0 trong mién D'.
DY)y, v,
Khi dé6 ta cé cong thirc
(3.18) [ foxvdxdy = [T eexuv.ywam| I dudy
D o
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Trudc hét ta xét mot hinh chir nhat A’ trong mat phang O'uv. dinh
dudi ben trdi cha n6 1a diém (uy, vp), hai canh cia né la Au, Av
(hinh 3.9), dién tich clia né 1a AS' = AuAv. Anh ciia A’ néi chung 1a mot
td gidc cong A trong mit phing Oxy c6 mot dinh la diém (xg, yo), trong
do x¢ = x(ug, Vp), Yo = y(ug, Vo).

Vlr Y4

b

| =

Tl
e

(Xo» o) AUF{

cy
O
x

Ol

Hinh 3.9
Phuong trinh cta canh duéi clia A'1a v = v, 4nh cha né 1a dudng c¢é
phuong trinh tham s6 la

X = x(u, vp), y = y(u, vp),
hay duéi dang vecto

1 (u) = x(u,vg)i +y(u,vg)j.
Vay vecto
1] =Xy (g, V)i +yy, (U, Vo) j=x,i+yy]
1a vecto ti€p tuyén cla dudng cong trén tai (Xg, yo). Tuong tu nhu vay,
vectd ti€p tuyén cua anh cla canh trdi clia A’ (tifc 12 u = ug) tai (x, Yo) la
Ty =Xy (ug,Vg)i +yy(ug,vg)j=xyi+y,J.
Vay khi Au, Av khd bé, ta c6 thé xdp xi dién tich AS cila
hinh thang cong A bdi dién tich cla hinh binh hanh xdc dinh bai
cic vecto Aurj,Avry, tic 1a boi chiéu dai cia tich vecto

AuT| A AvTy = AuAvr| AT;. Tacé

i j Kk ; \
— —/ 1 1 X -
T) ATY = [Xaa¥y Ozx‘“ i}lkz
M0 T Y
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N P
Yo Yy
Do dé ;
(3.19) AS = |1 AuAv = [J| AS..

Bay gid chia mién D thanh mot s6 hitu han manh cé dang hinh ti¥
gidc cong da néu trén hinh 3.10. Theo dinh nghia cua tich phan kép ta c6

n
[[fxydxdy=tim 3 fix,y0)A8;,
maxd;—0 :
D { i=l

trong d6 AS; 1a dién tich clia manh th i, (x;, y;) 12 mot diém tuy ¥ chon
trong manh 4y, d; 12 dudng kinh cta né. Goi (u;, v;) 1a di€m tng véi
(x;, ¥;)- Theo (3.19) ta ¢6

;. ¥1)AS; = £0x(uy,v;),y(u;, v HIIAS;.
Do do

n
” f(x,y)dxdy = lim Zf(x(ui Vi), y(us, v )ILAS;
D

maxd;—0

trong d6 d; la dudng kinh cia hinh chif nhat AS;, tdng tich phan & vé
phai trai trén mién D'. Tir d6 ta dugc cong thic (3.18).
yA
vi
AS,

/

(ui,vi) (xiyi)

cy
o
i

OI
Hinh'3.10
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Chui thich. Cong thic (3.18) van con
diing khi dinh thic J = 0 tai mot s6 diém
trong D. That vay, gia sir J = O tai diém
A trong D. Goi D 1a mién tron tjm A
bin kinh r ndm hoan toan trong D
(hinh 3.11). Coéng thic (3.18) diing
trong mién D — D;,. Goi D', Dy 12 nghich
anh cta D, D qua 4nh xa (3.17). Ta c6 Hink 311

_[ j fdxdy = jj fdxdy + H fdxdy = j [ flilduav+ H fdxdy.

D-D, Dy D'-D,

Vi f bi chin trong D nén c6 thé chon r di bé dé Ve > 0ta ¢

Do d6
lim H £13dudv = JI’S[ fdxdy.

-Dy
Nhung vi (3.17) 1a moét song dnh lién tuc, f 3] bi chén trén D' nén khi
r— 0 thi ﬂ £lJ|dudv — 0, do d6
Dy
H f13ldudv — Hf|J|dudv
D'-D,
Vay
| j fdxdy = [[flsldudv m
D D’
Vidy 1 : Tinh I= H (x+y)dxdy, D la mién gi6i han boi cic duong
D
y=-=xXy=x%x+3ys2k=1 y=2x+ 1.
Thuc hién phép d6i bi€n s&
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y
{u:x+y v
V==2x+y.

b6 1a mot 4nh xa tuyén W
tinh tir R? vao R2. Dinh thic oY A"

cla ma trin cla 4nh xa ay 1a

I 1
-2 1

=3+0.

Hinh 3.12

Anh xa dy 1a mot song dnh bi€n mién D lén hinh chi¥ nhat D' gi6i han
bdi cdc dudng u=0,u=3,v=—1,v=1 (hinh 3.12).

Vil =§, nén dp dung cong thic (3.18) ta dugc

3 1
| 1
I——3—Uududv—§.fudu.jdv—
D’ 0 -1
Lu2;zs 1 19
= - — A\ =——2=3
32 lO I-l 32
=y
Vidu2 :TinhI = He”ydxdy, D 1a mién x4c dinh boi x 20,y 20,
D
x+y<l.
Thuc hién phép déi bién
v = Y4 v
{x y_u hay T
X+y=v
1 1
x:—(u+V). (
2 N7 74
1 D | 7R
y=—(V—U). > L 1 -
2 o) X -1 (@] 1 u

Hinh 3.13

D6 1a mot song gnh trDIen D"Xac dinhboiu +v20,v—-u=>0,v<1]
(hinh 3.13). Ta co
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1
72Dy _[2
D(u,v) |_ 1
2

N —N|—
N | —

Do dé

v u

I =%J1;J"e%dudv =%.:[dv I evdu

-V

1
1 -1 1 >
===(f—g vdv=—(e—e
S(e—e™hvdv=—(e-e™)
0

e Tinh tich phan kép trong hé toa dé cuc. Cong thic lién hé giira cic

toa do dé cic (x, y) va toa do cuc (r, @) ciia cing mot diém 1a
X = Icos(, y = rsin@

Néur > 0, 0 £ @ < 27 thi cdc cong thitc &y xdc dinh mét song anh
giita cdc toa do dé cdc va toa do cuc. Riéng diém g6c toa do c6 r= 0va
Qtuyy.

Xem céc cong thiic trén nhu moét phép ddi bién s6, ta co

y=D&.y) _
D(r.9)
trir tai goc O. Do dé6 tir cong thue (3.18) suy ra

(3.19) I I f(x,y)dxdy = Hf(rcos @, rsin@)rdrdg
D D'

cos® -rsin@

) =rz0
sin@ rcos@

Theo chi thich & trén, cong thic (3.19') van ding trong trudng hop
mién D chia géc O.

Néu mién D dugc xdc dinh bdi o< @ <, r(9) <1 < 15(¢) nhur & hinh
3.14, ta dugc

B n
(3.20) ﬂ f(x,y)dxdy = j do j f(rcos @, rsin @)rdr
D a (o)

P6 1a cong thire tinh tich phéan kép trong toa 4o cuc.
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C
r( Q)
M L,
B
dr
Ly N D
A (o)
(0] ‘;3 ; o
Hinh 3.14 Hinh 3.15

Chii thich 1. Cling c6 thé tinh yéu t6 dién tich dS trong hé toa do cuc
nhu sau. Chia mién D thanh cdc manh nho boi cdc dudng tron dong tam
r = h (h khong déi) va cdc tia @ = k (k khong déi). Xem mbi manh
nho x4p xi nhu mot hinh chir nhat c6 kich thude la dr va rde, do dé
dS = rdrd¢ (hinh 3.15).

Chut thich 2. Néu g6c O nim trong mién D va moi tia xuat phat tir O
déu cét bién cha mién D tai mot diém cé ban kinh vecto 1a r(¢) thi

2 (@) Y4

_Uf(x,y)dxdy=j do I f(rcos@,rsin @)rdr.

0 0

D
dxdy
Vidyl:Tinhl= [[——2L—,
'g\/l +x2 +y? X
D la mot phén tu hinh tron don vi ndm

trong géc phén tu thit nhat (hinh 3.16).

Hinh 3.16
Chuyén sang toa do cuc, biéu thic dudi d4u tich phan dugc viét la
rdrd¢

\/l+r2‘

(p:O,(p:;—t. DOd()

mién D' duoc gidi han boi hai dudng r = 0, r = 1 va hai tia

107



Vi du 2 : Tinh I=‘U\/x2+y2dxdy,
D

Dlamlen xdc dinh boi x 2 y2-2y20, L
x +y -1<£0,x20,y 20 (hinh 3.17).

Haidu‘imgx2+y2-2y=0.x2+y2=l 5
c6 phuong trinh trong toa do cuc la
r = 2sin@, r = 1. Chiing ct nhau & moét

\
P s "
diém c6 toa do cuc la (l,——J. Vay mién
6 Hinh 3.17

D' duoc xdc dinh bdi 0 < @ < % 2sinp<r<1.

|
ridr=
ne

3

F

1
2sin@

do

Ot | A

n

6
Dod6 1= Idtp

0 2si

x -
16 1| n ¢ ‘
=, do==|2Z—
3J‘(l 8sin® )dg = 31 & I(l cos? @)sin@de | =
0 0
T T
= 3 |2
=1[E+8c05(p " 8= : 6:|=l(£+3\[_—ﬁ)
3L6 0 0 3\6 3

3

3.2.4. Ung dung hinh hoc cua tich phan kép

o Tinh thé tich ciia vdr thé. Thé tich cta vat thé hinh tru ma mat xung
quanh 13 mat tru c6 dudng sinh song song véi Oz, ddy 1a mién D trong
mat phing Oxy, phia trén gi6i han bdi mat cong z = f(x, y), f(x. y) 2 0 va
lién tuc trén D dugc cho bdi cong thite

V= H fxy)dxdy.
D
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Vi du I : Tinh thé tich V cba vat thé giéi
han boi cac mat phang x =0,y =0,z =0, N
x+y=1lvamatz=x"+xy+ L.

D6 12 mot vat thé hinh tru ma déy la mién D
gii han bdi cdc dudng x =0,y =0, x +y =1 ol
(hinh 3.18). Tréen Dta c6 z> 0, vay % U
o) N\ X

| f—x
—_ 2 _ 2 _
V= g(x +xy+l)dxdy-—_([dx Z'; (x° +xy+Ddy= Hinh 3.18

y2

|
= Idx.(xzy X Y=
0

y=0

! 3 4 2
_ j[_é__z+1)dx=(_x__z_+x)
0 2 2 8 4

Vi du 2 : Tinh thé tich V cita phdn hinh try gi6i han bdi mat x* + y? =2x
nim trong mat cau X2 + y2 + 72 = 4 (hinh 3.19).
Vi tinh d6i xiing, ta co

V=4J'.H4—x2 —yzdxdy, D la nlra
D

mat tron x° + y* —2x <0, y > 0. Chuyén
sang toa do cuc, mién D' dugc xédc dinh

1

0

2
=

b6i05<ps§, 0 < r < 2c0s0.

n Hinh 3.19
2 2cosq ;

vayV=4[do [ Va-rirar=
0 0

2cos ¢
8
o do=3

(4-12)3/2 (1-sin? @)do =

Ot | A

w| oo
Nl;‘ ol__,~|;\

p— ul-—-
|

o

S —
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o Tinh dién tich hinh phdng
Dién tich S cda hinh phang D duoc cho bdi cong thiic
S= H dxdy.
D
Vi du : Tinh dién tich S cta hinh gi6i han boi duong
(x2 + y2)2 = 2a2(x2 - yz).

Chuyén sang toa do cuc,
duong cong dé cé phuong
trinh 1a r* = 2a%c0s2¢, d6 1a
duong lem-nix-cat. Vi tinh
d6i ximg ta tinh dién tich
cta mién D dugc ddnh ddu
trén hinh 3.20, dién tich dy Hinh 3.20

bang —j— Mién D 4y dugc xdc dinh boi 0 < ¢ < % 0<r< a\2cos29.
Vay

&

ay/2cos2¢ 4

S % 2
Z=Id(p I rdr=azjc052¢d¢=
0 0 0

a
>
Z)

Do d6 S = 2a”.

e Dién tich mat. Gia st cé
mot mat giéi han boi mot dudng
kin. Phuong trinh cia mat la
z=1(x, y), trong d6 (x,y) — (X, y)
]2 ham s6 lién tuc va c6 cac dao
ham riéng lién tuc. Hay tinh dién

tich cia mat ay. 0

- ————— - - —— - ———

Goi D 1a hinh,chiéu-cua-mat
1én mat phing Oxy (hnh 3.2 1)1 14 P,
chia mién D thanh n manh nho. Hinh 3.21
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Goi tén va ca dién tich clia cic manh 4y 1a AS|, AS,,... AS,. Trong méi
manh AS; 14y mot diém wy y Pi(&;,n;). Ung véi n6 1a diém M, n;. )
trén mat. Goi T, la ti€p dién cua ZA
mat tai M;, AT; 12 manh cla mat T
phing T, ma hinh chiéu ctia né

xuéng mat phang Oxy la AS,. Dé
cho tién ta ciing ding ki hiéu AT,
dé chi dién tich cia manh AT,
Néu tit ca cdc manh AS; déu c6 o
dudng kinh kh4 nho, ta c6 thé xem

——t e —————— -

<V

n
téng ) AT; xdp xi nhu dién tich
i=l

clia mat di cho. Hinh 3.22

Goi y; la géc gilta phdp tuyén cia mat di cho tai M; va Oz
(hinh 3.22), ta c6
AS;
cosy;

ASi = ATiCOSYi = ATl =

Ta biét ring ba hé s& chi phuong cia phdp tuyén cla mat tai M; 1a
-P;» —q;, 1, trong d6 p; = z, (N;), q; = z,(N;) (xem muyc 2.2), N; 12 hinh
chi€u ciia M; xuéng mat phang xOy. Do dé

CosY; =——l———:> AT; =,/1+pi2 +qi2ASi
,[1 + pi2 + qi2
Vi vay ta c6 thé x4p xi dién tich chia mat bdi téng tich phan

i,/l +pi2 +qi2ASi
i=1

v6i do chinh xdc cang I6n khi n cang 16n va duong kinh d; cua AS; cang
nhé. Ngudi ta dinh nghia dién. tichLo| ¢Ua/maela gidi han, néu cé, cla
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téng 4y khi n — oo sao cho maxd; — 0. Gidi han 4y chinh la tich phan
kép J]\)1+p2 +q2dxdy va chic chén tén tai vi p = z),q =2z, lién tuc
D

trén D. Vay

(3.21) c=J’H1+p2 +q2dxdy
D

Vi du : Tinh dién tich cta phan mat cau X2 + y2 + 2> = 4 nim beén
trong mat tru X%+ y2 = 2x (hinh 3.19).

Vi li do d6i ximg, chi c4n xét phan ciia mat ndm trong géc phdn tdm
thit nhat. Khi d6

={4-x2-y2,

X g=z =¥
/4_x2_y2 1=2y /4_x2_y2
\/1+p2+q2 S

4-x2 —y2 '
Do d6
o= 4” —2-—dxdy,

D \/4 x2 —y?
trong d6 D 1a nita mat tron x” + y*> —2x <0,y > 0. Chuyén sang toa do
cuc, ta dugc

2cos(p

j -8[Va-r2

2cos@ do=
0

O'-—.Nl?-l

II
o'—.NI:

[E]

16

d=sin@)dos 16(%— 1).

[y, Y
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3.2.5. Ung dung co hoc cha tich phan kép

® Tinh khoi luong ciia mét bdn phang khong dong chdt

Cho mot ban phang chiém moét mién D trong mat phang Oxy. L4y
mot ménh tuy y cia ban 4y c6 dién tich AS va gia sir kh6i luong cua

manh 4y 12 Am. Gidi han, néu cé, cia ti s6 % khi AS — 0 sao cho

manh dy thu vé mot diém P clia n6 duoc goi la kh6i luong riéng cita ban
tai P va dugc ki hiéu 1a p(P). Néu ban 1a dOng chat, thi p khong déi. Néu
ban khéng dOng chdt thi p 1a mét ham s6 cua P.

Bay git gia sk cho biét khéi lugng riéng clia ban 14 mot ham s6 lién
tuc p(P) = p(x, y). Hay tinh kh6i lugng ctia ban. Chia mién D thanh n
manh nho AS), AS,,..., AS,, va chon trong méi manh AS; mot diém tuy ¥
Pi(x;, y;). Khéi lugng ciia ban dugc tinh x4p xi boi téng :

n -
2.P(R)AS;.
i=l
Gi6i han m, né€u c6, clia tdng d6 khi n — e sao cho maxd; — 0 (d; Ia
dudng kinh ctia AS;) duoc goi 1a khéi lugng clia ban. Vay
(3.22) m= j j p(x,y)dxdy.

D
Vi du Tmh kh6i lugng ciia ban phang choén mién D x4c dinh bai

x? +y ~-R%<0, x20,y20, blétkh(nluongnéng p(X,y) = xy.
Theo cong thic (3.22), ta ¢

m= ” xydxdy.
D
Chuyén sang toa do cuc, mién D' dugc xdc dinh bdi 0 < ¢ < g
0<r<R.Vyy

B
[

DL—aN |} O—=—|]

R
d(p_[ r2 cos @sin ¢rdrdo
0

sin 2
2

R L
d(p.,[r3dr=—cosz(p TN R
0 0

. 113
8- TOANCAOCAP - T3



® Moémen qudn tinh cia bdn phang. Theo dinh nghia mémen quan
tinh ctia mot chat diém c6 khéi lugng m dat tai diém P(x, y) d6i Vvéi truc
Ox, d6i véi truc Oy va doi véi goc toa do theo thit tr la

(3.23) [, =mx
Iy= m(x:2 + yz).
Bay gid xét mot ban phing chodn mot mién D trong mat phang Oxy
va ¢6 kho6i luong rieng p(X, y), v6i p(X, y) 1a mot ham s6 lién tuc trén D.
Dua vio cdc cong thic (3.23) va dinh nghia cua tich phan kép, ta c6 cic
cong thiic sau day dé tinh momen quan tinh clia ban phang déi véi truc
Ox, déi vdi truc Oy va doi véi goc toa do :

L= [[y2p(x.y)dxdy

D
(3.24) I, = j I x2p(x,y)dxdy
D
To = [[ (2 + y2)p(x,y)dxdy.
D
Vi du 1 : Tinh moémen quén tinh "

d6i véi goe toa do ciia mién tron D xic
dinh bdi mién tron % +y? -2Rx £ 0
(hinh 3.23) biét kh6i luong rieng

p(x,y) = X% +y2.

Tacd

Io=[[(x?+y? Wx2 +y2dxdy. Hinh 3.23
D

Chuyén sang toa-d6-cue; mién D' duoc xdc dinh bdi —gs(ps-,

(38

0 <r £Rcos, vay
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T
2  Rcosg
Ip = j do j r4dr =
. 0
2
z I
= [ R cosd gap=2R fcos? gup=2R2 4.2 165
17 ¢=3 PO="5"353775
_r 0
: 2
Vidy 2 : Tinh mémen qudn tinh d6i véi truc Oy clia mién D x4c dinh
2 2
bdi 2+ < 1, biét rang p(x,y) = 1.
aZ B2
Tacé
=Hx2dxdy.
D
Bién ciia mién D 1a dudng ellp 2 %2— =l=>y= iE\/az -x2.
a
Do dé6
L3
f b t 2b
Iy = I x2dx I dy = IT a? —x2x2dx
-a _E ! z_xz i
a

a
= %I\/az -x2x2dx.
0

) e et v i T :
Thuyc hién phép doi bién s6 x = asint, 0 <t < > Ta c6 dx = acostdt,

Va2 -x2 = alcostl = acost, do d6

5
Ia sin? tcos? tdt = 4ba3'[(51n t —sin® t)dt
0

n

= 4ba3(l_é _1.)_—@
g | HAJ
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® Trong tam cia bdn phdng. Cho mot hé gébm n chat diém c6 kh6i
lugng my, m,,..., m, dit tai cic di€m P (x,, y,), Po(Xp, ¥2)s-r Po(Xp ¥p)-
Khi dé trong tdm G ciia hé c6 cic toa d6 cho bai cong thirc

. n n
inmi Zyimi
i=l _ i=l

(3.25) xg =E—r0, yg =4 :

Ymo o Ym

i=l i=1
Bay gitr xét moét ban phing D trong mat phang Oxy. Néu kh6i lugng
riéng clia né 1a mét ham s6 lién tuc p(X,y), thi cic toa do cla trong tam
G ctia n6 dugce tinh bdi cong thic

H xp(x,y)dxdy I yp(x,y)dxdy

— D = D ’
(3.26) *G H p(x,y)dxdy NS H p(x,y)dxdy
D D

Néu ban déng chét thi p khéng déi, do dé6

(3.27) XG =é I j xdxdy, yg =é H ydxdy
D D
trong d6 S la dién tich clia mién D. -
Vi dy 1 : Xac dinh trong tam G clia mot ban déng chit x4c dinh bdi
x2+y2—150,x20,y20.
Goi D 12 mién chodn bdi ban d6. D6 1a moét phdn tu hinh tron. Vi ki

do d6i xiing, ta cé Xg = yg. Ding cong thic (3.27) d€ tinh y5. ViS= %

ta duoc
,,__2
—ij[dx ljx ydy-=ijl—x2 dx=2’-(x—ﬁ)|l o
Y6 =y nd 2 T 3 )0 3g
0 0 0
4
Va =y =
Y X6 =YG 3
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Vi du 2 : Xéc dinh trong tam G cua ban déng chat giGi han bi dudng
lem-nix-cat (x2 + y2)2 = 2;12(x2 - y2) g vdi x 2 0 (xem hinh 3.20).

Vi Ii do d6i ximg, ta c6 yg = 0. Vi dién tich clia ban bing a® (xem vi
du & muc 3.2.4), theo cong thic (3.27)

XG = ;lz—.g xdxdy

Chuyén sang toa do cuc, mién D' dugc xdc dinh bdi —-} <¢< %
0<r< a\2cos2¢@, dodo
n T
1 2 ay2cos2¢ 22 4
XG == I do I 12 cospdr =——a j cos@cos3/22¢de =
Trooo0 -
4 4

_£

(1-2sin2 @)3/2 cos pde.

o'—.pl.-l

Thuc hién phép déi bién s J2 sing = sina, ta duge

Tcos odo =
0

ul-h

3.3. TicH PHAN B0I BA

3.3.1. Khai niém tich phan bdi ba

Cho ham s6 f(x, ¥, z) xdc dinh trong mot mién déng, gi6i noi V cia
khong gian Oxyz. Chia mién V mot céch tuy § thanh n mién nho, goi tén
va thé tich ctia cic miénnho:4y k& AVy, dVan: AV, Trong moi mién

AV, 4y mot diém M;(x;, ¥;,2,)- Tong
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n
I =Zf(xas)’i,2i AV

i=l
duoc goi 1a t6ng tich phan ctia ham s6 f(x, y, z) trong mién V.

Neéu khi n — oo sao cho maxd; — 0 (d; la dudng kinh clia mién nho
AV;) ma I dan t6i moét gidi han xdc dinh I, khong phu thudc vao cich
chia mién V va cdch chon diém M, trong mién AV, thi gi6i han dy duoc

goi la tich phan boi ba cia ham s6 f(x, y, z) trong mién V va dugc
ki hiéu Ia

H f(x,y,z)dV.
\Y

Néu tich phan trén ton tai, ta néi ring ham s6 f(x, y, z) khd tich trong
mién V.

Ta thira nhan rang néu ham sé f(x, y, z) lién tuc trong mién bi chdn,
dong V thi né khd tich trong mién dy.

Néu f(x, y, z) 1a kh6i lugng riéng cta vat thé V thi tich phan trén cho
ta kh6i lugng cia vat thé 4y.

Néu f(x, y, z) = 1 thi mdv cho ta thé tich ciia mién V.

\Y%

Tich phan bdi ba ciing cé Zt
cic tinh chat tuong tu nhu tich
phan kép. dz(: | )V

Chii thich. Vi tich phan boiba ~ fememm- N
khong phu thudc cich chia mién
V thanh cdc mién nho, ta c¢6 thé
chia mién V bdi ba ho mat 0 dy
phing song song v4i cdc mit
phing toa do (hinh 3.24), do dé X
dV = dxdydz va cé-thé viét

I.U f(x,y,z)dV = 'UI fi(X,y,2)dxdydz.
v V

yv<

Hinh 3.24
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3.3.2. Cach tinh tich phan béi ba trong hé toa do dé cac

Tuong tu nhu khi tinh tich phan kép, ta c6 thé dua viéc tinh tich phan
boi ba vé viéc tinh ba tich phan don lién tiép.

Trong muc nay ta tinh tich phan boi ba

I= IH f(x,y,z)dxdydz,
\Y%

trong d6 ham s6 f(x, y, z) lién tuc trong mién V.

Néu mién V duogc gidi han bdi cdc mat z = (X, y), Z = 2y(X, y), trong

dé z,(x, y), zy(X, y) 1a nhimg ham s6 lién tuc trong mién D, D la hinh
chiéu cia mién V 1én mat phang Oxy (hinh 3.25), ta c6

z,(X,y)
(328) 1= ”dxdy j f(x,y,z)dz.
D z,(X.,y)

Néu mién D duoc gidi han bdi cdc dudng y = y((X), ¥ = y,(X), trong
d6 y,(x), y(x) 1a nhitng ham s6 lién tuc trén doan [a, b], ta dugc

b Y2 (x)  Zy(xy)
(3.29) I=de I dy j f(x,y,z)dz.
a  yx)  z(xy)

Vidu 1 : Tinh
dxdydz '

I=I£I(1+x+y+z)3’v 12 mién

I

i i

1z =24(xy)!

% ] ]

gi6i han boi cdc mat phang toa do o ! :
2 L H L
vamat phang x +y+z=1. al . 1 : v
o Y1 NBD v = vt

X
Hinh 3.25
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Mién V duge xic dinh bdi cdc bat
ding thic : 0 < x<1,0<y <1 —x,
0<z<1-x-y (hinh 3.26). Do cong
thic (3.29)

dz _
(A+x+y+z)

Hinh 3.26

X

1-x =2
=idx J‘ (1+X+—};+ Z) z=l-x~y dy=
0 0 z=0

1l 1-x 1 =iz
T e T e

20 5 4 (1+x+y)2 1+X+Y

1 2 1
= __].‘_J‘(E__’E_L)dx=—l|:.3_x.—_x___.ln(l+x)]

20 4 4 1+x 2L 4 8
_lp, 5

2ln2 16

Vidu2 : Tinh I = ” zdxdydz, V 1a nira hinh c4u giGi han bdi mat
A"

z=0vamitz= {R2-x2-y2.

Goi D Ia hinh chi€u clia V 1én mit phing z = 0, d6 la mat tron don vi.
Theo cong thirc (3.28), taco :

R2 _XZ _yZ

I= ﬂdxdy I zdz = %H(R2 Z x% —y2)dxdy.
D 0 D

Chuyén sang toa do cuc dé tinh tich phan kép trén, ta dugc

1 i R nR4
I=— | do|(RZ-r rdr——— R?2-r2)2|" =——.
2?[ (Pj( ) ( ) 3

Chii thich. Ciing nhu d&i v6i' tich’ phan=kép, ta c6 thé déi thu wr
tich phan khi tinh tich phan~boi bad[Ta3cling c6 thé tinh tich phan
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I'= [[[fx.y.2)dxdydz nhu sau. Goi S(x) Ia thiét dién cita mién V' b
\%

mit phing vuong géc véi truc Ox tai x. Khi d6

(3.30) I=])-dx H f(x,y,z)dydz.
a  S(x)

Vi du : Tinh J' j f x2dxdydz,
\"

V 1a mién giGi han b&i mat elipxait
S 1 (hinh 3.27)
~—+2-+=_ =1 (hinh 3.
az b2 2

Theo céng thitc (3.30) ta c6

a
I= I x2dx H dydz, Hinh 3.27
-a S(x)
j j dydz bing dién tich cla thiét dien S(x). Vi S(x) la mién gi6i han boi
S(x)

2 2 2
o o ¥ OE X
duong Cllp ‘t—)—z- +;'E' =1 —a2
hay
y2 22

s =1

7V 2V
X X
9 | & ol B
{ az) ( az)

2
nén dién tich cia S(x) bang mtbc (1 - x—zj Do d6
a
a 2 a 4
1= nbcj x2 (1 —Ljdx = 2nbcj(x2 —x—)dx =
al al
- 0
3 5
X X a 4 3
=2nbc| —~A—[|| . =—matbc.
( 3 \W5a2 )'O 13

121



3.3.3. Phudng phap déi bién sé trong tich phan bdi ba
® Cong thirc doi bién s6'trong tich phan béi ba. Xét tich phan boi ba
H f(x,y,z)dxdydz,
\Y%

trong d6 ham s6 f(x, y, z) lién tuc trong V.

Ta thuc hién phép déi bién s6

X =X(u,v,w)

(3.30) y =y(u,v,w)

z=1z(u,v,w)

Gia sur rang :

1) x(u, v, w), y(u, v, w), z(u, v, w) la nhimg ham s6 lién tuc ciing véi
cdc dao ham riéng cdp mot cua ching trong mot mién déng V' cla
khong gian Ouvw ;

2) Cic cong thic (3.30') xdc dinh mot song dnh tir mién V' 1én mién
V ctia khong gian Oxyz ;

3) Pinh thiic Jacobi

X X, X
e DX,y.2) |+ o o

" D@u,v,w) |V

z, Z, z
trong mién V'
Khi dé ta c6 cong thirc

(3.31) j j £(x,y,z)dxdydz =
v

= [[[ foxcu, v w), y(u, v, 20, v, w17l dudvdw.
A"

o Tinh tich phdn béi ba trong hé toa d¢ tru. Toa d6 tru chia mot diém
M(x, y, z) trong khong gian Oxyz 1a b6 ba s6 (r, ¢, z), trong dé6 (r, @) l1a
toa do cuc cha diém M(X,y), Wil chigl clia M 1én mat phing Oxy
(hinh 3.28). Véi moidiém cia khong gian)/tacé

12 0, 0<SQ<2M, —oo KIZAEH bo.
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Gilta cdc toa do dé cic (x, y, z) va z
toa do tru (r, @, z) cta diém M c6 méi
lién heé :

M(x,y,z)

(3.32) X =rcos@, y = rsin@, z = z.

Néur>0,0<¢<2m, L
—° < Z < + oo, thi cdc cong thirc (3.32) /%\'M'

xéc dinh mot song 4nh giita cic toa d6 %
dé cdc va toa do tru. Riéng cic diém
trén truc Oz ¢6 z xdc dinh, r = 0 va @

tuy y. Dinh thic Jacobi cia phép bién
déi (3.32) 1a '

<y

Hinh 3.28

cos@ -rsin@ O

J=[sing rcosqp 0|=[05¢ “TSINQ

sin@ rcosQ

0 0 1
J# 0 v6ir#0. Cong thiic (3.31) cho ta
(3.33) J‘ j f(x,y,2)dxdydz = 2
Y

= H f(rcos@,rsin@, z)rdrdedz.
v
b6 1a cong thie tinh tich phan boi ba’
trong heé toa do tru.

Cong thic 4y cling vin ding khi
mién V chia nhitng diém trén truc Oz.

Vidu I : Tinh Hinh 3.29
I= J' H\/xz +y2.z dxdydz, V 1a mién hinh tru gii han boi cic mat
\Y%

x2 + y2 =2y, z=0, z=a (hinh 3.29). Chuyén sang toa dé tru, ta c
oa
1= j J' j r2zdrdpdz = Hrzdrd(p fmz,
% D 0

123



trong d6 D 1a mién tron gidi han bdi dudng x> +y? =2y hayr= 2sing,
do dé

n 2sinQ
Id(p I ridr =
0

0
T
L
i

2n
=%J‘sm (pd(p——J.(l cos? @)sin @dg.
0

I

1]
NI“‘N

a?
2

(Z)S"“p.d(p —

Patu=cosg,tacéodu= —sm(pd(p, véy
16a2

j'(l- 2)du_—J'(l u2)du =
Vidt_tZ:TmhI=J.H(x +y +zz)dxdydz,Vlam1énhinhn6ntrc‘>n

xoay gidi han bdi cac mat Z=x*+ y2, z = a (hinh 3.30).
Chuyén sang toa d6 tru, ta cé

I= J.J.J‘(r2 +22 )rdrdedz = _[ I rdrd(p]l‘(r2 +22 )dz trong d6 D 1a mién
D r

v
tron gidi han boi dub‘ng r=a,dodé
2n  a
I= I d(p_[rdrj(r +zz)dz g
0

0 0
- a
a2 —
0
_2n ar4 +a3i—if_)a_ﬁ
- 4 |6SFEHY 10 Hinh 3.30
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i g LIy . z/
® Tinh tich phdan boi ba trong hé toa

dé cdu. Toa do cdu cia mot diém
M(x, y, 2) trong khéng gian Oxyz la bo M(x.y.z)
ba s6 (r, 0, @), trong d6 r = OM, ¢ la

goc gilta truc Ox va OM’', M’ la hinh

chi€u cia M lén mat phing Oxy, 0 la ) ali 5

géc gilia truc Oz va OM (hinh 3.31). ¢ "

Véi moi diém M(x, y, z), ta c6 X
0<r<+e,0<0<m,0<@<2m. Hinh 3.31

Giifa céc toa do dé cédc va toa do cdu clia diém M, c6 mé6i lién he
(3.34) X = rsinBcos, y = rsinBsing, z = rcosH.

Néur>0,0<6<m, 0< @< 2m, thi cic cong thic trén xdc dinh mot
song dnh giifa cdc toa do dé cdc va toa do cdu. Riéng diém gé6c toa do
c6r=0, 0 va @ tuy ¥, cdn nhimg diém trén Oz c6 r x4c dinh, 8 = 0 hoac
6 =7, @ tuy y. Dinh thitc Jacobi ctia 4nh xa (3.34) 1a

sinBcos@ rcosBcos¢@ -rsinBsin
J=|sinBsin@ rcosOsing@ rsinBcos®|=-r12sinb,
cos6 —-rsin® 0

J #0véir#0 vasin® # 0. Tu cong thic (3.31) ta dugc

(3.35) H f(x,y,z)dxdydz =
V

= H f(rsin @cos @,rsin Osin ¢, cos 0)r? sin 6drdede.
\Y%
P6 1a cong thidce tinh tich phan boi ba trong hé toa do cau.
Cong thic (3.35) vin ding khi mién V chifa nhitng diém trén truc Oz.

’ . i = —_l—
Vidu ] - Tinh jy\/m

: ; 2
halmatcaux2+y2+zz=l,x2+y2+z 24

dxdydz, V la mién gidi han boi
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Chuyén sang toa do cdu, ta c6

1= mrsin 6drd8de.
>

Mién V' dugc xdc dinh boi 1 <r<2,0< @ <2n,0<0< 7 Vay

2n W 2
1= j do j sin 6d0 J' rdr = 21:.2.% =6m
0 0 1

Vidy 2 : Tinh I = ﬂ (x2 +y2)dxdydz, V 12 mién xdc dinh bdi
\%

x2+y2+22SR2,220.
Chuyén sang toa do cdu, ta c6

I= j j j r4 sin3 8drd6do
"

V'lénirahinhc{iutrénxécdinhb(’JiOSrSR,OSGSg,OS(pSZn.
do d6
n
2n 2 R g 5
I= j dcpjsin3 edej'r‘*dr:zn.g.-R—_ i
AR . 35 15

3.3.4. Trong tam cla vat thé

Cho mot vat thé V trong khong gian Oxyz. Néu khéi luong riéng cua
vat thé tai M(x,y,z) 1a p(x, y, z) thi khéi lugng ciia vat thé duoc cho bai
cong thic

m= Hj P(X,y,2)dxdydz:
Y
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Toa d6 cua trong tam G cia vat thé duge cho bdi

XGg = ij{g xp(X,y,z)dxdydz

(3.36) YG =i'm‘yp(x,y,z)dxdydz
Vv

2= —;:L[J‘ zp(x,y,z)dxdydz.

N

Néu vat thé déng chat thi p khong déi, do d6

XGg = %Iy xdxdydz

3370 dyg =-\17m ydxdydz
\Y

G = %J.‘Uzdxdydz
L \%

trong do ta ciing ki hiéu V 1a thé tich cha vat thé V.
Vi du : Xac dinh trong tam cla vat thé déng chat gi6i han bdi mat
nén z° - x> — y2 =0 (z> 0) va mat cau X+ y2 +22=1 (hinh 3.32).

Giao tuyén ciia mat nén va mat cdu duge xdc dinh boi

2

i 2:>222=1:z=—2—.

l1-z"=z
Do dé nhimg ban kinh vecto
cha cac diém trén giao tuyén 4y
. T
lam véi truc Oz moét géc bang T
Vi Ii do d6i xing xg = yg = 0.
Chuyén sang toa do cdu dé tinh
zg theo cong thiic (3.37)-Ta €0 Hinh 3.32
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V= JH r2 sin 6drd8de.

Mién V" duoc xéc dinh b5i0<r<1,0<0< % 0<@<2m
Do dé

Ciing vay, ta cé
Hj zdxdydz = J‘” rcos0.r? sin0drdéde

g % 3 11 =
=£d(p.(|;smﬁcosed6_|. dr=27 Zz=§

3 3 .2
Do d6 —— = 1+—|.
° T2 8( 2)

TOM TAT CHUONG Ml

o Tich phan phu thutc tham s6 I(y) = jf(x,y)dx

' a
— Néu f(x, y) lién tuc trén [a, b] x [c, d] thi I(y) lién tuc trén [c, d).
— Néu f(x, y) lién tuc trén [a, b] X [c, d] thi

d b(d
jl(y)dy = j(jf(x, y)dy]dx.
(o

a\c

128



— Néu f(x, y) lién tuc theo x trén [a, b] v6i moi y khong ddi trong

[c. d] va f(x,y) lién tuc trén [a, b] x [c, d] thi

b
I'(y) = [ £y 0, y)dx.
a

+oo
¢ Tich phan suy rong phu thudc tham s6 I(y) = I f(x,y)dx
a
— Tich phan suy rong I(y) dugc goi 12 hoi tu déu dén y € [c, d] néu
Ve >0, 3B > 0 sao cho
ey
I f(x,y)dx
b

b>B= <¢ Vye [c,d].

<00
- Néu If(x,y)| < g(x), V(X, y) € [a, +e°) X [c, d] va néu I g(x)dx
a
hoi tu, thi I(y) hoi tu déu dé6i véi y € [c, d].
— Néu f(x, y) lién tuc trén [a, +<°) X [c, d] va néu I(y) hoi tu déu d6i
Voi y € [c, d] thi I(y) lién tuc trén [c, d].
— Néu f(x, y) lién tuc trén [a, +e) X [c, d] va néu I(y) hoi tu déu d6i
véiy € [c, d] thi

d +oof d
jl(y)dy: I {jf(x,y)dy]dx.
C

a C
— Néu f(x, y) lién tuc d6i véi x trén [a, +o) véi moi y khong déi
thuoc [c, d], f)',(x,y)lién tuc trén [a, +o°) X [c, d], néu I(y) hoi tu va néu

o0
tich phan j £, (x,y)dx hoi tu déu d6i véi y € [c, d] thi

a

400
L'y 5 Lxyex

a
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* Dinh nghia tich phan kép
Cho ham s6 f(x, y) xdc dinh trong mot mién gidi noi, déng D C R
Chia D thanh n méanh nho AS;...., AS,. Trong AS; 14y mot diém tuy y
n
M;(x;, y;)- Gi6i han, néu cé, clia tong Zf(xi ,¥i)AS; khin — o sao cho
i=l
maxd; — 0, d; la dudng kinh cia AS;, dugc goi la tich phan kép cua f(x, y)

trén D va duoc ki hiéu la

”f(x,y)dxdy.
D

Néu tich phan 4y tén tai, ta n6i rang f(x, y) kha tich trén D.

Néu f(x, y) lién tuc trén D thi né kha tich trén D.

e Tinh tich phan kép trong toa do dé cic

— Néu mién D 12 hinh chit nhat xdc dinhbdia<x<b,c<y<d, thi

”f(x,y)dxdy 5 Jt:dx}f(x,y)dy
D a ¢

~ Néu mién D dugc xdc dinh bdi a<x < b, y;(x) Sy < y,(x)

b (x)
Hf(x,y)dxdy =Idxyzjx f(x,y)dy.
D a y(x)

e D4i bién s6 trong tich phan kép
Xét tich phan kép I = ”f(x,y)dxdy. Thuc hién phép ddi bién s6
D
x=x(u, v),y=y(u, v).
Khi d6
I= Hf[x(u,v),y(u,v)]|J|’dudv
g
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trong dé J 1a dinh thitc Jacobi

[ '
XU xV i

’

J= D(x,y) _
D(u,v)

Yu Vv
anh cta D' qua phép bién déi trén l1a D.

e Tinh tich phan kép trong toa do cuc

” f(x,y)dxdy = H f(rcos @, rsin@)rdrde.

D D’
e Thé tich cha vat thé hinh tru c6 dudng sinh song song véi Oz, ddy

la mién D trong mat phang z = 0, & phia trén gidi han bdi mat z = f(x, y),
" trong d6 f(x, y) 2 0 trén mién D, bang
V= Hf(x,y)dxdy.
D

e Dién tich ctia mién D trong mat phang Oxy bang

S= j' j dxdy
D
e Dién tich ciia mat cong z = f(x, y) giéi han boi mot duong cong

kin bing
S= J.'Hl +p? +q2dxdy,
D

trong d6 D Ia hinh chiéu cia mat cong lén mét phang Oxy, p = Zy, Q= Zy.

e Néu ban phéng D trong mat phéng Oxy c6 khai lugng rieng p(x, y) thi

— Khéi lugng ciia ban D bang
m= ” p(x,y)dxdy
D

— Momen quén tinh clia ban D déi véi Ox, déi véi Oy va doi vdi goc
toa do bang

1, =[ffy2pyyxay
D
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Iy = ”xzp(x,y)dxdy
D

Io = [[ (2 + y2)p(x.y)dxdy
D

— Toa do cua trong tam G cia ban D la

XG = i”xp(x,y)dxdy
D

Y = iﬂ yp(x,y)dxdy.
D

¢ Dinh nghia tich phan bodi ba

Cho ham s6 f(x, y, z) xdc dinh trong mot mién gidi noi déng V C R,

Chia V thanh n mién nhd AV, AV,,..., AV,. Trong AV; 14y mot diém
n

wy ¥ Mi(x;, ¥;, ). Gidi han, néu c6, chia téng Zf(xi,yi,zi )JAV; khi
i=l

n — oo sao cho maxd; — 0, d; 1a duong kinh cia AV;, dugc goi la tich
phan boi ba clia f(x, y, z) trén mién V va dugc ki hiéu la

m f(x,y,2)dxdydz.
\Y

Néu tich phéan 4y t6n tai, thi (X, y, z) dugc goi 1a kha tich trén V.

Néu f(x, y, ) lién tuc trén V thi n6 kha tich trén V.

e Tinh tich phan boi ba trong toa do dé cic

Néu mién V dugc xdc dinh bdi a < x < b, y;(x) < y < y,(x),
Zi(X, y) S22 25(X, y) thi

b ya(x)  z(x,y)
H f(x,y,z)dxdydz=jdx I dy j f(x,y,z)dz.
\Y AT \/zibay
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* D3i bién s4 trong tich phan boi ba
Néu thuc hién phép déi bién s6 x = x(u, v, W), y = y(u, v, w),
z=12(u, v, w) thi

.[.” f(x,y,z)dxdydz =
\Y%

= ij[x(u,v,w),y(u,v, w),z(u,v,w)]|J|dudvdw
Vv
trong d6 J 1a dinh thic Jacobi

X X X
j Dy - R
D(u’v‘w) y'u y'V y'w ’
u ZV ZW

anh clia V' qua phép bién ddi trén 12 V.
e Tinh tich phin boi ba trong toa do tru
H f(x,y,z)dxdydz = H f(rcos@,rsin@,z)rdrddz.
\% \'2

e Tinh tich phan boi ba trong toa d6 cau
I” f(x,y,z)dxdydz =
v &

= H f(rsin 0 cos®,rsinOsin@,rcos 8)rZ sin BdrdOdep.
by
e Thé tich V cua vat thé V bang

V= j J/ j dxdydz.

e Néu vat thé V c6 khai lugng riéng tai diém (x, y, z) 1A p(x, y, ) thi :
— Khai luong cha vat thé V bang

m= I H p(X,y,z)dxdydz.
\'
— Toa do cha trong tdm G clia vat thé, Va
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XG =$Iﬂxp(x,y,z)dxdydz
\Y

1

Y6 = ;ﬂj yp(X,y,z)dxdydz
\Y

g = r—L—IH zp(X,y,z)dxdydz.
\%

Bai tap
1. Ching minh rang tich phan phu thuéc tham s6
|
I(y) = [fx,y)dx,
0

trong d6 f(x, y) 1a mot ham s§ gidn doan xdc dinh boi

fx,y)= {

ham s6 u = I(y).

Inéux=y

» , lamot ham s6 lién tuc ciia y. VEé dé thi cla
—lnéux<y

2. Khao sat su lién tuc cta tich phan

1
yf(x)
I(y) = [ 5-—5dx
0 X< 4+ y

trong d6 ham s6 f(x) lién tuc va duong trén (O, 1].

1
3. Tinh Ixa(m x)"dx, trong d6 a > 0, n nguyén duong.

0
+°°arct (xX+y)
4. Chimg minh T3Ag 1Y) = j —%dx 14 lién tuc va khi vi
W
0

trén R. Tinh I'(y) 161 suy-ra bi€u thic ctia i),
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S. Tinh cdc tich phan

dx
1) | —————, trong d6 y > 0, n nguyén duong
-('; (X2 + y)n+l g y
+°°e—(xx _a—PBx
2) J dx, trong d6 a>0,$>0
5 X
+oo _axz _ _BXZ
3) fe ¢ dx, trong dé a>0,B > 0.
0 x>
6. Tinh H(cosz x +sin? y)dxdy, D1la hinh vuong 0< x < g— 0<y< -;E
D
7. Déi thit tu tich phan trong céc tich phén sau :
2 4 3 2
D [ dx [ feeydy ; 2) [dy [ f(x,y)dx.
- T 1 0

8. Tinh U oy , mién D dugc xdc dinh bdix 21, y2 1, x+y<3.
S (x+y)

9. Tinh ”xz(y —x)dxdy, D la mién gi6i han boi cdc dudng y = x*
D

va x =y2.

10. Tinh ”ln(x +y)dxdy, D la mién gi6i han boi cdc dudng x = 1,
D

y=l,y=1+x

[ |9

mlx
N

11. Tinh [[|x+y|dxdy. D1ahinh vuong [x| <1, |y] <1.
D
12. Tinh j j f(x,y)dxdy, D la mién gi6i han boi dudmg elip
D

X2 y2

5 Y a2 b2

+_)_/__ =1, conf(x, y)= J. zdz,
b2 0
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13. Tinh H (x-y)dxdy, D la mién gidi han bdi cdc dudmg
D

y=2—x2,y=2x—— L.
14. Tinh j j (x> +y2+1)dxdy, D la mién giéi han béi dudmg
D

x2+y2—x=0.

15. Tinh j j Jx2 +y2dxdy, D Ia mién gi6i han béi
D

1) Cac dudng tron x2+y2=a2, x2+y2=4a2a>0

2) Budng hoa hong bon cdnh r = asin2¢@ a>0.
16. Tinh H(x +2y +1)dxdy, D la giao chia hai hinh tron x> + y2 <2y
D

vz‘1x2+y2S2x.
17. Tinh ﬂ,/4—x2—y2dxdy : D la mién xic dinh bdi
D

x2+y2—2xSO,y20.

18. Cho Ia = Ije—xz_ydedy, Ja = Ije_xz—yzdde, trong dé ])a
D, A,
dugc xdc dinh boi x 20,y > 0, X+ y2 < a2, A, duge xdc dinh bai
0<x<a0<y<a.
1) Tinh L.
a

2) Chimg minh rang Va >0, [, <J, < I,/7- Suyra lim e dx.

a—)+°°0
19. Tinh H(x+y)3(x—y)2dxdy, D la mién gi6i han bdi céc duong
D

x+y=Lx-y=Lx+y=3,x-y=-1.
20. Tinh dién tich hinh phang gidi han bdi cic dudng
1)x=4y—y2,x+y=6
2)yt=x, y2=8(6_--x)3

136



Dy=2y=~2 y=4

4) r = acos, r = bcos@ (b >a > 0)
S) r = asin2¢.
6) y =0 va mot nhip ca dudng xi-clo-it.
x = a(t — sint), y = a(l — cost), 0 St < 2m.
21. Tinh thé tich cha vat thé gidi han bdi cdc mat
1)z=x2+y2,z=x+y

2 2

2)x2+y2+zz=22,x +y2=z :
22. Tinh dién tich ctia phan mat nén Z=x>+ y2, z 2 0 nam & trong
mat try x* +y2= 1.
2 2

23. Tinh dién tich clia phin mat z ="—+y? (a> 0, b>0) nim &
a
2 2
N o ol
trong mat tru a—2+ 3 =1.

- 24. Tinh dién tich cta phdn mat cdu x>+ y2 +7°=a’ nim & trong
hinh tru (x2 + y:)‘)2 = a2(x2 - y2) (a>0).
25. X4c dinh trong tam cua cdc ban phang déng chét gidi han boi
cac duong :
Dy’ =4x+4,y° = 2x +4

B
25 9 5
3)y2=x,x2=y
4)y= V2x-x2,y=0
5)r=a(l + cos®) (a>0).

x <y <2x,

26. Tinh m 2dxdydz, V 1a mién x4c dinh bdi 0 < x < %,
A"

0<z< J1-x2-y?,
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27. Tinh J' f j (1-x -y -2z)dxdydz, V 12 mién x4c dinh bdi x > 0,
‘ A"

y20,220,x+y+z<1.
28. Tinh I j j (x2 +y2 +z2)dxdydz, V 1a mién xdc dinh bdi x > 0,
A\

y20,z20, §+1+Es 1.
a b c

29. Tinh j j j |xyz|dxdydz, V 1a mién xdc dinh bdi
A%

x2+y252z,OSzSa.

30. Tinh I”(xz +y2 +22)dxdydz, V 1a mién
A\

x2+y? 2%
a2 3a?
31. Tinh m ydxdydz, V 1a mién giGi han bdi cdc mat
A%

y=vVx2+22, y=h(h>0).

. dxdydz
32.TumjjjJ2 - -
vV VX“+ty“ +(z-2)
xX2+y?<1,-1<z<1.

33. Tinh ﬂ J' 22dxdydz, V 1a mién xdc dinh bi
\Y

, V 1a hinh try

x2+y2+zzsR2.

34. Tinh m x2y2z2dxdydz, V xac dinh bdi
A%

2 2 2
2(_+_)’_2+Z_2 <l1.
a? b2 ¢

35. Tinh m (xy +yz + zx)dxdydz, V xdc dinh bdi
\"

2
x2+y2+zzsR.
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36. Tinh thé tich cha vat thé giéi han bdi cdc mat
x2+y2+22=22, x2+y2=22.
37. Tinh thé tich cta vat thé xac dinh boi

0< _x_j_+2'_2__fi <1,-h<z<h
az b2 ¢?
38. Tinh thé tich cha vat thé xdc dinh boi
OSsz2+y2,x23ySl.
39. Tinh thé tich cta vat thé gii han bdi 6 mat phéng
X+y+z=13,
X+2y—-z=11,
X+4y+z=12.
40. X4c dinh trong tam G cha vat thé gidi han boi cdc mat
1)x+y=1,z=x2+y2,x=0,y=0,z=0
2)x2+y2=2az,x2+y2+zz=3a2,(220,a>0)

3)2x+3y-12=0,x=0,y=0,2=0, 2= 5",
Dap so va goi §
LLIly)=1néu —o<y<0,I(y)=1-2ynéu0<y<1,I(y)=-1néu
1 <y < oo,
2. I(y) gidn doan tai y = 0.

n! 1
3. (D" (g 4+t (Patl(a) = j x%dx, tinh I(0),..., I™ ().
0

1.35..2n-1) = B
! :2) In— ;3 —Ja).
D= m 23y ) g ) V(B -a)

72
4 Ay 2 3 6 3
7.1) Idy I f(x,y)dx; 2) Idxjf(x.y)dy+jdx I f(x,y)dy.
0 —Jy O |1 2] x/2
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10.

12.

14.

18.

16.

17.

18.

19.

20.

21.

22.
23.
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25. 1) [E,O] : 2) ( 10 LJ ;
5 3(n-2) n-2
2020 "3 6

2. 33 27. L.
3072 4!
28. —(a2 +b2 +c2). 29, lal‘*.
60 2
47a° nh*
30. . 31.
3
2.7 3@—8—\/§+1n-‘/5'1 .
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Chuong IV
TICH PHAN PUGNG. TICH PHAN MAT

4.1. TiCH PHAN BUUNG LOAI MOT
4.1.1. Binh nghia

Cho ham s6 f(M) = f(x,y) xdc dinh trén m6t cung phang AB Chia
cung AB thanh n cung nhd bdi cic diém Ay = A, A}, A,,..., An B
(hinh 4.1). Goi do dai cung A;_jA; la As;. Trén cung A;_|A; ldy mot
diém tuy ¥ M(&;, ;). Néu khi n — oo sao cho maxAs, — 0, tdng

n
Zf (M;)As; dan t6i mot gidi han xdc dinh, khong phu thudc vao cich

i=l
chia cung AB va cich chon diém M; trén cung A;_jA,, thi gi6i han dé
duoc goi la tich phdn duong loai m¢r ciia ham s6 (X, y) doc theo cung
AB va duoc ky hiéu la I f(x,y)ds. Néu tich phan 4y tdn tai ta ndi ring
AB . »
ham s6 f(x, y) 1a khd tich trén AB. B

Néu cung AB dugc cho bdi phuong
trinh y = f(x), x; < x £ X,, n6 duoc goi la
tron néu ham s6 x — f(x) c¢6 dao ham Ai

lién tuc trén [X,, X,]. Néu cung AB dugc AT A1
cho bdi phuong trinh tham s6 x = x(t), o —

y = y(1), t; £ t < tyreung-AB-tron-néu-cde
ham s6 t — x(t), L y(t) co dap]ham
lién tuc trén [t;, t,].

Hinh 4.1

142



P

Ngudi ta chimg minh duoc ring néu cung AB tron va néu ham sé
flx, y) lién tuc trén XE thi fix, y) kha tich trén K\B

Trong tich phan dudng loai mot, ngudi ta khong dé y dén chiéu trén
cung AB.

Néu cung vat chat ;:l; ¢6 khdi lugng riéng tai M(x, y) la p(x, y) thi
kh6i lugng cuia cung AB bang I p(x,y)ds khi tich phan 4y tén tai.

AB
Chiéu dai cung AB duogc tinh bing I ds.
3

Tich phan dudng loai mot cé céc tinh chat giong tich phan xac dinh.

Cung AB duoc goi 12 tron ting khiic néu né gom mot s6 hitu han
cung tron. Néu cung AB tron timg khic va néu ham s6 f(x, y) lién tuc
trén XI\B thi f(x, y) ciing kha tich trén Xﬁ

4.1.2. Cach tinh

Gia str cung AB tron va dugc cho boi phuong trinh
y=y(x),a<x<b

va gia sir rang ham s6 f(x, y) lién tuc trén cung AB. Goi (x;, y;) 1a toa do
cla diém chia A;, i = 1, 2,..., n, Ax; = X; — X;_1, Ay; = y; — ¥;.1- Khi Ax;
khd nho, AS, x4p xi bing chiéu dai doan thing A; | A; :

2
Ay
Asiz "Axi2+Ayi = 1+[Z§L] AXi.

i
Theo cong thic s6 gia gidi ndi
Ay;  y(X{)—y(Xi_) _
AX‘ - AX- yl(&.q)a

1 1

trong d6 x;.; <&; <x;. Do dé
AS; = ,/1+y;2(§i)Axi.
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Goi M; la diém (&, y(&;)), né nam trén cung A;_;A;. Tacé

n n
D AM)AS, =Y 1 yE W1+ y2EDAK,

i=1 i=1
V& phai la téng tich phan cia ham s6

X — f(X, y(x))y1+y2(x) trii trén doan [a, b], do d6

1[13%1_)02f(M )AS; = lim Zf(é.py(é.))JHyz(é)
max

max Ax; =0
hay
(4.1) j f(x,y)ds _jf(x yOOW! +y2(x)dx

AB a

- Ta da dua viéc tinh tich phan dudng loai mot vé viéc tinh tich phan
xac dinh cia ham s6 mot bién s6.

Néu cung AB duoc cho boi phuong trinh tham s6
x=x(1),y=y®,t; St<t,,

thi viy'(x) = Y E ; nén tur cong thic (4.1) ta suy ra

(42) jf(x y)ds = j FX, YOWX 2 +y 2 (Ode
Vidy : Tinh I = I\/x +y2ds, L Ia

3
duong tron x + y =a X (hinh 4.2).
Phuong trinh cia dudng tron c6 thé viét
a ) aZ ; /\
la (x _5) + y2 =—I, vi vay phuong trinh s
2

tham s6 cia nd la

a a .
_a =3 <t <
X = 2(1+cost), - ) Hinh 4.2
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Do d6

2
* ' a
x2+y2="",
4
2
a t
X2 + y2 = —(1+cost)=a2 cos? —,
2 2
,/ t t . m_t_m
X2+y2=acos—=acos-—,vl——5_g_
2 2 2722
a2 T t 3 t t
[=— j cos—dt =a2.[cos—dt =2a2sin—|" =2a°,
2. 2 ;2 210

4.1.3. Trudng hgp dudng |3y tich phan la mét dudng trong
khong gian

Tich phan dudng loai mot clia ham s6 f(x, y, z) doc theo mot cung
AB trong khong gian ciing dugc dinh nghia tuong ty nhu trén.

Néu cung AB 6 phuong trinh tham s6 1a
x=x(),y=y),z=2(),{; Sty
thi

ds = \Ez(t)+y'2(t)+ z2(1) dt

va ta ¢6 cong thiic

t
(4.3) j f(x,y,2)ds = j £, YO, ZONWX 20 +y 20 +2 2@ dt.
AB Y
4.1.4. Trong tam cta cung dudng
Néu khéi lugng riéng cla cung AB tai M(x, y, z) la b(M) thi cac toa
do clia trong tam G cta cung AB dugc cho boi cong thic

1 1 1

(44)xg =— | xp(M)ds, yg =— [ yp(M)s, 26 =— [ zp(M)ds,

m -, m -, m 2
AB AB AB

trong do m = Lp(M)ds la.khoéi luong cua.cung A/\T3
AB

145

10. TOANCAOCAP - T3



4.2. TICH PHAN DUUNG LOAI HAI

4.2.1. Binh nghia

e Cong ciia mot lyc bién doi. Mot chat diém M di chuyén theo mot
cung phiang L tr A dén B dui tic dung ciia mot luc F =I?(M) bién
thién lién tuc doc theo K\B Hay tinh cong W cua luc ay.

Chia AB thanh n cung nhé bdi cic diém Ay = A, A, Ag..... A, = B.

Goi Ax;, Ay, la c4c thanh phan cla vecto A;_|A;. Néu cung A;_A;
khé nho, c6 thé xem nhu luc F khong déi trén cung d6 va bang F(M.),
v6i Mi(E;, 1) 12 mot diém nao do6 trén cung m ; Xem cung m
xdp xi nhu day cung A |A;. Do d6 cong AW; cua luc F lam cho chat
diém di chuyén tir A, , dén A, trén L x4p xi bing AW, = E(M; ).A;_, A,.
Néu hai thanh phan ciia luc E(M) 1a P(M), Q(M) thi
AW; = P(§;, n)Ax; + Q(E;, n)Ay;,
trong d6 Ax;, Ay; la hai thanh phan ciia A;_jA;.

—_—

Néu moi cung A;_jA; déu khd nho, ta cé

45) W= [PE;.n)Ax; +Q(E;n)Ay; |
i=1

Phép tinh gan ding nay cang chinh xdc néu n cang 16n va céc cung

A;_A; déu cang nhd. Ngudi ta dinh nghia cong W ciia luc F lam cho
chat diém di chuyén tir A dén B trén dudng L 1a gidi han, néu cé, cla
téng & v€ phai clia (4.5) khi n — o sao cho max As; — 0, As; la chiéu
dai cung A;_jA;.

e Dinh nghia tich phdn duong loai hai. Cho hai ham s6 P(x, y), Q(x, y)

x4c dinh trén cung AB. Chia cuag AB thagh p cung nho boi cic diém
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Ap=A, A}, A,,..., A, = B. Goi hinh chi€u cla vecto A;_A; lén hai truc

S e

Ox, Oy 1a Ax,, Ay, ; M,(§;, ;) 1a mot di€m tuy § chon trén cung A;_|A;.

Néu khi n — o sao cho max Ax; — 0, max Ay; — O tong

D [PE;.n)Ax; +Q(E;.n;)Ay;]

i=l

dan téi mot gisi han xdc dinh, khoéng phu thudc cach chia cung Kﬁ va

cach chon diém M; trén cung A;_A;, thi gi6i han dé dugc goi la tich

phdn dicong loai hai cla cac ham s6 P(x, y), Q(x, y) doc theo cung AB
va dugc ki hiéu la
(4.6) [ Pey)dx +Qexy)dy.

~

AB

TN

Ngudi ta chimg minh dugc rang néu cung AB tron va néu cdc ham
~~
56 P(x, ), O(x, y) lién tuc trén AB thi tich phdn duong loai hai (4.6)
ton tai.
Chui thich. Khdc véi tich phan dudng loai mot, trong tich phan dudng
loai hai, chiéu trén dudng 1y tich phan déng vai trd quan trong. Néu ta

d6i chiéu trén dudng 1dy tich phan thi hinh chi€u cia vecto A;_jA; lén
hai truc Ox, Oy déi dau, do dé

[ Peoy)dx +Qex,y)dy == [ P(xy)dx +Qex.y)dy.
AB BA
Néu dudng 14y tich phan 13 mét duong kin L, ta quy udc chon chiéu
duong trén L 12 chiéu sao cho mot ngudi di doc L theo chiéu &y sé thay
mién giéi han boi L gin minh nhat & vé bén trdi. Ta thuong ki hiu tich
phan dudng doc theo dudmg cong kin L theo chiéu dong a 4'>L Pdx + Qdy.

e Tinh chdt. Tich phancduong loal hal co cac tinhi chat nhu tich phan
xac dinh.
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4.2.2. Cach tinh

Gia sircung AB tron va duge cho bai phuong trinh tham so
X =x(1),y = y(),

Céc miit A, B g vGi gid tri t,, t; cha tham s6. Gia si cdc ham s6
P(x, y). Q(x, y) lién tuc trén cung AB. Dung ki hiéu 6 4.1.2,ta co
Ax; = x() — x(t;—)) = X'(T)AY,
trong d6 t;; < T; < t;. Goi M; la diém (x(t;), y(t;)), né nam trén cung
A,_|A;. Tacéd

n n P
D P(M)AX; = D PR(T), y(1))X (1AL
i=1 i=l
V& phai 1a t6ng tich phan cia ham s6 t — P(x(t), y(t))x'(t) trai trén
doan thang tir t, dén tg. Do dé6

tg
j P(x,y)dx = J' P(x(t), y(t)x '(t)dt.
AB ta
Tuong ty

B
[ Quxyay = [ Qe y)y (Ddt.
AB ta
Vay

lg
4.7 j P(x,y)dX+Q(x,y)dy=j[P(x(t),y(t))x'(t)+Q(x(t),y(t))y'(t)]dt
AB la

Néu cung AB duoc cho bdi phuong trinh y = y(x), a 1a hoanh do cua
A, b 1a hoanh do6 ctia B, ta c6

b
(48) [ Puy)dx+Qury)dy = [[PGy(x0) + Q. y(x))y () Kix.

AB a
] : P \/L . X2 y2
Vidu 1 :Tinh1# (f)Lxdy—ydx, 16 dibdNip 15+ 5 =1,
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Phuong trinh tham s6 cta L 1a x = acost. y = bsint, 0 < t £ 2, chiéu
tang cua t img vdi chiéu duong cua L. Ta cé dx = -asintdt, dy = beostdt,
do do

2n 2n
[= '[[acost.bcost—bsint(—asint)]dtz Iabdt = 2mab.
0 0

Vidu?2 : Tinh I = f (x —y)dx +(x +y)dy, L Ia duong néi diém (0, 0)
L
véi diém (1, 1), néu L a : 1) dudng y = x, 2) dudng y = x_, 3) duomg y = Vx.
1) Trén duong y = x,tacé6dy =dx,dod6 1 = j.2xdx=1 ;
2) Trén dudng y= x2 ta c6 dy = 2xdx, do d6
I—J(x+x +2x )dx—(—-—+—— jll

3) Trén duong y = \/;,ta cOx=y 2 dods dx = 2ydy, vay

L 4 3 2 2
I=|Qy3-y2+y)d =(z___y_+z_]1 ==,
g( ¥ ¥ tyMys| S—Sr g B 3

Vidu 3 : Tinh Y

I=I(2xy—x2)dx+(x+y2)dy, L 1a cung T
L

Xy

cta dudng parabon y2 =1 - x tr diém A0, —1) o c
dén diém B(0, 1) (hinh 4.3).
Trén dudng L, ta c6 x =1 — y2, do d6
dx = -2ydy, vi vay Hinh 4.3
1
1= [ @y’ +4y* -4y® -dy? 42y + idy =
-1

—

™
%

5

1 3
- 4 _q=2 ik @ el 1 _14
_2(1;(4y 4y —t—l)dy—2(45 43+y]0_15.
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Trong vi du nay, néu ta muén tinh I bang cich dua vé tinh tich phan
xac dinh theo x, thi ta phai chia cung AB thanh hai cung AC va CB, vi
phuong trinh cung AC 1a y = —V1-x, con phuong trinh cung CB la
y= vJl-x.

4.2.3. Cong thuc Green

D 132 mot mién lién thong, bi chan, cé bien L gom mot hay nhiéu
dudng kin tron timg khic, roi nhau timg doi moét. Cong thuc Green cho
ta mai lién hé gifia tich phan kép trong mién D va tich phan dudng loai
hai doc theo L. Ta sé& chimg minh rang : néu cdc ham so P(x, ¥). Q(x, y)
va cdc dao ham riéng cdp mét cua chiing lién tuc trong mién D thi ta c6

(4.9) g(%g——%dedy =§>de +Qdy.

D6 1a cong thic Green. "

A

e Trudc hét gia st ring D 1a mién don

lien va moi dudng thiang song song véi cc

truc toa do cat L nhiéu nhat tai hai diém

(hinh 4.4). Vay mién D dugc xdc dinh bdi

a<x<b,y(x) <y <y,(X). Theo cong thitc
tinh tich phan kép ta c6

oF

(@) X

b ya(x)

Ha_dedyzjdx J' a_de= Hinh 4.4

dy dy

D a  y(x)

b y=Y,(x) b b
= IP(x,y) y=y,(x) dx = IP(x,yz(x))dx —J‘P(x,y| (x))dx.

a a a

Nhung theo cong thiic tinh tich phan dudng
b
j' P(X, Y2 dx = _|' Plx.v)dx,
a AMB
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b
—IP(x,yl(x))dx=— I P(x,y)dx = j P(x,y)dx.

a ANB BNA
Do dé

oP
I —dxdy = I P(x,y)dxz—(j)P(x,y)dx.
dy S S
D AMBNA L
Chiéu mii tén trén hinh 4.4 (ng véi cdc tich phan duong trong
chiing minh nay.

Tuong tu ta cé
0Q _
‘ggdxdy = ?Q(x,y)dy.

Tir hai két qua nay suy ra cong thicc Green.
e Bay gid gia sur rang mién don lién ¥
D c6 bién la duong L gom hai cung 1,

R

KH c¢6 phuong trinh theo thi tu la
y =y,(X), ¥y = y5(x), a < x < b va hai
doan thang IH va KJ song song véi Oy
(hinh 4.5). Tuong tu nhu trén ta duoc

Hinh 4.5

Hg—dedy = J. P(x,y)dx + J.P(x,y)dx.
D% HK i

Nhung I P(x,y)dx =0, J. P(x,y)dx =0, vidoc IH vaKJtac6édx =0.
IH KJ
Do do

I L j Pax T j PaxT jpdx - J' Pdx =—g5 P(x,y)dx.
D ay HK KJ JI IH L
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Con duong nhién ta c6
dQ _
ggdxdy = ?Q(x,y)dy.

Tur d6 suy ra cong thic Green. vt -—

e Biy gid xét truong hgp mién
D da lién. Chang han bién clia né
gom hai duong kin L, L, roi
nhau nhu & hinh 4.6. Chia mién D
thanh sdu mién nho ma bién cua
chiing déu thoa min cdc gia thist O .
da néu. Hinh 4.6

Ap dung cong thic (4.9) cho ca 6 mién nho dy réi cong lai. ta dugc

j j (?.)_3 —%)dxdy = <j>de +Qdy,
D L

vi téng cdc tich phan dudng cta Pdx + Qdy trén cing mot cung hai l4n
theo hai chiéu ngugc nhau bang khong. Vi L gém hai duong kin L, L,
r0i nhau, nén chiéu duong trén L phai chon theo quy udc di néu &
muc 4.2.1 : chiéu duong trén L, la ngugc chiéu kim déng hé, chiéu
duong trén L, 1a thuan chiéu kim déng ho.

Vidy : Tinh I = @(xarctgx +y2)dx +(x +2yx+y2eY)dy. L la
L
x 5 2 P .
duong tron X” + y© = 2y.

2 a—P=2y;

dy

Ap dung cong thic Green. Ta c6 P = xarctgx + y

Q=x+2yx+y2e—y:‘>3—Q =2y +1.Dodé
X

]

D

(%2- -—%))dxdy = gdxdy TS,
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S la dién tich cia mién D. Vi D la mién trdn c6 bén kinh bang 1, nén
[=S=n

Hé qua ciia céng thitc Green : Néu duong kin L la bién cia mién D
thi dién tich S ciia mién dy dugc cho bdi cong thitc

1
(4.10) S_Ecﬁxdy—ydx.

That vay, chi viéc 4p dung cong thic Green vao P = —y, Q = x.
2 2
Vi dy : Dién tich cua hinh elip gidi han bdi dudng L + y_2 =]
al b
bing mab (xem vi du 1, muc 4.2.2).

4.2.4. Diéu kién dé tich phan dudng khéng phu thudc dudng 13y
tich phan

Qua vi du 2 cia muc 4.2.2, ta thdy rang tich phan dudng
J. P(x,y)dx + Q(x,y)dy khong nhimg phu thudc vao hai mit A, B ma
AB
con phu thuéc ca vao dudng AB. Trong muc nay ta sé tim xem véi diéu
kién nao thi tich phan duong chi phu thudc vao hai mit A, B, ma khong
phu thudc vao dudng lay tich phan.

Ta sé& thdy rang tich phan dudng I Pdx + Qdy chi phu thuoc hai muit

AB

oP aQ
dy x
va diéu kién (*) ciing 1a diéu kién at c6 va di dé Pdx + Qdy la vi phan
toan phdn ciia mot ham s6 nao do.

A, B ma khong phu thuoc dudng 1ay tich phan khi va chi khi — *),

Dinh li. Gid si hai ham s6 P(x, y), Q(x, y) lién tuc cung véi cdc dao
ham riéng cap mét cua chiing trong mét mién don lién D nao dé. Khi dé
bon ménh dé sau day twong duong voi nhau :

)-aE_aQ, Y(x, y)y&ebD:
ox

dy
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2) (ﬁde +Qdy =0 doc theo moi dwong kin L nam trong D.
L

3) I Pdx + Qdy, trong do AB la mot cung nam trong D. chi phu
AB
thuéc hai mit A, B ma khéng phu thuéc dwong di tit A dén B.

4) Biéu thitc Pdx + Qdy la vi phan toan phan ctia mot ham $O u(x,y)
nao dé trong mién D.

Chimg minh. Ta ching minh dinh 1i theo so do sau :

HD=>2)=23)=4)=1)

e 1) = 2). Gia st L la mot dudng kin nim trong D. Goi D, 1a mién
gi6i han boi L. Ap dung cong thic Green, ta c6

qSde +Qdy = H[a—g —a—P)dxdy =0,
L D,

ox dy
vi theo gia thiét 1) ta co —a—}z = a—Q V(x,y) € D.
dy 0x

¢ 2) = 3). Gia st AMB va ANB la hai duong bat ki néi A vdl B,
nim trong mién D (hinh 4.7). Theo gia thiét 2) ta c6

J' Pdx +Qdy =0 M
AMBNA
hay A °
J' Pdx + Qdy + j Pdx + Qdy =0.

AMB BNA N
Suy 12 Hinh 4.7

j Pdx + Qdy = — j Pdx +Qdy = J' Pdx + Qdy.

AMB BNA ANB

Vay I Pdx + Qdy..chi.phu.thuoc hai mit A, B, ma khong phu thudce

AB
duong di tir A dén B.
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* 3) = 4). Gia st A(xg, yp) la r;uf)t diém c6 dinh trong D, M(x, y) la
mot diém chay trong D. Xét ham s6

(4.11) u(x, y) = j Pdx +Qdy + C, C la hing s6 tuy .
AM
Ham s6 4y hoan toan xdc dinh vi tich y M
phan & vé& phai khong phu thuoc dudng y [
ldy tich phan. Piém M,(x + h, y) € D b
vdi h kha nhé. i '
Ta co | :
¥ .
u(x +h,y) —u(x, . .
Ny e i SEEhY ZuGy) RN
ox h—0 h o X X+h x
= i = f Pdx + Qdy — j Pdx + Qdy |. Hinh 4.8
h—0h AM] AM

Chon //5:1\\/[1 goém cung Xﬁ va doan thing MM, song song vdi
truc Ox (hinh 4.8), ta duoc

Xx+h

du 1
g(x y)—'}gl = J' Pdx + Qdy = 11m im — ! P(E, y)dE.
1

Theo dinh 1i vé gia tri trung binh d6i véi tich phan xdc dinh, ta cé
x+h

% j P&, y)dE=P(X,y), X =x+6h,0<0<]1.
X

Khih— O0thi X = x,dodé P(X,y) — P(x,y)

i93(x,y) = P(x, y).
ox

Tuong ty nhu vay c6 thé chimg minh dugc rang —g—u(x,y) = Q(x, y),
y

do dé Pdx + Qdy|lazvi phan:toan phan'\éb ham s6 u(x, y) cho boi
cong thic (4.11).
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e 4) = 1). Gia st Pdx + Qdy la vi phan toan phin cua mot ham s6
u(x, y) nao do. Khi dé
p- du Q= du

== Q= ‘c%
doas T o NP
dy 0dydx dx Jxdy
theo dinh li Schwarz, chiing bang nhau
0P 0Q
dy ox

Hé qua 1. Néu Pdx + Qdy la vi phan toan phdn cua ham s6 u(x, y) thi

I P(x,y)dx + Q(x,y)dy = u(B) — u(A)
AB

. Cdc ham s6 4y lién tuc trong D, nén

doc theo moi dudng AB nam trong mién D.

Hé¢ qua 2. Néu D la toan bo R? thi Pdx + Qdy la vi phan toan phan
ctia ham s6 u(x, y) cho boi cong thirc

X y
(4.12) u(x,y) = j P(x,yo)dx + j Q(x,y)dy +C
Xg Yo

hoac

y X
(412)  uxy = [ Qxe.ydy+ j P(x,y)dx + C.

Yo X0
That vay, vi tich phan & v€ phai cua vy )
cong thic (4.11) khong phu thudc Yy F-- M

dudng 14y tich phan nén néu chon dudng
14y tich phan AM la dudong gdp khic
ANM (hinh 4.9) ta dugc cong thuc V°"A
(4.12), néu chon dudng-lay-tich-phan-la
dudng gap khic ALM ta duge congjitiic 9 X%
(4.12").

x -
>y

Hinh 4.9
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Vidu | . Chimg minh rang biéu thic
oxe'dx + (3x% + y + 1)e’dy la vi phan toan phan ciia mot ham s6
nao d6. Tim ham s6 4y.
Tac6P=6xe’,Q=(3x> +y+ 1)e’ = P o=
ay ax
Vay Pdx + Qdy la vi phan toan phan cia mot ham s6 u(x, y) nao dé
xac dinh trén toan R Ap dung cong thiic (4.12") véi Xg = Yo =0, ta dugc

y X
u(x,y)= I(y +DeYdy + I6xeydx +C=

0 0
y
= (y+ D)’ —IeYdy +3x2e¥ +C =e(y + 3x%) + C.
0
Vidu 2 : Biéu thiic P(x, v)dx + Q(x, y)dy, trong d6 P(x, y) = 2 -y ,
x2 +y2
Qx, y) = B y la mot vi phan toan phdn trong moi mién don lién

2+y2
khoéng chua gbc toa do, vi
oP _ —x2 +y2 —2xy _ a9Q
dy  (x2+y2?  ox
dP dQ
a " Ox

hai diém-A(1, 1), B(2, 2) thi vi phuong trinh ctia dudng thang di qua AB
lay=x,t1acé:

vaviP, Q, khong lién tuc tai (0, 0). Néu AB 12 doan thang n6i

2
2yd d
jpdx+Qdy=jﬂ j Y —In2. ]
2)’2 y 1
AB 1 1 !
¥ i 1
Do dé vai moi cung AKB tao thanh cung Al i
vGi doan thang AB mot dudng kin gidi han E !
mot mién khong chia géc O, ta c6 i L
/J; Pdx + Qdy = 0. © 1 2 x
AKBA Hinh 4.10
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Do dé :
J' Pdx + Qdy = _|' Pdx + Qdy = In2.

AKB AB

‘Goi L la duong tron tam O ban kinh R, phuong trinh tham s6 cua né
la x = Rcost, y = Rsint, ta c6

2n
(ﬁde +Qdy = I [~(cost —sint)sint +(cost +sint)cost]dt
L 0
2n
= [a=2n
0
Tich phan nay khac khong, vi mat tron gisi han bdi L chira diém géc,
tai d6 cdc gia thiét cua dinh 1i khong dugc thoa man. |
Ban doc hay ching minh rang _[de +Qdy doc theo moi duong kin
don (tic 12 khong tu giao) bao quanh géc O theo chiéu thuan déu bang 2m.

4.25. Trudng hgp dudng I3y tich phan 1a mét duéng trong
khéng gian

Néu 1:1\3 la moét cung trong khong gian, P(x, y, z), Q(x, y, 2). R(x, y, 2)
la ba ham s6 xdc dinh trén AB, ngudi ta dinh nghia tich phan dudng
loai hai

I= J- P(x,y,z)dx + Q(x,y,z)dy + R(x,y,z)dz

AB
tuong tu nhu tich phan dudng loai hai trong mat phang.
Néu cung 111\3 duoc cho bai phuong trinh tham s6 x = x(1), y = y(1),
z = Z(t), cdc mit A, B ung voi cdc gid tri t,, tg cha tham s6, ta c6
cong thuc tinh :
;]
[= [ [P y(0).20)x'@) + QEx(1). y(1).Z(0)y (0 +
ta

R(X(OLY@). 2(1)Z'(1)]dt.
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¥ e

Chii thich. Phuong trinh tham s6 ctia cung AB c6 thé viét duéi dang
vecto

T =x(1)i +y(1)] +z(DK.
Khi 4y ta c6
r'() =x'(0i +y'(1)] +z' (k.
Goi ﬁ(x,y,z) la vecto c6 cdc toa do la P(x,y,z), Q(x, y,2), R(x, y, z).
Khi ay tich phan dudng
I= I P(x,y,z)dx + Q(x,y,z)dy + R(X,y,z)dz

AB
c6 thé viét dudi dang vecta
I= | Fdt.
AB

4.3. TICH PHAN MAT LOAI MOT

4.3.1. binh nghia

Cho mét mat cong S va mot ham s6 f(M) = f(x, y, z) xdc dinh trén S.
Chia S thanh n manh nhé. Goi tén va ca dién tich clia cdc manh ay la
AS|, AS,,..., AS,. Trong méi manh AS; 1dy mot diém ty y Mi(&;, n;, §)).
Néu khi n — o sao cho maxd; — 0, d; 1a dudng kinh cla AS, téng

n
Zf (M;).AS; dan t6i mot gidi han x4c dinh khong phu thudc cdch chia
i=l
mit S va cdch 18y diém M; trén AS; thi gi6i han d6 duge goi 1a tich phdn
madt loai m¢t ctia ham s6 f(x, y, z) trén mat S va duoc ki hiéu la
I f(x,y,z)dS.
S
Ngudi ta chitng minh dugc ring néu mdt S tron (nic la lién tuc va cé
phdp tuyén bién thién lién tyuc) va néu ham sé fix, y, z) lién tuc trén mat

S thi ton tai tich phén Hf(x,y,z)dS.
S
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Néu mat S c6 khoi lugng rieng tai M(x, y, z) la p(x. y. z) thi khoi

lugng cua mat S bang H p(X,y,z)dS.
S
Tich phan mat j j dS cho ta dién tich ciia mat S.
S

Tich phan mat loai mét ¢6 cic tinh chat giong nhu tich phan kép.

4.3.2. Cach tinh

Gia sirmat S duogc cho bai phuong trinh z = z(x, y), trong dé z(x, y) la
mot ham s6 lién tuc, ¢6 céc dao ham riéng p = z,(x,y), q=2zy(X.y)
lién tuc trong mot mién déng gisi noi D, hinh chiéu cia S l1én rmat phéng
Oxy. Cho ham s6 f(x, y, z) lién tuc trén mat S. Chia S thanh n manh nho
ASi,..., AS,. Mi(&;, m;, z(&;, M) 12 mot diém tuy ¥ chon trén AS;. Goi Ac;
12 hinh chiéu cla AS; 1én mat phing xOy. Néu dudng kinh cua AS; khd
nho, cé thé x4p xi AS; bdi manh AT, cua ti€p dién cha mat S tai M; ma
hinh chiéu ctia né 1én mat phang xOy ciing 1a Ac; (xem muc 3.2.4). Do d6

AS; =\[1+p? +q? Ac;

trong d6 p; = z,(§;,1;), q; = Z'y(ég,’ﬂi)- Vay

n n
Zf(Mi)ASi =zf(§ivni’z(éi’ni)) \/1+Pi2 +a} Ao

i=l i=1

V& phai la tng tich phan ciia ham s6

(x,y) — f(x,y, (X, y)) \/l + z'xz(x,y) + z'yz(x,y)

trai trén mién D. Do d6

(4.13) [ toswmas = 1oy ztren1 42 +a? dxdy.
S D
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trong dé p = z'x (x,y), q= z'y(x,y). Viéc tinh tich phan mat loai mét da
duoc dua vé tinh tich phan kép.
Vidy : Tinh 1= sz(xz +y2)dS, S 1a phan clia mat cdu x2+y2+z2 =2’

S
tng v6i x 20, y 20 (hinh 4.11).

Chia S thanh hai phin : S; ung
vdi z 2 0, c¢6 phuong trinh

2= +Ja?-x2-y? va S, tmg v6iz<0,cé
phuong trinh z = —a? —x2 —y2. Ta c6

I=Il +12,
L= [[202+yhds, i=1.2 X
Si Hinh 4.11
X y 2, 2_al
Trén S tacop=-—,q=-==1+p"+q"'=—.
z Z Z

Theo cong thidc (4.13) ta duoc

Iy = a” a? —x2 —y2 (x2 +y2)dxdy,
D
D 12 mo6t phdn tu hinh tron tam O ban kinh a ndm trong géc phén tu
thit nhat. Chuyén sang toa do cuc dé tinh tich phan kép, ta dugc

I|=a

O = | A

a
d(p_[\/a2 —r2 3dr.
0

. s )
piatr=asint, 0 =t=< 5 taco
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L
a 2 5
j\laz Y r3dr=a5.|.sin3 tcos? tdt =£%—.
15
0 c
Do dé
n 2a mab
| T ——=—
2 15 15
’ 6

2mab

Tuongty I, = ms  dodo[= =

4.3.3. Trong tam cua mat

Néu khéi luong riéng clia mat S tai diém M(x, y, z) 1a p(M) thi cdc
toa do cua trong tam G cuia mat S duge cho bai cong thic

(4.14) x¢; = # [[xpMds, yg = é [ yormas,
S S

bt j [zo(M)d$ trong d6 m = j j p(M)dS 12 khéi luong cita mat S.
N S S

4.4. TICH PHAN MAT LOAI HAI

4.4.1. Binh nghia
e Cho mat S. Tai méi diém chinh quy M ctia S, c6 hai vecto phap don
vi i va n'=—i (hinh 4.12). Néu c6 thé chon

o —
n n

Hinh 4,12
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duoc tai mdi diém M ciia S mot vecto phdp don vi i sao cho vecto n
bién thién lién tuc trén S, ta noi rang mat S dinh huong duge va hudng
ciia mat S duge xdc dinh béi hudng clia n. Dai Mobius ma ta dung sau
day 1a mot vi du clia mat khong dinh huéng duoc. Ldy mot bang gidy dai
hinh chit nhat ABCD (hinh 4.13). Xoan bang gidy 4y nira vong theo
chiéu dai 16i gan C véi A, D véi B. Khi diém M chay mot vong trén dai
Mobius, xuat phat tir vi tri My thi lic gap lai My vecto i ddi hudng.
Do dé 1i khong bién thién lién tuc trén dai Mobius.

A D

B C

Hinh 4.13

Trong muc ndy ta chi xét nhitng mat dinh hudng duoc. Chang han,
néu S 1a mot mat kin khong tu cét thi vectd i c¢6 thé hudng ra ngoai
hoac hudng vao trong, tic 1a ta xét mat S hudng ra ngoai hay hudng
vao trong.

e Ta ndi rang trong mién V C R® xdc dinh mot trudng vecto néu ung
v6i moi didm M(x, v, z) € V c6 mot vecto F(M) xéc dinh goc tai M,
véi cdc toa do P(M), Q(M), R(M) la nhitng ham sO cua M.

e Gia str trong V cho mot mat dinh hudng S véi n 12 vecto phdp don
vi. Néu vecto F khong déi, S 1a mot mién phang dinh hudng c6 dién tich
ciing duoc ki hi¢u 1a S, ngudi ta goi thong liong ® cha trudng vecto F

qua mat S 1a tich

olLEIFNESSG)F) TS )
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Néu V la van t6c cha chét long c6
mat do p chay qua mat S thi thong lugng
& cua trudong vecto F =pv biéu thi khéi

luong cla chit long chay qua S trong
mot don vi thdi gian.

Hinh 4.14

Bay gid gia sif trudng vecto F(M) bién thién lién tuc trong V, nghia
la céc toa do P(M), Q(M), R(M) cua né la nhimg ham s6 lién tuc trong
V. Hay tinh thong luong & cta E(M) qua mat dinh hudng S. Ta chia S
thanh n manh nhé. Goi tén va ca dién tich cha nhimg manh 4y la AS,,
AS,...., AS,. Néu méanh AS; c6 dudng kinh khd nho, c6 thé coi nhu vecto
F(M) khong déi trén manh 4y va bing F(M;), M, 0. £ 1a mot
diém nao d6 trong méanh AS; va coi manh AS; x4p xi nhu mot méanh
phéng tng vdi phia da chon clia mat. Do d6 thong lugng A, cia F(M)
qua AS; x4p xi bing

A®D; = AS; .(F(M; ).5(M;)) =

= AS,[P(Mj)cosoy + Q(M;)cosB; + R(M;)cosy;],
trong d6 o; = ((M;),0x), B; = (i(M;),0y), ¥; = (i(M;),0z).
Néu cic manh AS; déu c¢6 dudng kinh kha nhd, ta cé

n
@ = ) [P(M;)cosa; +Q(M; )cosP; +R(M; )cosy; JAS;.
i=1
Phép tinh gan ding nay cang chinh xdc néu n cang lén va cic manh
AS; c¢6 duong kinh cang nhd. Néu khi n — eo sao cho max d,—0,4la
dudng kinh cla AS;, ma téng & v€ phai clia hé thic trén dén t6i mot gidi
han xéc dinh I khong phu thu¢c cich chia mién S va cdch lay diém M,
trén AS;, thi I duod 201 T THONE TUOTg cla E(M) qua mat S. Trong todn
hoc, gi6i han &y doc goi la tich phdn 'nide (vai hai cia cic ham s6
P(x, v, 2), Q(x, ¥, 2), R, ¥, Z¥trén mat IS ¥ duoc ki hiéu l1a
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(4.15) H[P(x,y, z)cosa + Q(x,y,z)cosB + R(x,y,z)cos y}dS.

S
ZA

Goi (Aci)xy, (Aoi)yz, (Ao)),, theo thir
tr 1a hinh chiéu caa AS; 1én cdc mat
phing Oxy, Oyz, Ozx, ta c6
(AG)yy = ASicosy;, (Ac),, = ASicosc;,
(AGy), = AS;cosB;. Do d6 tich phan mat
(h.4.15) con c6 thé duoc ki hiéu la

ASi

;
Q\(Acri)xy

X Hinh 4.15

(4.16) j J' P(x,y,2)dydz + Q(x,y,z)dzdx + R(x, y,z)dxdy.
S
Ngudi ta ching minh dugc rang néu S la mdr dinh hiéng lién tuc ma
vecto phdp tuyén tuong vmg bién thién lién tuc va néu cdc ham sé' P, Q,
R lién tuc trén mdt S thi tich phén mdt (4.16) ton tai.
Néu ta ddi huéng mat S thi tich phan mat loai hai (4.16) déi d4u, vi
khi dy cdc cosin chi huéng ctia i déi ddu.
Ngoai ra, tich phan mat loai hai c6 cdc tinh chét tuong tu nhu tich
phan kép.
Chii thich. Néu F(x,y,z) 1a vecto c6 cdc thanh phdn 1a P(x, y, 2),
Q(x, v, 2), R(x, y, z) thi tich phan mat loai hai (4.15) ¢6 thé viét la
[[Fias.
S
4.4.2. Cach tinh
Nguai ta ciing tinh tich phan mat loai hai bing cdch dua né vé tich
phan kép. Chéng han, xét tich phan mat

I R(xyy,z)dxdy.
S
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Gia sir mat S ¢6 phuong trinh 1a z = f(x, y), f ¢6 cdc dao ham riéng
lien tuc trén D, hinh chi€u clia S xu6ng mat phing z = 0. Gia s ham s6

R lién tuc trén S. Sir dung cic ki hiéu cia muc 4.4.1, M;(§;, n;. C,) 1a mot
diém nao d6 trén manh AS;. Ta c6

n n
D RMM)AS; = Y RE; ;. fE.1) (AT
1=1 i=1

(A;),y > 0 néu cosy; > 0, (A0;)y < O néu cosy; < 0. Vay vé phai cla
dang thuc trén 1a t6ng tich phan cia ham sO
(x,y) — eR(x, y, f(x, y))
trai trén mién D, € = 1 néu cosy > 0, € = -1 néu cosy < 0. Do do
(4.17) ”R(x, y,z)dxdy = j j R(x,y,£(x,y))dxdy
S D
néu vecto phdp i lam véi Oz mot géc nhon,
4.17) HR(x,y,z)dxdy =—J. R(x,y,f(x,y))dxdy
S D
néu n lam véi Oz mot goc tu.
Céac tich phén H Q(x,y,z)dzdx, '[ j P(x,y,z)dydz ciing dugc tinh
S S
tuong tu.
Vidul :Tinh 1= H xdydz + ydzdx + zdxdy, S 1a phia ngoai ciia mat
S
cdu x> + y2 +22=R2
Vi phuong trinh clia mat cdu va biéu thic dudi d4u tich phan khong
déi khi ta hodn vi vong quanh X, y, z, nén ta c6

ISI xdydz = jsj ydzdx = jsj zdxdy.
I= 3]]' zdxdy = 3[” zdxdy + [ zdxdy}

Do dé

85 57

trong d6 S; 1a nira trén clia mat.can, co-phuong'trinh
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z= JR2-x2-y2, S, la nia duGi

cla mat cdu c¢6 phuong trinh

z = —R2-x2—y2. Vi vecto phdp

tuyén clia nira mat cau trén lam véi Oz
mot géc nhon, vecto phdp tuyén cla nira
mat cau dugi lam véi Oz mot goc tu
(hinh 4.16) nén ta dugc

I= GH\/RZ —-x2 —y? dxdy,
D

Hinh 4.16

D 1a hinh tron tam O ban kinh R trong mat phang Oxy. Chuyén sang

toa do cuc, ta dugc

2 R
Izsj d(pj'JR2 —r2 rdr=4nR>.
0 0

Vidy2 :Tinh I = H(y—z)dydz+(z—x)dzdx +(x-y)dxdy, S Ia

S

phia ngoai ciia mat nén X2+ y2 =722,0<z<h( khong déi) (hinh 4.17).
Ta tim cdch chuyén tich phan nay sang tich phan mat loai mot. Lay

dao ham hai vé€ phuong trinh Z=x*+ y2 14n luot d6i véi X va y, ta dugc

22z, =2x, 27z, =2y =

&

X y
=27 =—, = —
P=2x =7 1=

2 2
+
LB Y

1+p2+q2=l+
z

Vay ba cosin chi huéng cua vecto

N 1 .o
phdp tuyén n la —x—-,-y—,——, vi n
A2 zafa—2

lam véi Oz mot géc ti. Do d6

Z

0 s 4

Hinh 4.17
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I=%g{(y—z)§+(z—x)%—(x—y)]dS:ﬁg(y—x)d5=0

vi mat S déi xing d6i véi cdc mat phing x = 0, y = 0 va ham s6 dudi ddu
tich phan la 1é d6i véi x va y.

4.4.3. Cong thirc Stokes

042 da chitng minh céng thitc Green, né cho ta moi lién hé gita
tich phan dudng loai 2 theo mot dudng phing kin L vdéi tich phan kép
trong mién D gidi han bai L. Cong thic Stokes duéi day cho ta méi lién
h¢ giita tich phan dudng loai 2 theo mot duong kin L trong khong gian
véi tich phan mat loai 2 trén mét mat dinh hudng S gidi han bai L. D6 la
két qua ma rong cong thirc Green sang khong gian R’

Gid st S la mot mat dinh huéng tron timg manh, bién cua né la mot
duong kin L tron timg khiic. Néu cac ham sé' P(x, y, z), Q(x, y, z), R(x, y, z)
lién tuc cung voi cdac dao ham riéng cap mot cua ching trén S thi ta cé

(4.18) ﬂ[a—R—ﬂ)d dz +(%§—3—1:)dzd (%%—%)d dy =

= j Pdx + Qdy + Rdz,
L
chiéu 14y tich phan trén L dugc chon sao cho mot ngudi di doc theo L
theo chiéu 4y nhin thdy mat S ké vSi minh & bén tréi.

Chimg minh. Ta chimg minh cong =
thic Stokes trong truong hogp S cé
phuong trinh la z = f(x, y), trong d6 f cé
cdc dao ham riéng dén cdp hai lién tuc

-
n

|
)
trong mién D (hinh 4.18), goi L, 12 bién i ;
ciia mién D. Gia sif phuong trinh tham o i L
s6cual, la @ g
X
x =x(1),y = y(t);asSt<bh. L
Hinh 4.18
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Khi dé pilu‘ong trinh tham s6 coa L 1a

x =x(1), y = y(1), z = f(x(t), y(t)),a<t<b

bat
I= JP(x,y,z)dx +Q(x,y,z)dy + R(x,y,z)dz

Ta co

0
t ot
j{(m R———)x () +(Q + Rg;)y (t)}dt
of of
j (P+ Ra—)d +(Q + jody

L

Biéu thic cudi cuing 1a mot tich phan dudng trén dudng kin phéng.
Ap dung cong thic Green, ta dugc

I= HL)X (Q +R ayJ—aiy(NR g}f{ﬂdxdy.

Tinh biéu thitc dudi ddu tich phan kép, ta duge
9Q dQf L IR Of ORI I , p 9%f _

3x 0z Ox oxdy Oz oxdy - xdy
(8P+8Paf+aRaf oR Of If , a2f)-

o
I[Px (t)+Qy(t)+R(g—fx(t)+—a£ (t)ﬂ -

dy 0zdy 0y odx 0zdyodx  Oydx )

_(9Q_op _(QB_G_R)ﬁ_ oR _0Q)\of
dx dy dz 0Jx/dy \dy 09z jox’
Do d6

®_30)ar_(ap_aR)ar (%0 ¢
= '”li ( dy )ax dz dx 8y+ ox dy dxdy
Cic cosin chi phuong cua phdp tuyén cia mat S 1a

fy £ i

\/f,? HiAE D R Tk ) \]f;} +£]+1
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Vi vay
of of
— —dxdy = dydz,—- —dxdy = dzdx.
ax ¥=H dy P

Cudi cung ta duge

9R _dQ 9P dR 9Q 9P v
I_”[ay az)dd+(az ax)dzd (ax 8y)dXd)'

Vi du : Tinh I=4)ydx+zdy+xdz, L la giao tuyén cua hai mat
L.

x+y+z=0. X2+ y2 +7>=a% chiéutenLla nguoc chiéu kim dong hé
néu nhin vé phia z > 0 (hinh 4.19)

X +y + z = 0 1a phuong trinh cia mot
mat phang di qua géc O nén L 1a mot
dudmg tron 16n chia mat cau. Ap dung cong
thiic Stokes v6i S 1a mat phang x + y +z=0
gidi han boi L, huéng vé phia z > 0. Ta ¢6
P=y= P, =0,P, =1;Q=2= Q =0, y
Q;=1:R=x=Ry, =0,R{ =1

Cong thuc Stokes cho ta

1= —j dydz + dzdx + dxdy.

S

Chuyén sang tich phan mat loai mét, tacé6z= Xx -y = p = — 1,

i & —1 Vay céc cosin chi huéng cla vecto phdp tuyén n tuong tmg cua

Hinh 4.19

S la 1 n lam Ul Z mOt g C nhon dO dO
\/_ \/_ \/_ V Vv @) () ()
I_——ﬁHdS——T[ 3a -

vi S 12 mat tron ban kinh bang a.
4.4.4 Vecto rota
e Cho trudmg vectg E(M)_co cac toa do 1a P(M), Q(M), R(M). Ngudi

ta goi vecto rota (hay vecig xody) cua F la yecto co fdc toa do la
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JR 0Q dP JdR dQ P

va ki hi¢u la rotF. Vay

i -[R_R ;+(3_P_£’Ej3+ N kg
dy oz dz dx dx dy

Dé dé nhé, nguoi ta thuong viét biéu thic cia rotF bang dinh thic
cdp ba tugng trung sau :

i ] kK
SEol9 9 9]
X dy 0z
P Q R
_[9R_Q ;+(3_P_3_R)3+ 9Q _oP\.
dy 0z dz  0x dx oy

Bing cdch viét d6, cé thé dé dang ching minh dugc rang : néu f la
ham s6 ba bién sé cé cdac dao ham riéng lién tuc thi

(4.19) rot(gradf) =0

That vay, ta c6

i ]a k

— — d d
adf)=|— — —=

roi(gradf) 0x dy o0z

o o o

0x dy 0z

(92 9% ) (82f 092 jf 02f  92f \» _=
_[8yaz 8zay)l " 9zx axaz)! T oxdy dyox k=0
e Ngudi ta goi luu s cua F doc theo duodng kin L 1a tich phan dudng

J' Pdx + Qdy + Rdz = j F.df,
L L
trong d6 T =T(1) la phuong trinh tham s6 dang vecto ctia L.

Khi dé cong thiic stokes c6 thé phat biéu nhu sau : luu 56 cia F doc

p—

theo mot duong kin 1 bang ihong luong cia rotF qua mét mdt dinh
huéng S co biénla L
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F.dr= [ rotF s,
L S
n la vecto phap don vi ciia mat dinh hudng S.

Vi du. Cho F(X,y,z)=yzi +zx] + xyk. Tinh thong luong ¢ ciia rotF
qua phén ciia mat cdu x> + y2 +22=4 hudng vao trong, nam 0 trong mat
tru x* + y° = 1, tng véi 2> O (hinh 4.20). 2

Theo cong thiic Stokes, ta cé

® = [[rotE.fids = [F.df,

S L

L 1a dudng tron, giao tuyén
clia mit cdu va mat tru. Dé
dang thdy rang phuong trinh
tham s6 cua L la x = cost, X2+y2=1
y=sint,z=«/§,0$ts2n.Vay X )
phuong trinh vecto cua L 1a Hink 4.0

T(t) = cost.i + sint.] +V3k

X2 +y2+72=4

Do dé
r'(t) =—sint.i + cost.j. Mit khac
ﬁ('r'(t)) =[3sint.i + \/Ecost‘_j. + costsint K.

Vi mit cdu huéng vao trong nén chiéu trén L 1a thuan chiéu kim
doéng hé. Do do

2n 2n
cb:—J’ (—/3sin2 t + 3 cos? t)dt:—\/ijcoszzdmo.
0 0

e Y nghia ciia vecto réta.
Gid sir V la trudng van t6c cha mot dong chét long, M, 1a mot diém

trong cht 16ng, S, 1a mot dia tron tam M, ban kinh a kha nho. Vi rofv
lién tuc, nén

rotvEM) = rotv(M, i WME 5 |
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Goi L, la bién cia S,, cong thitc Stokes cho ta

[ V.47 = [[ otV fids = [ roti(Mo)-fids =
L, S S

= rotv(Mg).i(Mg).na2.

P06 chinh x4c cang 16n néu a cang bé. Do d6
— 1
rotv(Mg).n(Mg) = lim — | V.dr.

( 0) ( 0) a—)OTta2 '[

Do dé EV(MO).H(MO) biéu thi tac déng quay cla chat 16ng xung
quanh truc A. Téc dong 4y cuc dai khi i d6ng phuong véi rotv. Theo y
nghia 4y diém M dugc goi 12 diém xody néu rov(M) # 0, diém khong
xody néu ;ﬁ?(M) =0.

4.4.5. Diéu kién dé tich phan duang trong khong gian khéng phu
thudc dudng lay tich phan

O muc 4.2.4 cong thic Green dd duge st dung dé tim diéu kién cin
va di dé tich phan dudng trong mat phing j Pdx +Qdy khé6ng phu

AB |
thudc dudmg n6i A, B. Tuong tu nhu vy c6 thé ding cong thic Stokes
dé tim difu kién cin va di dé tich phan dudng trong khong gian
j Pdx + Qdy + Rdz khong phu thuéc dudng 14y tich phan.
AB

Gia str ring mién don lien D R> 6 tinh chit sau : moi dudng kin L
tron timg khic trong D déu 1a bién clia mot mat tron timg manh nim
hoan toan trong D. P, Q, R 1a ba ham s6 c6 cdc dao ham riéng c4p mot
lien tuc trong D. Ngudi ta chimg minh dugc ring diéu kién cdn va dii dé
tich phan duong trong khéng gian i Pdx + Qdy + Rdz khéng phu thuéc

AB
duong noi A, B nam hoan toanvyorng Da s
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(4.20) 9R _9Q P _0R 9Q_oP

ay 9z 9z ox ox dy

Diéu kién (4.20) cing la diéu kién cdn va du dé Pdx + Qdy + Rd: la
vi phan toan phan ciia mét ham sé u(x, y, z) ndo do.

Ham sé u(x, y. z) dy dugc cho bdi cong thire

@2DuM =ux 2= [ Pxy.2)dc+ Qryady +Rixy2xdz+C

MoM

My(Xg. Yo. %)) 12 mot diém nao d6 trong D, C 12 hiing s6 tuy y.

Néu mién D 1a toan bo R3. c6 thé tinh u(x, y, z) bdi cong thiic

X y
(4.21) u(x,y,z)= IP(x,yO.zo)dx+ I Q(x,y.zp)dy +

X0 Yo

z
+ I R(x,y,z)dz +C.

49
4.4.6. Truéng thé

Cho truong vecto F =F(M) ¢6 cac thanh phan la P(M), Q(M), R(M).
P, Q. R cung véi cac dao ham riéng cap mot cua ching lién tuc trong
mot mién D nao d6. Néu trong mién D ton tai mot ham s6 u = u(M)
sao cho

(4.22) gradu = F
thi trudng F dugc goi la rruong thé” xéc dinh trong D, u(M) duoc goi la
ham so thé vi cta trudng F. Néu T]E la cdc vecto don vi trén ba truc,
déing thirc (4.22) dugc viét a

-3-2? —3%3+g—k Pi+Qj+RK
hay
du Ju au
= Pe==
ax dy R 32k
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do d6 Pdx + Qdy + Rdz la vi phan toan phan ctia u, di€u nay xay ra khi
va chi khi
R _9Q p_OR 9Q_2p
dy 0dz dz 0x’ Ox dy
tiic la rotF = 0,
Vay : diéu kién cdn va dii dé truong vecto F= F(M) la mét truong
thé'la TotF(M) = 0 YM.
Vi dy. Truong vecto ?(x,y,z) = yZT +(2xy+e3z)3 4 3ye3’E 1a mot
truong thé, vi

|
!
—
lQJL-l
SJIQ)R‘I

y2 2xy+e3 3yed’

= (3e3¢ - 3¢32)] + 0] +(2y - 2y)k =0.
Ham th€ vi u cha trudng 12 ham thoa min
du__ 2 du 3z du

du_. 2 du _» L
ox oy TV 5 T

Ap dung cong thic (4.21") v8i Xy =0, y5 = 0, 25 = 0, ta dugc
u(x. y,z) = xy> + ye?* + C
C la hang s6 tuy y.

3z

Chii thich. Gia sit duéi tic dong cta luc F mot chat diém chuyén
dong trén quy dao L tir A:téi B. Gia sir phuong trinh chuyén dong la
T=T(t), a<t<b, f(a) umg véi A, T(b) tmg v6i B. Theo dinh luat
Newton thit hai, ta c6

F(T(1)) = mr"(v),

m 1a khoi luong chia chat diém. Vay cong sinh boi luc F la
b
w = [Fdf = [FE)rode=
L a

= "(Oettdt = — | —|1' =
!mr (D)-FEfHdL 5 [dtlr ([)| dt
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= %(lﬁ(bﬂz ‘|;'(a)l2)=%m|§7(b)|2 —%mli’(aﬂz .

V=r la van toc. Dai lugng %mﬁ?(t)l2 duoc goi la dong nang cua
chat diém & thoi diém t. Vay
W = K(B) - K(A),
trong d6 K(M) la dong nang cha chat diém 6 M.
Néu truong F la truong thé, thi ton tai ham s6 f(x, y, z) sao cho
F = gradf. Ham s6 P(x, v, ) = (%, y, z) dugc goi 1 thé nang cua chit
diém tai (x, y, z). Vay
F = —gradP.
Do dé

W= jf:.ci = —jé?adp.df =
L L

b
= I‘: (t)+—y(t)+§gz(t)}dt

d - —
== I ap(x(t),y(t),z(t))dt =-{P(T(b)) - P(r(a))] =

=P(A) - P(B).
So sanh hai két qua tinh W, ta duoc
P(A) + K(A) = P(B) + K(B).
Téng cia dong nang va thé nang dugc bao toan.
Vi 1€ d6 truong thé con dugc goi la truomg bdo toan.

4.4.7. Cong thirc Ostrogradsky

e Gia st V 12 mot mién gié‘i n6i déng trong R? ¢6 bien 1a mot mat
kin, tron timg manh-S-Gid-si-Pxs-y5-2)- Q0%:-y5-2)-R(X, y, 2) 12 ba ham
s6 lién tuc cung vdi cdc dao hiam riéng edp/mégia ching trong V. Ta sé
ching minh ring
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(4.23) j j J [az 0 9R dedydz j J' Pdydz + Qdzdx + Rdxdy.

tich phan mat 1ay theo phia ngoai cua mat S.
Cong thirc (4.23) duoc goi la z4
cong thirc Ostrogradsky. = Ny
thal vay gia st méi dudng - S My S
thang song song vdi cac truc toa ~. ol
do cat mat S ¢ khong quéd hai
diém (hinh 4.21). W
Xét tich phan bdi ba

I = j-{‘; E3)—Rdxdydz = ) y

% o

j j dxdy j —dz

zy(x, )')

Hinh 4.21

trong d6 D 1 hinh chiéu cta S lén mat phang Oxy, z = zy(x, y) va
z = z,(X, y) 1a phuong trinh cla phan trén S, va phan dudi S, cua S, vay

=25(X,y)
I, :I R(x,y,2) o dxdy
D

z=2;(X.y)

= ”R(x,y,zz(x,y))dxdy — HR(x,y,z, (x,y))dxdy.
D D
Nhung theo cong thitc tinh tich phan maét loai hai, ta c6

HR(X y,z)dxdy = HR(X ¥,Z5(x,y))dxdy,
SZ
HR(X y,z)dxdy = ”R(x ¥,z (X,y))dxdy
Sl
vi phdp tuyén cua S, 1am voi Ozmotr-gée-nton;comphap tuyén cia S;

lam v&i Oz mot gée v Do do
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I, = [[Rdxdy+ [[Rdxdy = [[Raxdy
S, S S

2
Tuong tu, ta cé

I, = J' j' g—idxdydp Hdedz
A\ S

I; = j' J, I %dxdydz - ijdedx.

Cong ba keét qua 4y lai ta duge cong thic Ostrogradsky (4.23).
Hé qud. Thé tich V ciia vdt thé giéi han béi mdt cong kin S dutgc cho

badi cong thitc

(424) V= % J’ j' xdydz + ydzdx + zdxdy.
S

That vay, chi viéc 4p dung cong thiic (4.23) vao cic ham s6 P = x,
Q=y,R=z. ®

Theo keét qua nay, tich phan mat cho trong vi du 1, muc 4.4.2 bing
3 14n thé tich ctia hinh cdu ban kinh R, titc 1a 4nR>,
Vidu : Tinh I = Hyzzdxdy + xzdydz + x2ydzdx, S 1a phia ngoai cia
S

z

bién ciia vat thé gi6i han bdi cic mat

z=x2+y2,x2+y2=lvécécmat

phéng toa dé (hinh 4.22).
Ap dung cong thic (4.23) véi

P=xz, Q=x%,R =y’z dodé P, =%,
Qy = x%, Ry =y’ ta dugc
I= m(z +x2 +y?)dxdydz,
v

V 1a vat thé gi6i han bdi mat S. N6

N
\N

~
SN

X Hinh 4.22

duoc xéc dinh bail(x, )€ D, 022 < x>+ y*, D 13 mibt phan tr hinh tron
tam O ban kinh 1 /trong gée pharl wr tiCahét cla mat phing Oxy.

Chuyén sang toa do'tru, ta duoc
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n

2

1=m(z+r2)rdrd<p=fd<pj'rdrj'(z+r2)dz=
\A 0 O 0

nl 72 z=r? 1t13 T .
= —Ir Z+r2z l dr=—I—r5dr=—.
2O 2 z=0 202 8

4.4.8. Pive cia mot vecto
o Néu vecto F(M) ¢6 céc toa d6 P(M), Q(M), R(M) 12 nhimg ham s6
0P 9Q aR

c¢6 cdc dao ham riéng c4p mot thi téng a—+—a-— +a— dugc goi la dive
X dy o0z

ciia F, ki hiéu 1a div F. D6 1a mot dai luong vo hudng.

Dé dang thdy rang : néu F=Pi +Q—j +Rl_£, cdc ham s6'P, Q, R ¢é
cdc dao ham riéng cdp hai lién tuc thi

(4.25) div(rotF) =0.

That vay

. —= 9 (0dR 9Q a(ap aR) d(0Q oP
div(rotF)=—| & X, (T R, 91K\
(ror) ax(ay az)+ay Jz 0x +az(6x dy

_ PR _3Q P R 7Q 9P _
dxdy 0x0z dydz OJyox 0zdx 0zdy
e Cong thitc Ostrogradsky c6 thé phét biéu nhu sau : Théng luong

0.

cua truong vecto F(M) qua mét mdt kin hudng ra ngoai bang tich phdn
boi ba ciia divF trong mién V gidi han boi mdt S.

Vi du. Tinh thong luong ¢ cua F= xy_i. +(y2 + exz’ )_j + sin(xy)E qua

2 s
va

bién S hudéng ra ngoai cla vat thé V gidi han bdi mat truz =1 — x
cdc mit phang y =0,z =0,y + z =2 (hinh 4.23).
Tinh truc ti€p ¢ bing tich phan mat I I F.idS rat phiic tap. Ap dung
S
cong thic Ostrogradsky, ta duge
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®= ”div?dxdydz =

]

'.—..
<

w <
<

a

>

o
<

a

N

1]

1 1-x2 2=z
=3jdx j dzj ydy
-1 0 0 \
L 1-x2 22 z=1- x2
(2-z
- 3jdx J. 2 dz Hinh 4.23
-1 0
3] 3 1-x2
=]
27 3 0
|
=——j[(x2+1>3 Jdx =
184
= +3 3x2 -7)d
I(x x4 +3x )dx = 35

—

o Y nghia ciia div F
Gia str v la van toc cha chat 16ng c6 mat do S, cac thanh phan cia
vecto F = PV c6 cic dao ham riéng lién tuc. M, 12 mot diém cua chat
16ng, B, 1a hinh cdu tam M, bén kinh a khd nho, S, 1a bién cta hinh cau
dé. Vidiv F lién tuc nén c6 thé xem
divE(M) = divF(M,), YM € B,.

e [[ ¥ fids =[] divFaxdydz = [[{ divF(Mo)dxdydz =
B B,

S,
= divF(M,).V(B,),

V(B,) 1a thé tich hinh cdu B,. Do d6
divE(Mg)=
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Vay néu divl?(M) > 0, thong luong ra ngoai nhimg mat cau kha bé
tam M 1a duong, ta n6i M la diém nguon. Néu divE(M) <0, ta n6i M Ia
diém ro. Néu divI_E(M) = 0 VM thi thong luong qua moi mat kin déu
bing khong. Khi 4y ta ndi ring truong vecto F(M) ¢6 thong liong
bdo toan.

4.4.9. Toan tu Hamilton

Nguoi ta goi toan tir Hamilton (hay nabla), ki hiéu la V, la vecto

Ap dung mot céch hinh thic cic quy tac tinh todn nhu d6i véi mot
vectd thuc s, ta thu duge mot s6 cich viét don gian.
Neéu u 1a moét ham sé, ta cé

2 (T A
ox ~dy 0z
5L L L e
X ~ady
Néu F la mot vecto c6 cdc thanh phanla P, Q, R, taco
efz(f%+ja—y+ﬁgg).ﬁP+EQ+ER)
] _ 9O R T
ox dy o0z
i] Kk
SN KA Rt
ox dy oz
P Q R
W o — 2 3
vV =VV= a,+ - + - = A (toan tu Laplace).
x>0y’ Thil
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Ham s6 u(x, y, z) thoa man phuong trinh
_ 0%u N 0%u N 0%u _
ox2 ay2 9z2
duoc goi 1a ham sé diéu hoa.
Ta ciing c6
div(gradf) = div(Vf) = V.Vf = Af.
Chit thich :
Ding thitc (4.19) c6 thé viét la :
0 = rot(gradf) =V A (gradf) =V A V.f.
Déng thic nay tuong tu nhu ding thic ¥ AV.a trong dai s6 vecto, v

12 mot vecto, a 1a mot s6.
Ping thitc (4.25) c6 thé viét 1a
0 = div(rotF) = V.ot F = V.V A F
Ding thiic nay tuong ty nhu dang thic V.vAw=0, V, W la nhimg

vecto.

Au

TOM TAT CHUUNG IV

¢ Dinh nghia tich ph4n duong loai 1

Cho ham s6 f(M) = f(x, y) x4c dinh trén m6t cung thing AB. Chia

AB thanh n cung nhdAsy, ..., As,. Trén As; 14y mot diém tuy ¥ M;.
n

Gi6i han, néu cé, clia téng Zf(Mi )As; khi n — e sao chomax d; — 0,

i=1 5
d; 1a dudng kinh cla As;, dugc goi la tich phan dudng loai 1 cua f(x, y)
trén cung :\T?» ki hiéu
I f(M)ds
AB
e Cich tinh tich phin dudng loai 1
— Néu AB dugc ¢ho bai phirong trinh y =y(x), a< x < b thi
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b
I f(x,y)ds =J.f(x,y(x))\/l +y'2(x) dx.

AB a
- Néu AB dugc cho bdi phuong trinh tham s6 x = x(1), y = y(1),

t <t<t,thi
5]
[ fxy)ds= | Fx(D), yOWX 2O +y (V) dt.

—~

AB 4
¢ Dinh nghia tich phan dudng loai 2
Cho hai ham s6 P(x, ), Q(x, ) xéc dinh trén mot cung phéng AB. Chia
AB thanh n cung nhé bdi cdc diém Ag = A, A}, Ay, ..., Ay = B. Goi Ax;,
Ay; la hinh chiéu cia A;_;A; lén hai tryc. M; 1a mot di€m ldy wy y
n
ten A,_,A;. Gi6i han, néu c6, ciia t6ng ) [P(M;)Ax; +Q(M;)Ay;]
. ' i=l
khi n — o sao cho max Ax; — 0, maxAy; — 0 dugc goi la tich phan
dudng loai hai clia céc ham s6 P(x, ), Q(x, y) trén AB, ki hiéu
iP(x,y)dx +Q(x,¥)dy.
AB

e Cich tinh tich phan dudng loai hai
_Néu AB duoc cho bdi y = y(x), a, b 1a hoanh do ciia A, B thi

b
j P(x,y)dx + Q(x,y)dy = I[P(x,y(x)) +Q(x, y(x))y '(x)]dx.
AB a
— Néu .XTB duoc cho bdi phuong trinh tham s6 x = x(1), y = y(b), tx,
tg 12 gid tn cua tham s6 img véi A, B, thi

'y
[ POy QEyty={ tPEOytO-+Q(x(D, yO)y (D)

AB L\
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e Cong thic Green

J'j [2—2 —g—];)dxdy = j' Pdx +Qdy.
D L

L 1a bién ctia mién D.
e Dién tich S cia mién D gi6i han boi dudng kin L

1
S —E{Xdy—ydx.

e Diéu kién at c6 va du dé tich phan dudng I Pdx + Qdy khong phu

—

AB
thuoc dudng 14y tich phan trong mot mién D nao dé 1a
PO yxyeD.
dy 0x

Khi diéu kién dy duoc thoa man thi Pdx + Qdy 1a vi phan toan phan
cta mot ham s6 u(x, y) nao dé. Néu D = Rz, u(x, y) duoc cho bai

X y
u(x,y)= j P(x,yo)dx + J- Q(x,y)dy +C

X0 Yo

hay

y X :
u(x,y) = I Q(xg,y)dy + J. P(x,y)dx +C,
Yo X0
(Xo» Yo) 1a mot diém c6 dinh chon trong D, C 12 hang s6 tuy y.
¢ Dinh nghia tich phan mat loai 1
Cho ham s6 f(M) = f(X, y, z) xdc dinh trén mét mat S. Chia S thanh n
manh AS,, ..., AS,. Trén AS; 1dy mot diém tuy y M;. Gi6i han, néu cd,

n

clia tOng Zf(Mi )AS; khi n — o sao cho max d; — 0, d; la duong kinh
i=1

chia AS, duoc goi la tich phan mat loai 1 cia f(M) tren S. ki hiéu

I f(x,y,z)dS.
S
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® Cdch tinh tich phan mat loai 1
Néu mat S duoc cho bdi z = z(x, y). (x, y) € D thi

”f(x,y,z)dS =ﬂf(x,y,z(x,y))\/l +p? +q2dxdy,
S D

P=1y. q=z,.

* Dinh nghia tich phan mat loai 2

Cho ham s6 R(M) = R(x, y, z) xdc dinh trén mot mat dinh huéng S.
Chia S thanh n manh AS,, ..., AS;. Trén AS; ldy mot diém tuy y M.. Goi
D; la dién tich clia hinh chi€u cua AS, 1én mat phang Oxy vé6i dau +
(hay —) néu vecto phdp tuyén cua S tai M; lam véi Oz mot gée nhon

n
(hay ti). Gidi han, néu cé, cua téng ZR(Mi ).D; khi n — oo sao cho
i=l
max d; — O, d; 1a dudng kinh ctia AS;, dugc goi la tich phan mat loai 2
cia ham s6 R(M) trén mat S, ki hiéu HR(x,y,z)dxdy.

e Cach tinh tich phan mat loai 2
Gia strmat S duoc cho boi z = z(x, y), (X, y) € D. Khi dé
”R(x,y,z)dxdy =IfR(x,y,z(x,y))dxdy
S D
néu vecto phdp tuyén cta S lam véi Oz mot géc nhon,

”R(x,y,z)dxdy = —I R(x,y,z(x,y))dxdy
S D

néu vecto phap tuyén cua S lam véi Oz mot goc tu.
e Cong thuc Stokes

e e e

dy 0z z  OXx ox dy
= f Pdx + Qdy + Rdz.
-

L 1a bién ciia mat S.
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e Cong thirc Ostrogradsdy

IH (3}: (3(3 le)dxdde— ”dedz+dedx +Rdxdy,
\Y

Slabiéncua V.

Bal tap
1. Tinh céc tich phan duong :

1) j (x —y)dx, AB 1a doan thing néi hai diém A(0, 0), B(4, 3).

AB
2) Ixyds, L la bien cia hinh chit nhat ABCD, A(0,0), B(4,0),
L
C(4, 2), D(O, 2).
2 3
3) IJ_ds L duogc xdc dinh boi x =t, y—Lz— =%, 0<t<l

X X
2. Tinh kh6i luong ctua dudng y =%(ea +e a ) 0 < x < a biét khéi

luong riéng p(x,y) =l (a>0).
¥

3. Xdc dinh trong tdm cia cic dudng déng chit :
1) x=a(t—sint),y=a(l —cost),0<t<m
2) x =acost,y =asint,z=bt,0<t< 7.
4. Tinh céc tich phan dudng :
j' (x—y)2dx +(x +y)2dy, ABC la dudng gdp khic, A(0,0),
ABC
B(2, 2), C(4, 0).

2) Iydx—(y+x2 )dy, L la cung parabon y = 2x — x? nim & trén
L
truc Ox theo chiéu kim déng hé!
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5. Tinh l (xy — )dx + x2ydy, A(1,0), B(0, 2) theo dudmg :
D2x+y=2
2)4x+y*=4
y? :
3) x? +T =1 theo chiéu duong.
6. Tinh céc tich phan duong :
1) cﬁxy[ ( )dx +(2 + y)dy], L Ia bién cia tam gisc ABC,

A(-1,0), B(1, -2), C(1, 2).

2) j 2(x2 +y2)dx + (4y + 3)xdy, ABC la dudng gip khiic, A(0, 0),
ABC
B(1, 1), C(0, 2)

3) (f)(xy +x +y)dx + (xy + x —y)dy, L la dudng X%+ y2 =ax (a>0),
L

4) (f)x3 (y +%)dy-—y3 (x+%)dx, L 1a dudng X%+ y2 =2%.
L

2
7. Tich phan dudng I(l __y_ i)dx +(sm Ll icos y)dy c6 phu
x2

thu6c dudng 14y tich phan khong ? Tinh tich phan dy tr A(l, nr) dén
B(2, 1) theo mot cung khéng cit Oy.

2 2 2 2 2 2
; . X +y“|3xc-y 3y“ —x ,
8. Tich phan dudng I - ( " dx + " dy | c6 phu
thuoc duong 14y tich phan khéng ? Tinh tich phan 4y theo cung AB

xécdjnhbéix=t+coszt,y= 1 +sin2t, OStS%.

9. Ching minh ring cic biéu thic Pdx + Qdy sau day la vi phan toan
phan cua mot hém s6 u(x, y) nao dé. Timu :
1) (x 2xy + 3)dx + (y — y + 3)dy

2) (2x - 3xy + 2y)dx + (2x— 3%? y ¥ 2y)y
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3) [e" TY + cos(x — y)ldx + [e* Y — cos(x — y) + 2]dy
4)e'le’(x—y +2) + yldx + e*[e(x - y) + 1]dy
|-x2-y?
5) XZXijZ + %) +y2y ydy.
10. Tim m dé biéu thic
(x —y)dx +(x +y)dy
(x2 +y2)m
1a vi phan toan phan cua mot ham s6 u(x, y) nao dé. Tim u.
11. Tim a, b dé biéu thic
(ax? +2xy + y2)dx — (x% + 2xy + by2)dy
(x2 +y2)?
la vi phan toan phan ciia mot ham sé u(x, y) nao dé. Tim u.
12. Tim a, B dé tich phan dudng
J-y(l—x +oay?)dx + x(1 - y2 +Bx?2)dy
(1+x2 +y 2y2

khong phu thuoc duong 14y tich phan. Tinh tich phan ay tir diém A(0, 0)
dén diém B(a, b) ting véi cdc gid tri o, B da tim duoc.

R 2
—M L 1a duong elip X—+y—:1.

= Tmh (js(x +y +1)2 a2 b2

14. Tinh tich phan mat ”(xz + y2 )dS néu:
S
1)Slz‘imalnénz2=x2+y2,OSzS 1
2) S1a mat cau X% + y2 +2 =2’
15. Tinh céac tich phan mat :
1) H(x+y+z)dS, S 12 bién cta hinh lap phuong 0 < x < 1. 0 < y <I,
S
0<z<l;
4y y

2) H-(z+2x+7)d5. S 12 phan cia mat phing §+-§ ‘% =1 i
S “ i -+

trong géc phan tam thir nhat ;
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3) jI(yz+zx+xy)dS, S la phan cta mat nén z=+/x? +y? nam
S

trong mat tru X+ y2 —2ax=0.
1 ’ ..
16. Tinh khoi lugng cua mat z:—z—(x2 +y2), 0 £z £ 1 néu khoi

luong riéng p(x, y, z) =z.

x2 +y2

17. Xac dinh trong tam cua mat dong chat z=2 - 220.

18. Tinh cdc tich phan mat :
1) ” xyzdxdy, S 1a mat ngoai cta phan hinh cau xdc dinh bdi
S
x2+y2+zz= 1,x20,y=20
2) j.J‘ xdydz + dxdz + xz2dxdy, S la mat ngoai ctia phan hinh cdu xdc
S
dinh boi x2+y2+22= 1,x>20,y20,220
3) ” zdxdy. S 1a mat ngoai cua a? y2 +72=R?
S
4) ,U dydz " dzdx

+ dxdy , S la mat ngoai cia

y Z
.2 .2 _
a2 b2 a2

5) szdydz +y2dzdx + z2dxdy, S la mat ngoai clia
S .
(x—a)2+(y—b)2+(z—c)2=R2,R>O.
19. Tinh (y? +22)dx +(22 +x2)dy +(x +y?)dz, L a giao tuyén
L
. e me o 1 R —— 23 , .
clia cac mat x° + yrFz-=2ay;x~+¥y==2by;z>072a > b > 0, huéng di
trén L 12 nguge chiéukim déng ho neulahiv tiephia z > 0.

189



20. Tinh cic tich phan mat :

D ,[ I xzdydz + yxdzdx + zydxdy, S la phia ngoai cua bién cla
S
hinhChépXZO,yZO,z?_O,x+y+zs 1

2) J'Ix3dydz+y3dzdx+z3dxdy, S la phia ngoai cia mat cdu

x2+y2+zz=R2

3) J' j x2dydz + y2dzdx + z2dxdy, S la phia ngoai cia bién cia hinh

lap phuong 0<x<a,0<y<a,0<z<a.
21. Chimg minh cédc cong thic

div(gF) = g;;tdg.f*: + gdiv? 3 div(a A ﬁ) =F.rotG - G.rotF -

E)E(g?) = g;;dg AF+ ggt.l_"

22. Chimg minh ring c4c trudng vecto sau day la nhimg truong thé.

Tim ham s6 th€ vi cia trudng :
D ﬁ(x,y)=e-x[ l
X+

—X

—In(x + y)]-i.+ i
y X+

-

]
y

2) f‘"’(x,y,z) =yz(2x+y+ z)_i' +zxQ2Qy +z+ x)_j +xy(2z+x + y)E
3) ?(x,y,z) =(y+ z)? +(x+ z)_j +(x+ y)E.
23. Tinh thoéng lugng cla cic trudng vecto sau :

1) ?(x,y,z) = xyf + yz} +2xK qua phin cia mat cdu
x2+y2+zz=R2, x 20,y 20, z20 huéng ra ngoai.
2) F(x,y,z)=x3-i'+y3]+z3l—<. qua mat ciu X+ y2 +2° = x hudng

ra ngoai.
3) F(x,y,2)=Xi+yj+zk qua mit z=1-yx2+y2, z > 0 huéng
lén trén.

i- y z4
4 Fx JZ ——-1+ +— k uamét—+—- Z_ =1 hudngra
) F(x.y.2)=7 yj q a2 | o uong ra ngoai
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24. Pat r=4/x? +y2 +2z2. Tim ham s6 f(r) kha vi sao cho f(1) = 1

va div(f(r).OM) =0 tai moi diém M(x, ¥, 2).
25. Cho vecto F(x,y,z)= xf(r)i + yf(r)j +2zf(r)k, trong dé
x2 +y2 . Tim f dé t6n tai mot vecto G saocho F= EG biét rang

f(1) = 1. Tim mot biéu thic ciia cdc thanh phdn cia G biét ring thanh
phdn thit ba ctia n6 bang khong.

26. Tinh luu s6 cuta truong F= (y+ z)T +(z+ x)—j +(x+ y)E doc theo

cung tron nhd nhat ciia dudng tron 16n clia mat cdu X2+ y2 + 2% =25 néi
cdc diém M(3, 4, 0) va N(0, 0, 5).

27. Tinh I 2xy2zdx +2x2yzdy + (x2y? —2z)dz, L 1a dudng x = cost,
L
Y= l/-z—:isin t,z= %sint huéng theo chiéu ting cuat.
28. bat OM =r # 0. Tim ham s6 f(r) thod man diéu kién f(1) = 1 sao

cho trudng vecto f(r).m c6 thong lugng bao toan. Tinh thong lugng

clia trudng vecto 4y qua mat cdu S tam O bén kinh R hudng ra ngoai.
C6 thé 4p dung cong thic Ostrogradsky dé tinh duoc khong ?

Bap sd

L1)2:2)24:3) (3\/— 142 3+2‘/_)

2 3
2. 1.

4a 4a 2a bn
so(35)2(023)

32

-—;2)4.
4.1 -5 32

17 q
. D1:2) — :3)=.
5.1) )15 )3
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3
6.1)4:2)3:3)-"2 . 4y 3%
8 2

7. Khong néu dudng tich phan khong cat Oy ; 1 + 7.
8. Khong néu duong tich phan khéong cit cic truc toa do ;

(n? +16)>
16m

4.

9.1) %)(3—x2y2 +3x+%y3+3y+C :2) x2 +y2 —-%xzy2 +2xy+C ;
3) XY +sin(x —y)+2y+C ;4) e’ [y+e¥(x—-y+D]+C ;

5) lln(x2 +y2)—ﬁ+C.
2 2

10.m=1, u=%ln(x2 +y2)+arcth+C.
X

11. a=b=-1, u=——Y_4+C. .
xZ +y?
ab
12. a=p=1, [=—22
1+a2 +b?

2 2
13. 0. Biéu thitc dudi ddu tich phan Ja ~ 3¢~y +D

2 (x%2+y2 +1)2
14.1) /2 ;2) %na“.
64
15.1)9:2) 461 : 3) =4 <2,

a 21(1 + 64/3)
T

1

17, (o,o,L(sm— 15v5 )).
310
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2
18.1) 2 .M, 2 5 12IR7,
15712715 5

4
4) i(azbZ +b2c? +c2a2) ; 5) §nR3(a +b+c).
abc 3

19. —2mab2.
12mR3

20. 1) é :2) . 3) 3a%,

22.)e “In(x+y)+C;2)xyz(x +y+2) + C;
Ixy+yz+zx+C.
3R* _ n (bc ca ab)

12) —:3)2n;4) 4n] —+—+—
16 5 a b ¢

23.1)

24. L (ding c6ng thitc thit nhat bai 21).

3

I = yz 2 Xz =
25. — ; G= i— %

4 (X2 +y2)2 (X2 -+y2)2
26. —-12.

27. 0 (vecto (2xy22, 2x2yz, )(2y2 — 2z) 14 gradién cla xzyzz - 22, con

2

L la dudng tron giao tuyén cia mat cau X2+ y2 + 7~ = 1 v6i mat phing

y=\/§z).

28. f(r)=—l§ ; ®=4n. Khong dp dung cong thic Ostrogradsky
r

dugc vi trudng vecto khong xéc dinh tai goc O.
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Chuong V
PHUONG TRINH VI PHAN

Ngudi ta goi phueong trinh vi phdan 1a phuong trinh c6 dang
B B ¥ ¥ 73 =0

trong do x la bién s6 doc lap, y = y(x) la ham s6 phai tim, y', y"...., y(") la
cac dao ham cua no.

C4p cao nhit cua dao ham ctia y ¢6 mat trong phuong trinh duogc goi
1a cdp ctia phuong trinh. Chang han, y' + xy2 — 2y =¢" 1a phuong trinh vi
phén cdp moét : y" + 4y = 0 1a phuong trinh vi phan cap hai.

Phuong trinh vi phan duoc goi 1a ruyén tinh néu F 12 bac nhat dei
véi v, v, o Yy
cipnla

. Dang t6ng qudt cia phuong trinh vi phan tuyén tinh

(n)

y 4 a,(x)y("_” +

et (X)) +a(X)y =b(x) ;
trong do6 a,(X),..., a,(X). b(x) 1a nhimg ham s& cho trudc.

Ngudi ta goi nghiém cua phuong trinh vi phan 12 moi ham s6
thoa man phuong trinh ay, tic 1a moi ham s6 sao cho khi thé né vao
phuong trinh ta dugc mot dong nhat thic. Ching han. cic ham s6
y = Cjcos2x + C,sin2x, trong d6 C,. C, la cac hang s6 tuy v. déu la
nghiém cua phuong trinh y* + 4y = 0. Cho C,, C, nhimg gid tri khic
nhau, ta dugc nhimg nghiém khac nhau cua phuong trinh 4y. vay phuong
trinh 4y cd vo so nghiém.

Xét phuong trinh

y' = cosX.
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Bang c4ch 14y nguyén ham hai vé, ta duoc
y =sinx + C

trong d6 C la hang s6 tuy y. Néu dat di€u kién y cé gia tri bang 2 khi
L : e ;o
X =E, thi bang céach thé diéu kién dy vaoytadugc 2=1+C = C = 1.

Vay y =sinx + 1 la nghiém cta phuong trinh thod man diéu kién da cho.

Gidi mot phuong trinh vi phan 1a tim tat ca cdc nghiém cua nd. Vé
mit hinh hoc méi nghiém cua phuong trinh vi phan xdc dinh mot dudng
goi 1a duong tich phan cia phuong trinh. Gidi mét phuong trinh vi phan
la tim tat ca cdc duong tich phan cla nd, cic dudng ay duogc xac dinh
hodc boi phuong trinh y = f(x), hoac boi phuong trinh $(x,y) =0, hoac
bdi phuong trinh tham s6 x = x(t), y = y(1).

Trong gido trinh nay, ta chi xét nhitng phuong trinh vi phan cép 1 va
cdp 2.

5.1. PHUONG TRINH VI PHAN CAP MOT

5.1.1. Dai cuong vé phuaong trinh vi phan cap rﬁc}t

e Dang téng quét cla phuong trinh vi phan cidp mot 1a

(5.1) F(x,y,y)=0.

Néu giai duge phuong trinh dy d6i véi y', phuong trinh sé€ c6 dang
(5.2) y' =1(x, y).

Vidu :y + Xy = Xsinx, yy' + X" + y2 = 0 la nhimg phuong trinh
vi phan cdp mot, ma phuong trinh dau la tuyén tinh.

2

e Dinh li 5.1 (sw ton tai va duy nhdt nghiém). Cho phuong tinh
vi phdn cdp mot
(5.2) y' = A0 ¥):
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Gia sit fix, v) lién tuc trong mot mién D nao dé cua mar phang Oxy
va gid si (X, ¥p) la mot diém nao dé cia D. Khi dé trong mor lan cdn
nao do cua diém x = x,, 16n tai it nhat mot nghiém y = v(x) cua phiong

wrinh (5.2), ldy gid i yo khi x = xy.
" > of . . m o g
Néu ngoai ra a—(x,y) ciing lién tuc trong mién D thi nghiém dy la
)7

duy nhat.

Ta thira nhan dinh li nay.

Dieu kién y = y(x) ldy gid tri y, khi x = xo dugc got la diéu kién ban
dau va thuong duogc viét 1a

ylx:x() = yO'

Bai toan tim nghiém clia phuong trinh (5.2) thoa man diéu kién ban
dau do dugc goi 1a bai todn Cauchy cia phuong trinh (5.2).

Vé mat hinh hoc, dinh Ii trén khang dinh rang véi cdc diéu kién da
néu, trong mot 14n can nao dé cua diém (Xg» Yo) ton tai mot dudmg tich
phan duy nhat clia phuong trinh (5.2) di qua diém 4y.

o Ngudi ta goi nghiém 16ng qudt cia phuong trinh vi phan cdp mot
y' = f(x, y) 1a ham s6

y = ¢(x, C),
trong d6 C la mot hang s6 tuy y, thod man cac diéu kién sau :
1) N6 thod man phuong trinh vi phan véi moi gia tri cua C :
2) Véi moi (X, yo) 0 d6 céc diéu kién cta dinh 1i trén duoc thoa man,

c6 thé tim duge mot gid tri C = C; sao cho ham s6 y = @(x, Cy) thoa man
diéu kién ban ddu

Y|x=x0 =Yo-

Vé mat hinh hoo;nghi®m 1603 @44 t'cé| phivong trinh (5.2) duge biéy
dién bdi mot ho dudng tich phan y = (3 ©€)phu thudc mot tham s6.
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Doi khi ta khong tim duoc nghiém tdng qudt cua phuong trinh (5.2)
dudi dang tudng minh y = @(x, C), ma tim dugc mot hé thic c6 dang
O(x,y,O) =0,
né xac dinh nghiém téng quat dudi dang dn. He thic dy dugc goi la
tich phdn 16ng qudt ciia phuong trinh (5.2).
Ngudi ta goi nghiém riéng ctia phuong trinh (5.2) 1a moi ham s6
y = 9(x, Cy) ma ta dugc bang cach cho C trong nghiém téng quat mot
gid tri xdc dinh C,. Hé thic ®(x, y, Cg) = 0 ma ta dugc bang cich cho C
trong tich phan t6ng quat 1dy gia tri C, dugc goi 1a tich phan riéng.
Phuong trinh (5.2) ¢6 thé c6 mot s6 nghiém khong ndm trong ho
nghiém téng qudt, nhimg nghiém dy duoc goi 1a nghiém ki di. Tai cdc
diém trén dudng tich phan tuong tng, diéu kién duy nhit nghiém bj
vi pham.
5.1.2. Phuong trinh khuyét
e Phuong trinh khuyét y : F(x,y") =0
Ba trudng hop thudng gép la :
— Phuong trinh giai ra duge d6i véi y' ¢6 dang y' = f(x). Chi viéc lay
tich phan hai vé, ta duoc
y= jf(x)dx =F(x)+C,

trong d6 F(x) 1a mot nguyén ham cixé f(x).
- Phuong trinh giai ra dugc doi véi x cé dang x = f(y").
bat y' = t, ta ¢6 x = f(t), dx = f'()dt, dy = tdx = tf'(t)dt, do do

y=[if'di= - [fdt= (©-F@+C, wong do FO 1a mor
nguyén ham ctia f(t). Ta dugc phuong trinh tham s& ctia dudng tich phan
x =0,y =tf(®) -F(t) + C
Vi du : Giai phuong trinh x = y‘2 +y + 1.

Daty'zl,suyrax=t2+t+l,dx=(2[+1)dt,

dy = ydx =fZTEDA = eTO€, Y =%t3 +%t2 +C.

197



Phuong trinh tham s6 cia dudng tich phan la
x=t+1+1, y=3t3+ltz +C.
3 2

— Phuong trinh c6 thé tham s6 hod : x = f(t), y = g1). Ta c6
dy = y'dx = g(t)f '(t)dt, do d6 y :Ig(t)f'(t)dt =h(t)+C. trong do h(1) la

mot nguyén ham cua g(t)f'(t). Ta duge phuong trinh tham s6 cua dudng
tich phan.
e Plucong trinh khuyét x : F(v,y") =0.
Ba truong hop thuong gap la :
dy d
— Phuong trinh dang y' = f(y) = —=1f(y) = dx ==
dx f(y)

L4y tich phan hai vé ta duoc x = F(y) + C, F(y) 1a mot nguyén ham

cla —1—
f(y)

— Phuong trinh dang y = f(y') Dét y' =t,suyray = f(t), dy = f'(t)dt.
Mat khac dy = tdx, vay dx-—dt X = j&dt F(t)+C, F@t) la
mot nguyén ham cla —fl ta duoc phuong trinh tham s6 cua dudng
tich phan. Ya

— Phuong trinh tham $6 hod cua
F(y, y) = 0 dudi dang y = f(v),

y' = g(t). Ta ¢6 dy = f'(1)dt = g(t)dx,
"(t
suy ra dx=f( )dt. o
gt —
M 7/ A
1 Ml
Vay x=J'f(‘)dt=G(t)+c. o
g(t)
Vi du : Giai phuong trinh y* + y? = 1.
Hinh 5.1
Tham s6 hoa nd bang-cach dat y = sint, y' = cost Nhé rang y'= ay

dx’
ta duoc dy = costdt =costdx. €0 2 trudng hop-:
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Néu cost # 0 thi dt = dx, t = x + C, y = sin(x + C), d6 la nghiém
téng quat.

o L ; :
Néucost=0tacé t =2k + 1)5, vay y =t 1. Hai nghiém nay khong

nim trong ho nghiém téng quaét, d6 1a hai nghiém ki di. Duong tich phan
tuong tmg 1a hinh bao ciia ho dudmg tich phan tong quét (hinh 5.1).
5.1.3. Phuong trinh vdi bién sé phan li
Pé 1a phuong trinh c6 dang
(5.3) f(x)dx = g(y)dy
L4y tich phan hai v¢, ta dugc

[f00dx = [e(y)dy

hay
F(x) =G(y) + C,
trong dé F(x) 1a mét nguyén ham cia f(x), G(y) 1a mot nguyén ham
ctia g(y).
~ Vidu : Giai phuong trinh (1 + x)ydx + (1 — y)xdy = 0.

Néu x # 0, y # 0, c6 thé viét phuong trinh thanh

REma

LAy tich phan hai vé, ta dugc
Inlxl + x =y = Inlyl + C
hay
Inlxyl+x-y=C

D6 1a tich phan téng quat cla phuong trinh. Dé thdy rang x =0,y =0
ciing thoa méan phuong trinh, chiing bi€u dién hai dudng tich phan ki di.

Chii thich. Nhilng phlong trinh Khuyet dang y + f(x) va y' = f(y)
ciing 12 nhimg phuong trinh Vo1.bién's6-phan i
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5.1.4. Phuong trinh thuan nhat

b6 la phuong trinh vi phan c6 dang

(5.4) y'=f(l).
X

R6 rang phuong trinh 4y khong déi khi ta thay (x, y) bai (kx. ky) véi
k 12 hing sd, tic 12 n6 bat bi€n qua phép vi tr tam O véi ti s6 vi tu bat ki.

Dat y = u.x, trong d6 u la mot ham s6 cla x, suy ra
y' =u+ xu' = f(u) hay xg—u =f(u)—u.
X

Do d6, néu f(uy—u =0
%_ du
x fu-u’

dé6 1a mot phuong trinh véi bién s6 phan li.

Béng cach tich phan hai vé, ta dugc

du
Inx| _J’f(u)_ —= () + Inlcl,

trong dé ®(u) 1a mot nguyén ham cia . Dodé x = Ceq)("), vay

(u)-u
nghiém téng quat ciia phuong trinh (5.4) 1a x = Ce*¥/).
Ciing c6 thé viét phuong trinh tham s6 ciia dudng tich phan tdng quat
12 x = Ce™™, y= cue®® ds 1 mot ho dudng vi tu.

Néu f(u) = u thi phuong trinh (5.4) cé dang

¥E=
X

nghiém tong quitciané la y = Cx.
Con néu f(u) = v taiw =g thitdthe thisdédang ring ham s6 ¥ = iy

ciing la nghiém cia phuong trinh.
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X +ay
ax—y
b6 la phuong trinh thudn nhdt vi v&€ phdi c6 thé dugc viét 1a

—_—

X

L4y tich phan hai v€, ta duoc

, ala hang s6.

Vidu I : Gidi phuong trinh y'=

. Paty =u.x, suyra

du 1+au dx a-u

Inlx|=a.arctgu —%ln(l +u?)+1nlCI

hay

xV1+u2 = Ced-arctgu
do d6
y
a.arctg(—)
\/xz +y2 =Ce X/,
Néu déi sang toa do cuc, dudng tich phan téng quét cé dang r = Ce*,
dé 1a ho céc dudng xoan 6¢ logarit.
Vi dy 2 : Giai phuong trinh x%y"% — (x* + y%) = 0.
D6 1a phuong trinh thudn nhat vi ¢6 thé viét né duéi dang

2
y'z—(l) - 1.
X

C6 thé tham s6 hoa phuong trinh 4y bang cach dat

y' =cht, Y = sht.
X
Suy ra dy = chtdx. Mat khéc y = xsht, vay dy = shtdx + xchtdt. Do dé

(cht #shoydx==xchrdt:
Nhung cht — sht/=e "£0 Wt Viy
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2t 4

d
—vx-ze‘chldt " dt.

X

L4y tich phan hai vé, ta duoc

e2! 42t

Inlx| = +1InlCl,

2t

bar g(t)= ¢ , ta duoc

x = Ce?™, y = Cshte®",

dé6 1a phuong trinh tham s6 cia ho dudng tich phan téng quat mot ho
dudng vi tu.

Chii thich. Phuong trinh dang
P(x, y)dx + Q(x,y)dy = 0,

trong d6 P(x, y) va Q(x, y) la hai ham s6 thuan nhat cung bac, ciing la

phuong trinh thudn nhat, vi ti s6 g c6 thé biéu dién dudi dang f(-i—)
Chang han, cic phuong trinh

(2xy - 5y2)dx + (3y2 - xy)dy=0

y(x2 = 2y2)dx - (x3 + 4x2y)dy =0

1a nhimg phuong trinh vi phan cap mot thudn nhat.

5.1.5. Phuong trinh tuyén tinh
D6 1a phuong trinh ¢6 dang
(5.5) y + p(x)y = q(x),

trong d6é p(x), q(x) la nhimg ham s6 lién wc. Phuong trinh wyén tinh
duoc goi 1a thuan nhdt néu q(x) = 0. 1a khong thuan nhat néu q(x) = 0.

Dé giai phuong trinh (5.5), trude hét ta giai phuong trinh thuan nhat
tuong Ung

(5.6) y +px)y =0
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Néu y # 0, c6 thé viét n6 thanh

ay =—p(x)dx,
y

dé 1a mot phuong trinh véi bién s6 phan li. Suy ra
Infy| = - [ peodx +Inlcl,
C la hang s6 wy y, do do
5.7)  y=cefpox

dé 1a nghiém 16ng qudt clia phuong trinh (5.6). Chi y rang y = 0 ciing la
mot nghiém cua (5.6) va 1a mot nghiém riéng ting v61 C = 0.

Bay gi xem C la mot ham s6, ta tim duge C dé cho (5.7) thoa man
phuong trinh khong thudn nhat (5.5). Lay dao ham hai vé cua (5.7), r6i
thé vao (5.5), ta dugc

PRy C(x)p(x)e_j px)dx p(x)C(x)e~j POX — (x)
hay

8 _qguel 0%,
dx

Do dé
C= j.q(x)eI POIdX gy + K
trong d6 K 1a mot hang s6 tuy y. Vay
58 yme R T ol

Ja nghiém tong quét cha phuong trinh (5.5).

Phuong phdp gii trén goi 1a phuong phap bién thién hang so.

Ta nhan xét rang s6 hang thi hai trong v& phai cia (5.8) 1a mot
nghiém riéng ctia phuong trinh (5.5) ing véi K = 0, con s6 hang thi nhat
la nghiém téng quat cua phuong trinh (5.6). C6 thé chitng minh mot
cach téng quat rang : nghiém tdng quat cta phuong trinh tuvén tinh
khong thudn nhat bang nghiém téng quat clia phuong trinh thuan nhat
tuong Ung cong V& motnghiem ricog nag do, cua phuong trinh khong
thudn nhat.
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Vidy I : Tim nghiém cua phuong trinh
<+ Dy +xy=1
thoa man diéu kién y|x=0 =3
Phuong trinh thuan nhat tuong tmg 1

(x2+l)y'+xy=0hay ﬂ=— E
y x? +1

LAy tich phan hai vé, ta duoc
Iny| =—%ln(x2 + 1)+ Inlc],

g= C
x2 +1

d6 1a nghiém téng quat cua phuong trinh thuan nhat. Bay gio xem C la
ham s6 cta x, thé vao phuong trinh khong thudn nhat, ta c6

Vx2+1C'=1 > C':\/_zl_ = C=In(x+Vx? +1)+K,
X< +1 )

K l1a hang s6 tuy y. Vay nghiém t6ng qudt clia phuong trinh khong
thuan nhat la

y=ln(x+\/x2+l)+K
\/x2+l

Tir diéu kién ban dau ylx —o =2, taduge K =2. Vay nghiém phai tim Ia

In(x +Vx2 +1)+2
y= .
\/x2+1

Vi du 2 - Giai phuong trinh (x* + 1)y’ + xy = —x.

Dé dang nhan thdy rang y = —1 1a mot nghiém riéng cua phuong trinh
di cho, vinéu y = -1 thi y' = 0. Vay chi cdn tim nghiém tong qudt cua

phuong trinh thuaf ACIHONE UM, 46 1T v =

(xem Vi du ),
x2h 1
Vay nghiém tdng quat.ctia phuong trinh dacho la
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c

x2 +1

-1,

y:

Vidy 3 : Giai phuong trinh e”dx + (xe¥ — 1)dy = 0
Néu xem y la ham s6 phai tim cia bién s x va viét phuong trinh
dudi dang
(xe¥ — Dy + e’ =0
thi phuong trinh 4y khéng thudc nhimng dang da xét. Néu xem x la ham
s6 phai tim cua y, ta dugc phuong trinh

. 1
X+X=m—,
eY

trong d6é x' =j—x. b6 1a mot phuong trinh tuyén tinh cap mot déi véi
y
ham s6 x(y).
Giai phuong trinh thuin nhat tuong g ta duge
gi+x= 0, hay d—Xz—dy, dodé x = Ce™Y.
dy X
Cho hing s6 C bién thién dé tim nghiém t6ng quat clia phuong trinh
khong thuan nhat, ta duoc
CeY=e7Y,dod6C=1,vaiyC=y- K.
Suy ra nghiém t6ng quat la
x=(y+K)e™ =Ke™ +ye™?Y.
5.1.6. Phuong trinh Bernoulli
D6 1a phuong trinh c6 dang

(59) ¥ +pX)y=qXx)y",
trong d6 p(x), q(x) 1a nhimg ham s6 lién tuc, o 1a mot s6 thuc. Phuong
trinh 4y tré thanh phuong trinh tuyén tinh khi o = 0 hay o = 1. Vi vay. ta

giathista#0vaa# 1. Vaiy #0, chia hai vé& ciia (5.9) cho ya, ta dugc

y Oy gy = )

205



batz = y' “lacoz = (- on)y_ay', phuong trinh trén tro thanh
Z + (1 —a)p(x)z = (1 — o)q(x)
dé la mot phuong trinh vi phan tuyén tinh cip 1 doi véi z.

Vi du : Giai phuong trinh y'+ —2—ly +(x+1)3y2 =0
X+
Néu y # 0, chia hai vé cua phuong trinh cho yz, ta dugc

y*yw—z—y4+«x+n3=0
x+1

bat y_l =2z,taco —y_zy' =7, phuong trinh trg thanh
z'——2—z =(x+1)3,
%x+1
dé 12 mot phuong trinh tuyén tinh. Phuong trinh thuan nhat tuong ng 1a
dz 2z dz _ 2dx

—= =0 hay —= .
dx x+1 z x+1

Do d6

Inlzl = 2Inlx + 1/ + InlC| hay z = C(x + 1)~

Cho hang s6 C bién thién, thé vao phuong trinh khong thuin nhit
ta duoc

X +1)?2 :
C‘=x+l:>C=(X ) +%,Kl:‘1héngsc‘>’tuyy".
Turdo ta co
(x+ D +Kx+1)? 2
Zs —> ¥= '
2 ; :
(x+ D +K(x+1)

Con y = 0 cling 1a mot nghiém cua phuong trinh, dé la nghiém ki dj.

5.1.7. Phuong trinh Vi phan (©aa|ghan

D6 1a phuong trinh viphanco dang

206



(5.10) P(x, y)dx + Q(x, y)dy =0,
trong d6 P(x, y), Q(x, y) la nhig ham so lién tuc cling vai cac dao ham
riéng cap mot cta ching trong mot mién don lién D thoa mén diéu kién
opP aQ
ay ox

Khi d6 Pdx + Qdy la vi phan toan phdn cia mot ham so u(x, y) nao
d6. Néu D = R?, ham s6 u(x, y) dugc cho bdi cong thic

(5.11)

X y

(5.12) u(x,y) = j P(x,yq)dx + j Q(x,y)dy + K
Xo Yo

hay
Yy X

(5.13) u(x,y) = | QExo.y)dy+ [ Py +K
Yo X0

trong dé Xy, yo 12 hai s6 n2o d¢, K la hang s6 tuy y (xem cong thiic
(4.12) va (4.12"). Vay phuong trinh (5.10) c6 thé viét 1a

du(x, y) =
Tich phin tdng quét cuia nd 1a
u(x,y) =C,
trong d6 u duogc tinh theo cong thic (5.12) hay (5.13), C 1a héng s6
tuy y.
Vi du : Giai phuong trinh
(1 +x+y)e' +e'ldx + [e" + xe’]dy.

Tac6 P(x, y) = (1 + x +y)e* + &, Q(x, y) =e” + x&’

Qf——e +eY EQ—
ay ox

Vay Pdx + Qdy.la.vi.phan toan phan clia ham sO u(x, y).

Tinh u theo congdhie (5:12) véixy.= yol=0ta dugc
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X A
u(x,y)= I[(l +x)e* +1]dx + ](ex +xe¥)dy+K =
0 0

=xe* +x+e'y+xe¥ —x +K=(x +y)e* +xe” +K.

Tich phan téng quat clia phuong trinh la
(x +y)e +xe’ =C

Chu thich. Gia st phuong trinh
(5.14) P(x, y)dx + Q(x, y)dy =0

khong phai la phuong trinh vi phan toan phan. Néu ta tim dugc mot ham
$6 a(X, y) sao cho

(5.15) a(x, Y)[P(x, y)dx + Q(x, y)dy] =0
trd thanh phuong trinh vi phan toan phan, tic la sao cho
d d
(5.16) —(0oP) =—(0Q)
ady ox

thi ox, y) dugc goi la thira s6 tich phdn cua phuong trinh (5.14).
Nghiém t6ng quat ciia phuong trinh (5.15) tring véi nghiém t6ng quat
cta phuong trinh (5.14).

Vi du : Giai phuong trinh
(2xy2 — 3y3)dx +(7- 3xy2)dy =0
bing cdch tim mot thira s6 tich phan o chi phu thuoc y.
Piéu kién (5.16) cho ta
a(y)2xy” - 3y) + ay)(dxy - 9y”) = -3y ay)
hay
2ya(y)(2x - 3y) + y a'(y)2x - 3y) =0.
Véidiéukieny #0,2x -3y #0,tacd
2
Chon C = 1, ta @uge phuong trinh Y1 phafitoan phan

2a+y$1—=0 =5 a=£.
dy
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(2x —3y)dx + (—7— - 3x)dy =0
y2

Dang cong thic (5.12) véi xy =0, y, =1,ta dugc

X y 7
u(x,y):J‘ (2x—-3)dx+J‘ [—2—3x)dy=

0 1\
= X2 —Z—3xy+7.
y
Vay nghiém t6ng quat clia phuong trinh la
X2 — 7 3xy =C,
y

C 1a hang s6 tuy y. Dé kiém tra ring y = O cling 12 mo6t nghiém cla

2 . s ;
phuong trinh, nhung y = Ex khong la nghiém cua phuong trinh.

5.1.8. Phudng trinh Clairaut
D6 1a phuong trinh c6 dang
(5.17) y =xy'+ f(y),
trong d6 f 1a mot ham s6 kha vi.
Paty' =t,tacéd y = xt + f(t). Ly dao ham hai vé€ do6i vdi x, ta dugc

dt dt
"=t+x—+f'(t)—=t.
y .odx ( )dx
hay
dt
[x+f'(t)}—=0.
dx
Suyra:
° %. =0 => t 1a hang s6, ta dugc ho dudng thang D, phu thuéc tham
X

s6 t c6 phuong trinh y=x + ().
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o x =-f'(1), y = —tf'(t) + f(1), d6 1a phuong trinh tham so cua duomg
tich phan ki di E.

Dé dang thdy rang dudng E tiép xiic véi moi duomg tich phan Dy
That vay, phuong trinh dudng tiép tuyén ctia E tai M(t) 1a

d
Y —y(t) =L (X - x(t))
dx
hay

Y +tf'(6) — f(t) = (X + £'(t)) hay Y = tX + (1),
dé chinh la phuong trinh cia D,. Nhu vay E chinh la hinh bao cua ho
dubng»théng D,.
Vi du : Xét phuong trinh
1 I |2
=Xy'-—y'“.
y =Xy m y
D6 la phuong trinh Clairaut, nghiém téng quit cia né la
y =Cx —%Cz, n6 biéu dién mot ho dudng thing phu thudc mot tham

s6. Cic dudng thang khong c6 diém ki di, vay néu khir C gidta cdc
phuong trinh

1
y =Cx —ZC2
O=x—lC
2
ta dugc phuong trinh cta hinh bao cta ho dudng tich phan tong quat 13
y= X, Vay nghiém ki di cua phuong trinh la y = x.

5.1.9. Phuong trinh Lagrange

D6 1a phuong trinh c6 dang

(5.18) y = xg(y) + f(y").
trong d6 f va g 1a hai ham;sé kha v

baty' =t, tacé y=xg(t) £ 1(1). Lay dag Ham hai vé d6i vai x. ta duoc
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dt dt
= "()y—+f'(t)—=t.
y' =g(t)+xg (t)dx + ([)dx
Suy ra
[g(t)—t]%’f+g'<t)x+f'<t):o.

D6 1a mot phuong trinh tuyén tinh d6i véi x(t). Néu nghiém tong quat
clhia né la x = Co(t) + (1), trong d6 C 1a hang s6 tuy y thi y = [Co(t) +
y(1)]g(t) + f(t). Ta dugc phuong trinh tham s& ctia cdc dudng tich phan.

Vidy : Xét phuong trinh
12 12
y =Xy +y”.

Paty =t,tacy = xt* + t2. Ldy dao ham hai v& d5i véi x, ta duoc

t2—t+2Kx+Dg£=0
dx

Néu t* - t # 0, tir phuong trinh trén suy ra

dx 2x 2
—_—t—_— =
dt t—1 1-t
D6 1a phuong trinh tuyén tinh d6i véi x, nghiém téng qudt clia né 1a
2
1= c —1, Cla hang s6 tuy y, do d6 y= =l . Khir C giira hai
(t-1) (t-1)2

phuong trinh d6 ta duge nghiém tdng quét cta phuong trinh di cho 1a

y=(\/x+l+Cl)2, vai Cy =\/E.

Néu® —t=0,thihoact=0,dod6y=0,hoact=1,dod6y=x+ I,
y = 0 la nghiém ki di, con y = x + 1 12 nghiém riéng ctia phuong trinh
da cho.

5.1.10. Quy dao truc giao

Trong mat phang Oxy-eha mot ho duong (%) phu thuéc mot tham s
C c6 phuong trinh la
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(5.19) F(x.v.C) =0.

Nhimg duong cat tit ca cac dudng cua ho (¥¢) dudi mot goc @ =

oA

duoc goi 1a nhimg quy dao trice giao cua ho (¢) (hinh 5.2).
Muén tim phuong trinh cla cdc quy yw
dao truc giao clia ho (¢). trudc hét ta lap
phuong trinh vi phan cta ho (¥) bang
cach khu C tir hai phuong trinh
F(x.y.C)=0

d
—F(x,y.C)=0.
cdx

HQ] NN\

Ta sé duoc mot phuong trinh lién hé
X.vvay ‘

(5.20) f(x,y.y) = 0. Hinh 5.2

Dao ham v’ biéu thi hé s6 géc cia dudng tiép tuyén véi dudmg cua ho
(¢) tai diém M(x, y). Vi quy dao truc giao cua (¥) di qua M cat cac

dudng cua (¥¢) dudi géc a=—. nén hé¢ s6 goc cua cac uép tuyeén cua no

2
Besdern ¢ 1 . 1 . : I
taiM1a y, =——, dodé y'=——. Vay phuong trinh vi phan coa ho cac
y Y1
quy dao truc giao cta (¥¢) chinh la phuong trinh (5.20). trong dé ta da
|
Ihay yl bo S
},’
1
(5.2 f(x.y.———q:O.
¥ J

Nghiém téng quat cia (5.21) cho ta ho cic quy dao trie giao.
Vi du 1 - Tim cdc qu¥ dao truc giao cia ho dudng thang v = Cx dj
qua goc toa do.
Khir C gilra hai-phuong.trinh.y.=.Cx..y".=.C.ta.duoc phuong trinh vi
2 - \ \ e « . .
phan cta ho duong thang la ¥ = -; Po d6 phirong trinh vi phan cua cac
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quy dao truc giao clia ho dudng thing la y'=—i, dé 1a mot phuong
trinh v6i bién 5§ phan li. Tich phan tdng quét cta nd la
x4y’ = K2, K 1a hing s6 tuy §.

Vay cédc quy dao truc giao phai tim l1a nhing duong tron dong tam va
c6 tam & gdc toa do (hinh 5.3).

yn y“

Nla

Hinh 5.3 Hinh 5.4
Vidu 2 : Tim cic quy dao truc giao ctia ho parabon y = Cx%

Khir C giira hai phuong trinh y = sz, y' = 2Cx, ta dugc phuong trinh
vi phén cta ho parabon la

3 _s

y X
Do d6 phuong trinh vi phan cta ho cic quy dao truc giao la

~L =2 hay yay =X,

yy X 2
Tich phan tong quit cua né la
2 2
i(_—_ + K2
4 2 '

Vay cic quy dao true-giao phai tim Ja nhirog dudng elip ¢6 ban truc
I a = 2K, b=K2({hinh5.4).
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Chui thich. Pudng cat moi dudng cia ho (¢) dudi géc o khong doi
duoc goi la quy dao dong nghiéng cla ho ay. Ban doc hay chung minh

rang phuong trinh vi phan cla cic quy dao déng nghiéng cua ho () la

phuong trinh vi phan cua () trong d6 y' dugc thay bang 2T lgu‘
1+tgay
/'— 180l
(5.22) f[x,y.—)—g—'] =0.
I+tgay

Dung cong thic dé, ban doc hay tim cdc quy dao dong nghiéng cua

R ) v n
ho duong thang y = Cx vd1 goc o= i

5.2. PHUUNG TRINH VI PHAN CAP HAI

5.2.1. Pai cuong vé phuong trinh vi phan cap hai

e Phuong trinh vi phan cép hai la phuong trinh ¢6 dang

(5.23) Fx,y.y.,y)=0.
Néu giai dugc phuong trinh ay doi véi y", né ¢6 dang
(5.24) y'=f(x,y,y).

Vidu:yy' - y'2 +yy' + xzy2 =0, y"- 2%
X
trinh vi phén cdp hai ; phuong trinh sau la tuyén tinh.

=xcosx la nhimg phuong

e Dinh li 5.2 (siton tai va duy nhat nghiém). Cho phuong trinh
(5.24) y' =Xy, y).

. of W . of .
Néu f(x, y,y), a—(x,y.y ) va T(x,y,y') lién tuc trong mor mién D
\ y

. " 3 2, o . ' N P . . x
nao dé trong R xa.néu(xy,yg.>0)-la.mot.diém. thuéc D thi trong mor

lén cdn nao dé clig diém x = x, ontamer Mghiém duy nhdt v = vy
ciia phuong trinh|(524) thea nian cacidiemhien
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(5.25) y|x=x0 =Y0» y'|x=xo =Yop.

Ta thira nhan dinh 1f nay.

Bai todn tim nghiém cua phuong trinh (5.24) thod man cic diéu kién
(5.25) duoc goi 1a bai toan Cauchy cta phuong trinh (5.24).

Vé mat hinh hoc, dinh If khéng dinh rang néu (x(,yo.Yg)€ D thi
trong mot lan can nao dé cla diém (X, y) ¢6 mot dudng tich phan duy
nhét cha phuong trinh. (5.24) di qua diém &y, hé s6 géc clia tiép tuyén

cia n6 tai diém 4y bang y,,.

e Ngudi ta goi nghiém t8ng qudt ciia phuong trinh (5.24) 1a ham s6
y = @(x, C;, C)), trong d6 C,, C, la nhimg hang s6 tuy y thod man céc
diéu kién sau :

1) N6 thoa man phuong trinh (5.24) véi moi gid tri cua Cy, G,

2) Véi moi (X, Yo, Yo ) 0 d6 cdc diéu kién cia dinh 1i ton tai va duy
nhat nghiém duoc thod man, c6 thé tim duge cdc gid tri xdc dinh
C = C?, C,= Cg sao cho ham s6 y = (p(x,CO,C(z)) thoa man

y|x=x(, =Yo- y‘lx:x() =y‘0’

He thirc ®(x, y, C;, C,) = 0 xdc dinh nghiém t6ng quét ciia phuong
trinh (5.24) dudi dang an dugc goi la tich phan téng qudt cia né. N6
biéu dién mot ho dudng tich phan phu thuéc hai tham s6.

Ngudi ta goi nghiém riéng cua phuong trinh (5.24) la mot ham s6
y =(p(x,C?,C8) ma ta duoc bang cach cho C,. C, trong nghiém téng
quét céc gid tri xdc dinh C?. C(z)- Hé thuc (I)(x,y,CO,Cg)z 0 dugc goi
la tich phan riéng.

5.2.2. Phuong trinh Khiuyét

o Phuong trinh kRiyet ¥y 2 F (x, y') = €
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Pat y' = p, ta duoc F(x, p') = 0, d6 12 mot phuong trinh cap mot doi
v6i p. Néu nghiém téng quat cuia phuong trinh dy l1a p = f(x. C)), thi
y = g(x, C}) + C,, trong d6 g(x, C,) la mot nguyén ham nao dé cua f(x, Cy).

Vi du : Giai phuong trinh x = y"> +y" + 1.

bat p=y', taduoc x = p'2 + p' + 1. Phuong trinh tham s6 cua dudng
tich phan tong qudt cua né la

x=t2+t+l, p=3t3 +ip +C,
3 2

(xem vi du muc 5.1.2). Do d6

y :J‘pdx :J.(%[3 +%[2 +Cl j(2t +1)dt =

_ J'(iﬁ P P +2Clt+Cl)dt.
5 3 3

Phuong trinh tham s6 cua tich phan téng quat cla phuong trinh da
cho la

2 A5, 3w s, -0
X=t"+t+], y=—t+—t*+-t° +C;t°* +C;t + C,.
5 T2 7% ! Sl

e Phuong trinh khuyét y : F(x, y', y") = 0.

bat p =y, ta duge F(x, p, p) =0, d6 1a mot phuong trinh cap mot d6i
véi p.

Vi du : Tim mot nghiém riéng cta phuong trinh
(1- xz)y" -Xxy' =2
thoa man céc diéu kién y|x=0 =0, y'Ixzo =0.
Paty' =p,tacé y" =p, vay ta co
- Pres

P6 1a mot phuong trinh cap mot, fuyén fnh d6i véi p. Phuong trint
thuan nhat tuong ung la
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d d
(1—x2)9£—xp=o hay e, .z le
dx P 1-x

Suy ra

1 K
ln|p|=——ln(1—x2)+ln|K| hay p= ’
2 . “ _ X2
Cho bién thién hing s6 K, th€ vao phuong trinh khong thuan nhat,

ta duoc
2

\ll—x2

C, 1a hang s6 tuy y. Do d6

2arcsinx +C,
p=—T

K'= = K =2arcsinx + C|,

1-x
Vay

2arcsinx +C ) )
y =j L dx = (arcsin x)2 +C, arcsinx + C,.

J1-x2
D6 1a nghiém téng qudt cla phuong trinh da cho. Diéu kién
y|x=0 =0 cho ta C, =0, diéu kién y'|x=0 =0 chota C; =0.

Vay nghiém riéng phai tim lay = (arcsinx)2.
o Phucong trinh khuyét x : F(y,y', y") = 0.

dp dp d
0 S, 20 -X—_—p.ig, do do6 ta xem p la ham s6

Paty' =p,tacod !
Sl g dx dy dx dy

chua biét ciia y. Phuong trinh trd thanh F[y,p,pi—p}:o_ D6 ciing 1a
¥
mot phuong trinh cap mot doi vdi p.
Vi du I : Gidi phuong trinh 2yy" = y2 + 1.
d
paty'=p,y' = pﬁ_p—’ ta dugc phuong trinh
y

2yng:p3+lhay g)iz__}lpdp'
2
dy Y, . po+l
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D6 1a phuong trinh cdp mot d6i véi p, ¢6 bién s6 phan Iv. Lay tich
phan hai vé, ta duogc

lnlyl :ln(l +p2)+ln|Cl| hay y= Cl(l + pz)

Tirdé, ta cé

2C,pd 3
dXZﬂ=M=2Cldp:>dp=d—x
p p 2C,
X
= p=——+GC,.
P=3c G

Vay nghiém t6ng quit cua phuong trinh 1a

2 2
Y +2C

y:Cl L‘f"(:z +1 =Cl +(x—lcjz_)
2C, ac,

, =—a, 2C,| = p, nghiém t6ng quat clia phuong trinh 12
(
bl_ 2
2p|y-L|=(x-a
pl Y 2)( )
né bi€u dién mot ho dudng parabon phu thudc hai tham s6 c6 dudng

chuan 1a truc x.

Vidy 2: Bai todn vé van (¢ vii tru cap hai : xdc dinh van t6¢ nho nhat
ma ta phai phéng mot vat thing ding lén trén sao cho vat khong tré lai
qua dat. Sic can cua khong khi xem nhu khong dang ké.

Goi khoéi lugng cua qua dat la M, cla vat phéng lén la m. khoang
cdch gifia tam qua dat va trong tam cla vat phéng la r. Theo dinh Juat

hap dan ctia Newton, luc hit téc dung lén vat la f = k.M—zm, K la hang «&

r
hép dan.
Phuong trinh chuyén dong cta vat la
AR Mm
di? r2
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hay

2
(5.26) ar_ M
dt? 2
Ta s& tim mot nghiém riéng cia (5.26) thoa man cdc di¢u kién
dr
=g =R, —| =v
1=0 dr e 0

trong d6 R 1a ban kinh qua dat, v, la van t6¢c phéng.
Phuong trinh (5.26) 1a mot phuong trinh cap hai coa r(t) khuyét t.
. d’r _dv _dvdr_ dv

d ;
Dat v=-£, ta c6 =-—=—.—=v—. Th€ vao phuong trinh
dt dt2 dt dr dt dr

(5.26) ta dugc
vd—V = —kM hay vdv = —k—dr.
dr r2 - r2
Lay tich phan hai vé, ta dugc
2
(5.27) ¥ _mlig
2 r

Tir diéu kién vl=g = v hay vl;=g = vy, ta dugc

2 2
\ v M
_()_zk_M+Cl hay C, :_O_k_.
2 R 2 R

Thé vao (5.27), ta duge
v M (v% kM]
_M_ _

2 R

2
s : : _ \'2
Vi vt phai chuyén dong nén van t6c v phai duong, do dé = phai
duong. Nhung s6 hang dau cia vé phai dan t6i O khi r ddn 161 vo ciing,
nén ta phai co6

v oM ; 2kM
2| (QBRE TV RS
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2kM
Do d6 van toc nho nhat ma ta phai phong vat lén la v, = R

trong dé k = 6,68.10 " R =63.10°m.

kg.s? ’
Trén mat dat, tic la khir=R, gia toc cla trong truong la g =938l m/s:

2
Tu (5.26) suy ra M =%. Vay

Vo = 28R =/2.(9.81).63.105 = 11,2.103m /s =
= 11,2 km/s.
Do la van toc vii tru cap hai.
Clui thich. Nhing phuong trinh cip 2 khuyét con duoc goi 1a nhim;
phuong trinh giam cdp duge, vi c6 thé dé dang dua ching vé nhim
phuong trinh cap 1.

5.2.3. Phuong trinh tuyén tinh

D6 1a phuong trinh vi phan c6 dang

(5.28) y'+ p()y +q(x)y = f(x)
trong d6 p(x), q(x), f(x) la nhimg ham sé lién tuc. Phuong trinh duoc go
la thuan nhat néu f(x) =0, la khong thuin nhat néu f(x) = 0.

® Phuong trinh vi phdn tuyén tinh thudan nhdt
(5.29) y'+p(x)y +q(x)y = 0.
Dinl 1i 5.3. Néu y(x) va y,(x) la hai nghiém ciia phucong vrinh (5.29

thi Cpy (x) + Cyy,(x), trong dé C va C; la hai hang sé., ciing la nghign
cua phuong trinh do.

That vay, vi y;(x) va y,(x) la nghiém cua phuong trinh (5.29) nen
y) +P(X)y; +q(x)y; =0
¥2 +P(X)y; +4(x)y, =0.
Nhén dong trép-véi-Errnhan-dong-duéi-véi-C5 161 cong lai. ta duoc
(Cyy) + Cayp) = p(R(Chy ) CWAE=RG()(C)y, + Cayvy) =0,
vay Cyy, + Gy, la nghiémciia phuong trith I(5.29).
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Dinh nghia 1. Hai ham s6 y;(x), y5(x) dugc goi l1a déc lap tuyén tinh

trén doan [a, b] néu ti s6 !2—(Q¢ hang s6 trén doan dé. Trong trudng
y1(x)
hop trai lai, hai ham so dy duoc goi 12 phu thugc tuyén tinh.

§ wo . . s . X . sinx
Hai ham s6 sinx va cosx doc lap tuyén tinh trén R vi
COS X

=tgx #

hing s6 trén R ; hai ham so 2e** va 5¢* phu thuéc tuyén tinh vi
2e3* 2

5¢3% 5
Dinh nghia 2. Cho hai ham s6 y(x), y,(x). Dinh thic
i Y2

=Y1¥2 Y2V
Yi 2

dugc goi 1a dinh thite Wronsky clia y,, y, va dugc ki hi¢u la W(y,, y,)
hay van tat 1a W néu khong s¢ nham lan.

Dinh li 5.4. Néu hai ham s6"y(x) va y,(x) phu thudc tuyén tinh trén
[a, b] thi W(y,, y,) =0 trén doan dé.
That vay, vi y, = Ky, v6i k 12 hang s6 nén y, =ky), do do6

y1 ky

Y1 kyj

Yi ¥z

¥ y'z

Zk‘y} y)
i Y

W(yp.v2)= =0

Pinh li 5.5. Néu dinh thitc Wronsky W(y,, y,) ciia hai nghiém y,, y,
ciia phuong trinh tuyén tinh thuan nhat (5.29) khdc khong tai mot gia tri
x = xy nao dé cua doan [a, b], trén dé cdc hé s6 p(x), q(x) lién tuc, thi
né khac khong vor moi x trén doan doé.

Chitg minh. Vi y (x), y5(x) la nghiém cua (5.29), ta cé6
yy Py +q(X)y; =0, y5 +p(x)yy +q(x)y, =0.

Nhan ding thitc daGvéi =ys.dang thic sal kdiy | roi cong lai, ta duoc
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(5.30) (31¥2 = Y2y )+ POy y5 = yay)) =0.
Nhung

VY2 = Y2y =W,

WI=yiva 31y Yy =Yy =viv -y
Vay he thiic (5.30) c6 thé viét la

dw
W'+ p(x)W =0 hay W = —p(x)dx.

Tich phan hai vé, ta dugc

In|W| = Ip(x)dx+ln|C| hay In | Ip(x)dx.
X0 Xo
Do dé
—I p(x)dx
(5.31) W =Ce *o
The x = x(, vao hai vé, ta dugc W(x,) = C. Vay
-I p(x)dx
(5.32) W(x)=W(xq)e *o

Vi W(xp) # O theo gia thiét, nén W(x) # 0, Vx € [a. b).

Cong thic (5.32) cling ching t6 ring néu W(y,, v,) bang khong tai
mot gid tri Xo nao d6 coa doan [a, b] thi n6 dong nhat bang khong tren
doan ay.

Dinh li 5.6. Néu cdc nghiém y,, v, ctia phiong trinh (5.29) la doc lap
tuyén tinh trén doan [a, b] thi dinh thice Wronsky W(y,. ¥1) khdc khong
tai moi diém cua doan dy.

That vay, gia st W = 0 tai mot diém nao dé cua doan [a. b]. Theo
dinh 1i 5.5, W =Qtrendoan dy. tuc fa y, v’y = y,v' 0, Vx € [a, b, T
nhitmg diém cta doan [a, bl &do y,'# 9. 14¢6 '
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Y12 ~ Y2 :(Lz_J iy
y? yi

Vay tai nhimg diém 4y Y2 _k kila hang s6. Nguoi ta ciing chimg
Yi

minh dugc ring Y2 15 hang s6 ca tai nhimg diém & d6 y, = 0. Diéu nay
¥i
mau‘thuz’m VGi gi thiét y; va y, doc lap tuyén tinh. Vay W # 0, Vx € [a, b].

Dinh Ii 5.7. Néu y/(x), yy(x) la hai nghiém déc lap ruyén tinh cua
phuong trinh (5.29) thi nghiém téng qudt ciia (5.29) la

(5.33) y = Cy (x) + Gy (%),
trong dé C;, C, la nhitng hang sétuy y.

Chitng minh. Theo dinh 1 5.3, y = C,y, + C,y, la nghiém cia (5.29).
Ta cdn ching minh rang v6i moi diéu kién ban ddu cho trudc,
y|x=xo =Y0- y’|x=xo =Yg, cO thé tim dugc hang s6 C,, C, dé¢ nghiém
C,y, + Gy, tuong ting thoa man cic diéu kién dy.

Thé cdc diéu kién ban ddu vao (5.33), ta duoc

{YO =Cy10 +Cay2o

(5.34) i ; ;
Yo =C1¥10 +Ca¥20

trong d6 y;g = )/1|,(=x0 » Y20 = Y2|x=x0 . Yo = vy x=x’ Y20 = y'2|x=X0
(5.34) la mot hé hai phuong trinh dai s6 tuyén tinh déi véi C;, C,,

dinh thirc cla hé ay la

Yio Y20

Yio Y20

L)

d6 chinh la gia tri cia dinh thic Wronsky W(y,, ¥,) tai X = Xg, né khéc
khong vi y,, ¥, doc lap tuyén tinh. Vay c6 thé xac dinh duge C,, C, dé
C,y; + Gy, thod min-eac diéu kién ban dau cho tritge, do dé (5.33) la
nghiém téng quét ciia phuong tint (5.29).'w
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Vi di : Phuong trinh y" + y = 0 ¢6 2 nghiém riéng la v, = cOSX.
y, = sinX, hai nghiém &y doc lap tuyén tinh, vay nghiém 1ong quat cua
phuong trinh &y la y = Ccosx + C,sinx, C, va C, la hai hang so tuy y-

Chui thich 1. n€u y (X) va y,(x) 1a hai nghiém phu thuoc tuyén tinh
cua phuong trinh (5.29), ta c6 y(x) = Ky,(x) véi K 1a mét hang s6 nao
dé6. Do do, biéu thitc y = C;y,(x) + Cyy4(x), C; va C, la hai hang s6 tuy
¥, ¢6 thé viét Ja y = (C,K + C,)y,(x), n6 thuc su chi phu thuoc mot hang
s6 tuy y nén khong la nghiém t8ng quét clia phuong trinh (5.29).

Clui thich 2. Dinh 1i 5.7 cho thdy mudn tim nghiém t6ng quat cla
phuong trinh tuyén tinh thuan nhat (5.29), chi can tim 2 nghiém riéng
doc lap tuyén tinh cua né. Nhu ching ta s€ thdy & dudi, c6 phuong phap
dé tim dugc 2 nghiém riéng doc lap tuyén tinh cia phuong trinh tuyén
tinh thuan nhat v6i hé s6 khong déi. Nhung déi véi phuong trinh tuyén
tinh thuan nhat c¢6 heé s6 bién thién, khong cé phuong phap tdng quat dé
giai quyét van dé dé. Tuy nhién, dinh i sau day cho ta cdch tim nghiém
tong quat cta phuong trinh tuyén tinh thuan nhat véi nghiém téx}g quat
cta phuong trinh tuyén tinh thuan nhat véi hé s6 bién thién néu ta biét
mot nghiém riéng khac O cua né.

Dinh li 5.8. Néu da biét m¢or nghiém riéng y,;(x) # O ciia phuong
trinh tuyén tinh thuan nhdt (5.29), ta cé thé tim dugc mor nghiém riéng
yo(x) cua phuwong trinh do, déc ldp tuyén tinh voi ¥i(x), c6 dang
Yo(x) =y (x).u(x).

Chitng minh. Dat y = y,(x).u(x). Ta can tim u(x) sao cho v thoa man
phuong trinh (5.29). Ta ¢6

y'=yjutyu' ; y'=y"u+2y’u+yu".
Thé vao phuong trinh (5.29), ta duoc .

yyu" i e py Ju+ (V') + py,) +qy pu=0.
Nhung y"| + pyyetayi=8:Vi vy, Ja mal dghiem ¢ua (5.29).
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Vay ta duge phuong trinh c4p 2 d6i v6i u, khuyet u :
yu'+ 2y, +pyu =0.
Dat v’ = v, ta duoc phuong trinh cadp 1 doi voi v

¥,V + @2y + py,)v=0

hay g :—(2—)/—'+me.
A Y1
Lay tich phan hai v&

Inlvl = -21n]y; |- [ pe)dx =2Iny| + 9(x) + In|C, .

@(x) 12 mot nguyén ham nao dé cua —p(x), vay
e®(x) _ e®(x)
s C,g(x),va1 g(x)= 5
Yi ¥i

V':Cl

Do dé
u=C; [gx)dx =C;G(x) +Cy,
trong d6 G(x) la mot nguyén ham cua g. Ta dugc
y = [C,G(x) + Gly; = Cyy,G(x) + Gy,
Chon C, = 0, C; = 1, ta duoc y, = y,;G(x), d6 1a mot nghiém cuia
(5.29), doc lap tuyén tinh vo1 y, Vi

' o(x)
[y—z) P CT R Lt

Y1 )’12

Vi du : Tim nghiém t6ng qudt ctia phuong trinh

(1 = xH)y" +2xy' — 2y = 0.
Dé thdy rang y, = x la mot nghiém riéng. Ta tim mot nghiém riéng
khéc, c6 dang y, = X.u(x). Thé vao phuong trinh da cho, ta dugc
u"x(1— xz) +2u' =0.
patu' =v,tacé
VX = xz)' +2v =0
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dv _ 2dx
vVoox(1-x2)
Lay tich phan hai vé, ta dugc

2
e

. . l y
K, la hing s6 tuy y. Chon K; = -1 ta dugc v=1-—. do do
52

1 1 A 2
u=x+—+K,. ChonK,=0,tadugc u=x+—, vayy, =xu=x +1L
X - - X -

Hai nghiém y, =X, y, = +11a doc lap tuyén tinh, nén nghiém tong
quét cta phuong trinh la
y=Cx + Cy(x> + 1),
C,, C, la hai hang s6 tuy y.
Chii thich. Ciing ¢6 thé tim y, tir cong thic (5.31). Chia hai v€ cia

cong thic ay cho ylz, ta duogc

Y1¥2 =¥2¥1 _ L o [exds
. .

y? y?

fociie O F
Nhung vé trdi la —{\—2 , vay
dx | v,

7 i _ .
22 J.—jCe Ip(\)d'\dx +K
¥ Yi

Chon C=1,K =0, ta dugc

1 _
(5.35) Y2 :ylj_y_z__e JP(X)dxdx.
1

Nhu vay néu phdong trnnb. (529) €6 /bt jdghiem riéng la v (x) thj
nghiém tong quét cdand la
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(5.36) y=C,y, +C2Y|J'L2-6_J'p(x)dxdx.

Trd lai vi du trén. Phuong trinh (1 — X )y" +2xy' -2y =0 co mot
nghiém riéng 1a y, = x. Chia hai vé cta phuong trinh cho (I — x ) ta

2x , dodé
| -x2

—I p(x)dx =

th.’i'y P(X) =

=In(x% - 1).

L ~fpeadx g _ L in(x2-1) gy = Sl VRN
Vay I;lz—e dx-J.;?e dx-j 2 dx—x+;.

Theo cong thic (5.36) ta dugc
y=Cix +C2x(x +l) =Cix +Cy(x2 +1).
X

e Phuong trinh vi phdn tuyén tinh khong thudn nhadt

(5.28) y" + p(x)y' + q(x)y = f(x).

Dinh li 5.9. Ngluem tong qual cua phu’o’ng trinh khong thuan nhdat
(5.28) béng téng ciia nghiém tong quat cia plu(ng trinh thuan nhat
neong iing (5.29) véi mot nghiém riéng nao dé cua phuong trinh khong
thudn phdt (5.28).

That vay, goi ¥ la nghiém tdng quét cua phuong trinh (5.29), Y la
mot nghiém riéng nao d6 cua phuong trinh (5.28). Dat y=y+Y. Taco.
y'=y'+Y', y"=y"+Y". Thé vao phuong trinh (5.28), ta dugc

y'+p()y +qy = ¥+ Y +p(x)(F+ Y1) +q(x)(y +Y)

=[7"+p(x)¥ '+ q(x)¥1+ [Y "+ p(x)Y '+ q(x)Y].
Nhung theo gia thiét
¥+ p(x)y +q(x)y =0
Y"+p(x)Y +q(x)Y =f(x),
do do
y"+ pXy +qO0y= f(%).
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Vav y=¥+Y cling 1a nghiém cia phuong trinh (5.28). Vi ¥ phu
thuoc hai hang s6 tuy ynén y=y+Y ciing phu thudc hai hang so tuy y,

do d6 6 thé chimg minh né la nghiém téng quat cua phuong trinh (5.28)
nhu trong chimg minh dinh 1§ 5.7.

Dinh Ii 5.10. (Nguyén li chéng nghiém). Cho phuong trinh
y'+ POy +q(x)y = () + f5(x).
Néu y,(x) la moér nghiém riéng ciia phuong wrinh
y'+ p(x)y' +q(x)y = f;(x),
Yo(x) la mot nghiém riéng cua phuong rinh
y'+ px)y + q(x)y = f5(x)

thi'y = y)(x) + y,(x) la m¢ét nghiém riéng ciia phuong trinh da cho.
That vay, ta ¢c6

Y'+POOY +q(X)y = (y) + )" + pX)Y| + Yo)' + QXY +¥,) =

=[yy +p(Xy) +qx)y;1+1y5 +px)ys +q(x)y, )=
= 1(x) + f5(x).

Vay y = y(X) + y,(x) la mot nghiém riéng ciia phuong trinh da cho.

Phuong phdp bién thién hang s6. Gia sir da biét nghiem t6ng quat cla
phuong trinh tuyén tinh thuan nhat (5.29) 1a

(5.37) y=Cyy; + Gy,

trong d6 C;, C; la hai hang s6 tuy y. Bay gi xem C,, G, 1a hai ham s,

ta tim C,, C, dé cho (5.37) 1a mot nghiém cta phuong trinh khong thuin
nhat (5.28). Ta c6

y'=C1y; +Cays +Cy; +Chy,.
Chon C,, G, sao cho
QY +Cy5=0.
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Khi dé
y'=Cy| +Cay;
y"= Cly'l' +C2y§ +C'ly'| + C'zy'z.
Thé vao phuong trinh (5.28), ta duoc
Cy(yy +p)y; +q(x)y)) +Cy(y; +p(0)y; +q(X)yy)+
-+ C‘l Y'l +C'2yl2 = f(X)
Viy,, ¥, la hai nghiém cta phuong trinh thuan nhat (5.29) nén cic
biéu thic trong ddu ngodc clia v& trai bang khong, ta duge
Ciyy +Cay; = f(x).
Vay ham s6 (5.37) la nghiém cla phuong trinh (5.28) néu C;, C, thoa
man hé phuong trinh
(538) {C.‘y.' Feah
Ciy; +Coyp =1(%).

Dinh thitc cia hé phuong trinh dy chinh la dinh thic Wronsky ctia hai
nghiém doc lap tuyén tinh cua phuong trinh thuan nhat (5.29), né luon
khdc 0. Vi vay hé phuong trinh trén c¢6 mot nghiém duy nhdt. Gia sir

C| =@;(x), C, =@,(x). Ldy tich phan, ta dugc
Cl =¢|(X)+Kl, C2:¢2(X)+K2,
trong d6 ®(x) 1a moét nguyén ham cta @,(x), P,(x) la mot nguyén ham
clia @y(x) ; K|, K, la hai hing s6 tuy y. Vay nghiém tdng quit cua
phuong trinh (5.28) la
y =Ky, + Kyyy + @ (x).y + Py(x).y;.
V1 du : Giai phuong trinh
(1- xz)y" +2xy' -2y=1- X2,
Néu x # 1, phuong trinh c6 thé viét 1a
2%

2
"+ Vo= a1 4
4 1-4%> 1—x2y
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Ta bi€t nghiém t6ng qudt ctia phuong trinh thuan nhat wong ung 12
y=Cix+ C2(x2 + 1),
trong d6 Cy, C, la cic hang s6 tuy y (xem vi du trang 225). Bi¢u thic dy
12 nghiém cvua phuong trinh khéng thuin nhat dia cho néu C,. G, la
nhirng ham s6 thoa man hé
Cix+Ch(x2 +1)=0
{c‘l +Cy2x =1.
Giai hé dé ta dugc

2
, x% +1 2 )
C =- =—| 1+ ]
L 2o ( x2 —1

X
x2 -1

Cy=

)+Kl, C, =~lnlx2 ~114K,,
+1 2

trong d6 K|, K, la nhimg hang s6 tuy y. Vay nghiém téng quat phai
tim la

Do dé Clz—(x+lnx_l
X

X
y=—x(x+ln
X+

: }+%(x2 +l)]n|x2 —l|+le+K2(x2 + 1),

5.2.4. Phuang trinh tuyén tinh c6 hé sé khéng ddi

® Plucong trinh thuan nhét. Cho phuong trinh

(5.39) y'+py +qy=0
trong d6 p, q la hai hang s6. Ta biét ring mudn tim nghiém tdng quat
cla nd, chi can tim hai nghiém riéng doc lap tuyén tinh. Ta s& (im
nghiém riéng cua né dudi dang

(5.40) y=e™,

trong d6 k 1a mot hang s6 nao d6 ma ta sé tim. Ta ¢6 y = kekx,

2 kx

y'=k%"". Thé€ vao phueng-trinh (5.39), ta duac

e (k2% pk+ig)= 0.
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Vie %0, ta c6
(541) K +pk+q=0.
Vay néu k thoa man phuong trinh (5.41) thi ham s6 y = e 1a mot

nghiém cua phuong trinh (5.39). Phuong trinh (5.41) duoc goi la phuong
trinh dac trung cta phuong trinh vi phan (5.39). D6 la mot phuong
trinh bac hai, né c6 hai nghiém k|, k, thuc hay phic. C6 thé xay ra ba
truong hop.

1) hai 56"k, k, thuc va khdc nhau. Khi dy phuong trinh (5.39) ¢6
hai nghiém

yl =ele’ y2 =ek2X.

Hai nghiém 4y doc 1ap tuyén tinh vi I _ elki=kp)x hang s6. Do
¥2
dé nghiém t8ng quét clia phuong trinh (5.39) la
y= Clekl" + Czek2",
C;. C, 12 hai héng s6 tuy y.
Vi dy : Tim nghiém cta phuongtrinh
y'+y-2y=0
thoa man cdc diéu kién
ny:O =0’ y‘|x=0 =1,
Phuong trinh dac trung cua phuong trinh da cho la K>+k-2= 0, né
c6 2 nghiém phén biétk, =1, k, = -2.
Viy nghiém téng quat cta phuong trinh da cho la
y=Ce" +Cye .
Dodé y' = Cpe* —2C,e
Tir cdc diéu kién ban ddu ta duoc
C,+C, =0
C,-2C, =1

1 1 . . a: B ax
Do dé6 C, =5 C4 il vay-eghiémyéngphai tim la
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1 1
=—eX ——e2X,
Y 3 3
2) k; va ky la hai s6"thuc trang nhau k; = k,. Ta da c6 mot nghiém
riéng cta phuong trinh (5.39) la y, =eXiX. Ta sé& tim duoc mot nghiém
rieng y, doc lap tuyén tinh véi y, dudi dang y, = y,.u(x) = u(x)ek®,
Taco

yy =u'.eNX + k uekiX

¥y = u'ehr® + 2k u'ehix + klzuekl".
Thé vao phuong trinh (5.39), ta duoc
eXiX[u"+ (2k; +p)u'+(k? +pk; +q)u] =0.
Vi k; la nghiém kép cua phuong trinh dac trung nén ta co6
k2 +pk; +q =0, k, =-g hay 2k, + p = 0.
Do dé ta duge e¥1*u" =0 hay u" = 0. Suy ra u = Ax + B, trong dé A,
B la nhimg hang s6 wy y. Chon A = 1, B = 0, ta duoc u = x,
vay y,(x) = xeK1X | Nhu vay hai nghiém doc 1ap tuyén tinh cia (5.39) la
yl(x)=eklx, y2(X)=xeklx. Vay nghiém tng quat cta phuong trinh
(5.39) 1a
y =eki*(C, +C,x).
Vi du : Gial phuong trinh
y' =6y +9y=0.

Phuong trinh dac trung cta né la k*> —6k + 9 =0, né c6 mot nghiém
kép k = 3, vay nghiém tong quat cla né la

y= e3x(C,x +C,).

3) k; va k; la hai s6 phitc lién hop : k, = o + iB, k; = « - if. Haj
nghiém riéng cua phuong trinh (5.39) la
?l = e(atiB)x — o0xifix

¥, = el @B gonx . +ifxt
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Duing cong thic Euler.
eiPX = cosBx +isinPx, e PX = cosPx —isinPx,
ta dugc
¥, =e** (cosPx +isin Bx)
7, =e**(cosPx —isinBx).

Néu ¥,, ¥, la hai nghiém ctia phuong trinh (5.39) thi
G+ -
y, = YITY) _eox cosPx, y, = b _Yz

2 2i

ciing 12 nghiém cla phuong trinh dy. Hai nghiém &y lai doc lap tuyén

=e% sinPx

tinh vi Zl—=cothx khdc hing s6. Vay nghiém téng quit cla phuong
¥2

trinh (5.39) la
y =e®(C, cosPx + C, sinfx).
Vi du : Giai phuong trinh y" - 2y' + 5y = 0.
Phuong trinh déc trung cta no la k> — 2k + 5 = 0, n6 c6 hai nghiém
phiic lién hop k, = 1 +2i, kp = 1 —2i. Vay nghiém tdng quat cta nd la
y = e*(C,cos2x + C,sin2x).
Chii thich. D6i v6i phuong trinh tuyén tinh thuan nhat c6 heé so khong

déi cap cao hon hai, phuong phap giai cling tuong tu nhu d6i véi phuong
trinh cép hai.

Vi du I : Giai-phuong trinh y" — 4y' = 0.
Phuong trinh dic trung clia n6 1a k> — 4k = 0, nd ¢4 ba nghiém la
k =0, k =2, k =—2. Do dé nghiém tong qual cuia phuong trinh da cho la
y=C, +Cpe™ +C3e x
Vi du 2 : Giai phuong trinh y Pt 2y"+y=0.
Phuong trinh dic tnmg k* + 2k% + 1 = 0 hay (k> + 1)’ = 0 c6 hai

nghiém kép k = i yak="=i-Dodénghiem téngquétcia phuong trinh da
cho la
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y = (€} + Cx)cosx + (C; + C;x)sinx.
® Phucong trinh khéng thudn nhdr. Cho phuong trinh
(5.40) y'+py +qy =f(x),

trong d6 p, q 12 nhimg hing s6. O trén, ta tim duoc nghiém téng quat cla
phuong trinh thudn nhat tuong tng (5.39). Vay chi viéc 4p dung phuong
phdp bién thién hiang s6 dé tim nghiém téng quit cua phuong trinh
khéng thuan nhat (5.40). Nhung d6i v6i mot s6 dang dac biét cia vé€
phai f(x), c6 thé tim dugc mot nghiém riéng cta phuong trinh (5.40) ma
khong can mot phép tinh tich phan nao. Chi cin cong nghiém riéng 4y
vao nghiém téng quét cta phuong trinh thuidn nhat twong tmg (5.39), ta
s& dugc nghiém téng quat cta (5.40).

Ta s€ tim nghiém riéng cua (5.40) trong hai trudng hgp sau :

o Truomg hop 1 - f(x) = ™. P(x), trong d6 P_(x) la mot da thiic bac
n, o 12 mot hang s6. :

Néu a khong phai la nghiém cta phuong trinh dac trung cua (5.39),
ta tim mot nghiém riéng cua (5.40) c6 dang

(5.41) Y =e™Q,(x),

trong d6 Q. (x) 1a moét da thitc bac n, (n + 1) hé sd cua né sé& dugc xac
dinh nhu sau.Ta cé

Y' = 0Q,(x)e”™ + Q (x)e®*
Y" = a?Q, (x)e™ +20Q, (x)e™ + Q' (x)e®*.
Thé vao (20), ta duoc
eX[Q (x) + (20 + P)Q, (X) + (02 + por+q)Q, (X)] = € %P, (x).
Suy ra
(5.42) Qu(x)+(20+P)Qy (X) +(a? + par + q)Q,, (X) = P, (x).

Vi o khong 13 nghiém cla phuong trinh dac trung cia (5.39), nén
o’ + po. + q # 0, do dé-vé&itrai cla-dang thiic«(5:42) ¢iing 1a mot da thuc
bac n, ciing bac vdi da thiic & vé phai.
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_ Béng cach dong nhat hé s6 ciia cdc s6 hang cung bac & hai vé& cua
dang thifc (5.42), ta duoc (n + 1) phuong trinh bac nhat cua (n + 1) an 1a
céac hé s6 cua Q,(x). Phuong phdp tim cic hé s6 clia Q,(x) néu trén dugc
goi la phuong phap hé so bdt dinh.

Néu o 1a nghiém don cua phuong trinh dac trung thi

of + pa+q = 0, (20 + p) #0. Khi d6 V€ trdi clia dang thic (5.42) 1a
mot da thic bac (n — 1). Ta nang bac cua né 1én moét don vi ma khong
tang s6 cdc hé s6 clia nd, muén vay chi viéc thay Q,(x) bdi xQ,(x). Do do,
trong truong hop nay, ta sé tim mot nghiém riéng cua (5.40) c6 dang

(5.43) Y = xe™Q,(x).

Néu o la nghiém kép cta phuong trinh dac trung thi ol + pa+q=0,
200+ p = 0. V€ trdi chia dang thic (5.42) 12 mot da thic bac (n - 2). Lap
luan tuong tu nhu trén, ta thdy ring phai tim moét nghiém riéng cla
(5.40) c6 dang

(5.44) Y = x%*Q (x).

Vi du 1: Giai phuong trinh y" + 3y’ — 4y = x.

Phuong trinh déc trung > +3r—4=0c6hai nghiémdonr=1,r=-4.
Vay nghiém téng qudt cha phuong trinh thudn nhét tuong ung la
y=Ce" + Cze_4x. V& phai ciia phuong trinh c6 dang eaxP,(x), trong dé
a=0,P,(x)=x.

o = 0 khong 1a nghiém cia phuong trinh dac trung, vay ta tim
nghiém riéng cua phuong trinh da cho cé dang

Y =Ax +B.
Thé vao phuong trinh trén, ta duge
-4Ax + 3A -4B=x.

Suy ra: -4A =1, 3A - 4B =0 = A=—, B=—— =
4 16
Y = —% —1—36—. Nghiém-tdng-quat phaj tim 13
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, 3
y=Ciet + Ce™H )

4 16
Vidy 2 - Tim nghiém tong quat clia phuong trinh
y' -y =e'(x+1).
Phuong trinh dac trung > =1 =0 ¢6 hai nghiemr = 0, r = 1. Vay
nghiém tong qudt clia phuong trinh thuan nhat tuong img lay = C, + Cye’.

V¢ phai cua phuong trinh da cho cé dang cuxPI(x), vél o = 1 la mot
nghiém don cua phuong trinh dic trung, vay ta tim mot nghiém riéng
cua phuong trinh da cho c6 dang

Y = xe*(Ax + B) = e*(Ax? + Bx).
Taco

Y' = eX(Ax® + Bx) + " (2Ax + B)

Y" = e*(AX® + Bx) + 2¢*(2Ax + B) + ¢*.2A.
Thé vao phuong trinh da cho, ta duogc

e (2AX +B+2A) =e"(x + 1).

Dod62A=1,B+2A=1= A:%, B=0= Y=%x2e".
Nghiém t6ng quat phai tim 1a
y=C, +Cye* +%xzex.

Vi dy 3 : Giai phuong trinh y"-6y'+ 9y = xe3X.
Phuong trinh ddc trung ¢6 nghiém kép r = 3, nghiém téng qudt ciia

phuong trinh thuan nhat tuong tng la y = (C;x + (}Z)e3x, Ta tim mot
nghiém riéng cua phuong trinh da cho ¢6 dang

Y= x2e3x(Ax +B)= e3x(Ax3 + sz).
Tacé
Y = 3eAx FBxte (3AL 1 2BX).
Y = <ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>